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ABSTRACT

ThispaperestabIishestheexistenceanduniquenesssofaweaksolution
of a quasitinear parabo[ic problem in an open set whose boundary is

the union of two disjoint cIosed surfaces. A DirichLet condition is

prescribedontheexteriorboundaryandaNeumannconditiononthe
interior boundary. The existence of a sotution of the paraboIic probIem

is shown using the Faedo-Galerkin method and some a priori estimates

are estabIished to provide bounds for the sotution'

Keyword s : Parabol'ic, quasiIinear, Neumann boundary condition, weak

so Iuti o n

INTRODUCTION

This paper presents the existence and uniqueness of a soIution to a quasitinear

paraboLic prob[em on a domain with hoLes.More precisel'y,the domain consists of

open sets ou and o, (representing the hol.e in o ) with corresponding boundaries rn

and f , .We then form O:Q,t'!, (2elR' whose boundary is f,,uf ,' On fn' we

prescribe a DirichLet boundary condition, and on f , , a Neumann boundary condition'

The parabotic sYStem is given bY

: 
.f (x,t) in O x(0,7)

on f. x (0.I) (1)
on f,x(0.f)
in O,
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On the Solvabil.itv of a 0uasi[inear Parabotic Probl.em

where I is a quasiLinear matrix fietd,n is the outward unit normaI to O,and

I e IR. This problem models heat flow in a perforated ce[[ where the temperature

a is time-dependent. Here,l is a constant proper to the material, which represents

the thermaI conductivity of the said materiat, and / can be considered as the heat

source. The second equation in (1) indicates that the materiaI is insutated. For the

third equation,we saythat,on the inner boundary, g is the normaI component ofthe

heat f[ux. The fourth equation means that, at time t: 0, the temperature is given by

r,to.

SeveraI studies related to this problem have been previously performed. A more

generat probtem of the etl.iptic case was studied by Cabbarubias and Donato (2011).

The sotution to a [inear parabo[ic probtem in a f ixed domain was shown by Cioranescu

and Donato (1999) and Cioranescu et a[. (2072), whi[e that for the quasi[inear

problem in a f ixed domain was considered by (Zeidl.er, 1990). Existence results for

the paraboLic problem in a two-component domain with imperfect interface have

been proven byJose (2009) and forthe corresponding etl.iptic problem by Bettran

(2014tru). Estimates and bounds for solutions of certain quasi[inear parabo[ic partiaI

differentiat equations were shown by Trudinger (1958), lkeda (1957), and Arima

(1966). Moreover, bounds for sotutions of some [inear and quasitinear cases were

presented by Cipriani (2001). As shown by Poretta (1999), existence resutts for

nontinear parabol.ic equations can be obtained by proving strong convergence of

truncations of solutions.

ln this study,the existence of the weak so[ution to prob[em (1) (which is posed in

a perforated domain) is shown using the Faedo-Gaterkin method. This method

involves def ining an approximate prob[em in a finite-dimensionaI space.The partiat

differentiaI equation is reduced to an infinite system of ordinary differentiaL

equations. Estimates are obtained and shown to converge to the solution ofthe
originaI probtem. The Faedo-Gaterkin method has been used for parabo[ic problems

in f ixed domains. lt was used for the [inear case by Cioranescu and Donato (1999)

and Cioranescu et a[. QA72) and forthe quasi[inear case in fixed domain byZeidter

(1ee 0).

ln Section 2, we present the geometric setting and assumptions for the probtem.

We atso give the variationaI formu[ation and the approximate prob[em.ln Section

5, we estab[ish the existence and uniqueness of the weak solution to probtem (1).
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M.L. Aa[a et a[.

PRELIMINARIES

ln this section, we discuss the notations and concepts necessary to prove the main

resutt.

We consider the domain il.l.ustrated in Figure 1. Here,O,, is an open subset of lRx

with boundary and O, is an open subset, such that 1- Oo with boundary

f, = d(?,.We sel O'.- O,,,q.Then, eo - f,, u f, afld f ,, r-t f , - a.

l-
Figure 1. The perforated domain.

We wil.l. use the notion of an evolution tripte to define the spaces where the

sotution of probLem (1) exists.

Definition 2.1. Let I' be a reaL separable and reflexive Banach space, B a reaL,

separabteHiLbertspace,andt"theduatof t.lf theembedding ItcBiscontinuous,
that is,

t u3c ull,, fo, sonte c and for all r e L'.

then we ca[[ Iz c B c V' an evolution tripte.

It is known that probtem (1) does not atways have a sotution in the space of regutar

functions; hence, we introduce suitab[e spaces where weak solutions for probtem

(1) exist.

Let
L'={qea'@)lp-\onfu}and a:E(O1 Q)

with
llq ,:11ve ,.,o,. (3)

Let{u.',,rr,...}beabasisof I'and B,: span{w1,tr2,...}.Clearl.y, B, gL' c B.

A[so, observe that L' c B c I,'' is an evotution tripLe (see Remark 3.44 of

Cioranescu and Donato (1999)).

._!
!J

dl

t,
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On the SolvabiIitv of a Ouasilinear ParaboIic ProbIem

We consider the space given by

W - {v e t'10,7;v),y'e L2(O,T;v')1,

equipped with the norm

]] , lr =ll v 11,..1u,,,.r + v' 
1 

1.2 11 L t,t .

It is known that the space W satisf ies the fol.towing (see for instance Cioranescu

and Donato (1999), and Cioranescu et at. (2072)):

1,. The inclusion W c C "(0,f 1 L'1@D is continuous.

2. The inclusion W c L'(0,7; L') ((2 )) is compact.

3. For " and ' in W,the foLl"owing differentiation formuta hotds:

de
e J "r( 

.{. 1 )v( x. t) dx : (u' (.,r ). v(.. /)),., r. + (r"(.. t), u (.. t)),,., .

For probtem (1), we make the foLtowing assumptions:

H1. Suppose ;f , g are functions, such that

7. f . L,(o.T;L2101y,and

2.g e L')(o,T;z'(f ,)).

H2. Let A:(x.t)e OxlR r-+ A(x,r): a,,(x,l),.,=,. ., e lR" be a matrix fiel"d

satisfying the fotLowing conditions:

l.Forevery re R, A(.,t)€ M(a,f ,O), thatis,

(i) (r(x, r)1,1)> alll' ,ana

(ii) lr(x, t!)l< frl;"l,rorany 2 e R.N .

2. A is a Caratheodory function, that is,

(i) / r> A(x,t) is continuous for every x e O, and

(ii) x e A(x,t) is measurabte for every I e lR.

(4)

(s)
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M.L. Aa[a et al.

H3. There exists a function a,r : lR -+ R , such that

t. at is continuous and nondecreasing,with a(z) > 0 Vz > 0,

2.lA(x,z)- A(x,;,))<co(|, -:, l),a.e. xeO,z* z,,and

S.forany y > o.lim,-,,* t'+: +.c", o\:)
To obtain a weak sotution to problem (1),we consider its variationaI formulation in

the appropriate HiLbert space. To get the variationaI formulation, we muLtipl.y the

first equation of (1) by an arbitrary test function v(x) e V and integrate ovet O ,

and by applying Green's Theorem, one gets

lor'(*.r)r,(x) dx+ toA(x,u)Va(x.t)Vr,(x)dx (6)

' .f tr.rtt'(xtdx - [ g, x.ttv(xtdo.
)" Jrr

Hence, sotving (1) is equivatent to so[ving the prob[em

Find tr e W such that

(r'(r,r),r,(x)),.,,. * [o,ttx.rr)V u(x,t)V v(xtdx - !.f ,x.t tt.txtdx

+ [- g (x,t )t,\x)do Vl e i/ and t e (O,T ),,I

(x,0): u"1x1 in O,

where W is def ined in (4).

ProbLem (5) is catted the variationaI formu[ation of (1).

We can also showthat, if rz e C '1O t and rr is a sotution of (6), then a is a sotution

of (1). lndeed,we again appty Green's Theorem to (6) to obtain

I u't x.r )v( x )d.r + I [- l, r(.r. r tV 11(-rr.1 ) t,v( x )tlx- [ gtr. t )vt x )d o)o a)oix, Jr,'-'

),rl tr./)Y(x)./r.

From c[assicaI results (see Cioranescu and Donato (1999)), ll satisfies (1).

Remark 2.2. The above computations show that if the solution a is suff icientty
regu[ar, then the solution of the variationaI formutation (6) and the sotution of
prob[em (1) are the same, that is, the weak sotution is a[so the solution in the

cLassicaI sense.
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On the Solvabilitv of a Orrasilinear Par:holic Prohlpm

To f ind the soIution of probIem (5),which is the weak solution of (1),we appLythe

Faedo-GaLerkin method which is widel.y used in deaLing with paraboIic probtems

(see for exampIe Cioranescu and Donato (1999) and Cioranescu et a[. (2012)).We

construct the approximate probtem as fotlows.

Let P, : B -+ B, be the orthogonaI projection onto 8,, given by

pn..v e L'(o)e p,,(v): itr, tu,)r,ru i€ 8,. (7)
t=1

By Proposition 6.19 of Cioranescu et at. (2012),

u| ::P,(u"))ut' stronglyinL')(O). (8)

The Galerkin equations,which give the approximate probtem for (6), are given by

lf ina u"tx.tte B" strch that

l{r:,*./).r'(-rr)), , - Jo,lrr. u"tY tr,(-r./)vr'{x)dn : Irf ,x.nvtxrdx (9)

l*J. ttx.nv(x)do Vr e B, and t e (0.7)
i

l.a,tx.ol: u','(xl in ().

This is equiva[ent to

Find u,(x,r): fci|l)w,(x) e L2(0,7;L') such that
t=l

* Ir,S(*,,)rr(x)cto Vk = 1,...,n and for a.e.t e (0,7),wo e L',

u,,(x,0) = u{)1x1 in O .

which is also equivalent to the foLLowing f irst-order system of ordinary differentiaI
equations:

I o/ 1x, t)v', (x )tlx + 
I o,11r,",, )Y u, ( x,r)vir, ( x) dx = 

I rf t *, t )w r ( x )ctx (10)

#r,,*f,r',(/) L.4(x. fc," (t)w ,(x))vu,,(;r)v wo(x)ttx: !o-f lx,t)ttotiaxdtu,)ot.j

*[.St*. t)tt,k(.x)do Vt:1,2^...n and .for ae.t€ (0.f). wr eV.,,1

uiQ):(a",u1).

This system admits a unique sotution ,i ,...ri on [0,I] (see Zeidl.er (1990),
p.787). Thus, (10) has a unique soIution u,,(x.r)e L'(0.7;8,) with
u,'(x.t) e I']10,T;8,,). Note that, since B, cV c BcV ', itfoLtows that
u,, e L1 (0,T :I' 1 and u', e Z']10 ,7' ;f ').
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Remark 2.5. ln the discussions that fol'Low, we denote any arbitrary constant

independent of n by C.

MAIN RESULT

This section presents the existence and uniqueness ofthe soIution to probLem (6),

as wett as the a priori estimates of the solution un and a,' of the approximate
probLem (9). These estimates are shown to converge to the sotution of the originaI
probtem. For uniqueness of the soIution, we use the method introduced by Chipot

(2 00e).

First, we show the a priori estimates of the soIution un of probLem (10).

Proposition 3.1. Let 2,, be the soIution of probIem (9). Then,

llr, (r, t)11,.,0., ,r,or*llu,(r,r)11,, ,,..r t,t ! C), (11)

where C depends on a , B ,O , and I, but is i ndependent of n.

Proof.Wefix / e [0,7],muttipty(10)by c'i e C(10,I]),and sum over k fromT
to n to get

!ou',lx.t)tr,(x.t')dx+lor,r,u,)Yu,(x,t)Vu,(x.r)dx e2)
- l"-f O.nu,tx.rtdx + I.,t,r. t)u,(x^t)do.

From assumption H2(1), we have

IoOrr.tt,,)Yu,(x.t)V u,(x,t)dx t Jr" lo u,tx.rtll dt

: 
" llv u,ll',.,o,.

Atso, one has

i*t1,. r.r. r)ll],,o, - !ou',(x,t)u,(x. t)ttx.

so that

1d,,
; *ll,,,r*.rrll], ,o,* d llv,r,1x. t)ll',,,o,

= I ou', 
( x, t)tt, (x. t) tt x + 

I ol I *. u, )Y tt,(:r, l)V u, ( x. t) clx

t (x. tldx + I gtr. r)u,(x,t)do.)oJ 
(x'tltt, 

J. 
r
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On the SolvabiIitv of a Quasitinear Parabotic ProbIem

Using the Cauchy-Schwarz and Poincare inequatities, the Trace Theorem, and in

view of (5), it foLLows that

Sllr, <*,tlll',,,o, * 2ollu,,{x,r1ll; < clll/1x, r;11,,,o, + llB(x, r)11.,,,,, ) llr,, (r. r)l],,,,o, (15)

where C is a constant i ndependent of n.

5ince

llr, (r. t tlli,,,, : llr,,tr,r)ll',-,,,, * llv u,(x,t)111,2,o,,

and using the Poincare inequaLity and (5), we have

lla,1x, r)11,,,,, : llr,(r,/)ll;,,,, * llv u,(x,r)ll',_.,o,

< c llvzr,lx.r)lli,,o,* llV u,(x,t)ll',,,o (14)
: c ll,.(*,/)lli + lla,, t,,rrlli
: C lllt,(x,/)ll; .

forsome C dependingon O.

Using ry : 1 in Young's inequaLity ob < !o' * !u' for atL rT 20,we get-.:t22n
from (13),

d

fill,,t*.,lll].\o)+2dlV,a,,\]i (1s)

,9\1.r,*.,r11,,,, +llstx.1 )11,,,,,, l' . llu,,*.,)ll;, .

where C is a constant independent of n.

Combining (14) and (15) yieLds

d" ,,r , C

allr,,r.rrll,,,,c,t a lli, rx.,)ll, < -rll/rx.rrll,,, * lletx.r)ll,:,,,,tr.
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. M.L. Aa[a et a[.

We f ix s e [0,I] and integrate (15) on (0, s) to obtain

llr,rr,r)11,1,,,, *" j; llu,f*.tll1i. at

. llr,t,,o)11,.,,,. iJ., (llrt,. t)11,.,o, + lls(-v, ,),,1,,,,,,)' a,

: llu,(,,0)lli.,, . *(l;ll/t,.rrll], ,o,d,* J., llrt,.,)11.,,.,,d,)
2(' r' ,,* ; .l,, t ll.r t.'. t )11,., o, ll 

g (,r. t )11,..,,,,) d t.

This,togetherwithassumptionHland(8),impLies u,, e L'(0,7:L1 (O)'). L'10,7:L'1
with

llr, tr, /)11,.-,0,.,.,,o,, * llu,(-r. r)11,,,n r,.,

= ctllr,(.r,0)11,,,r, * ll.f (.r, t)1|,,.,,,., ,.ro,r + lls(x,/)11r,,u.,r,,.,,, (16)

* ll"rtr. t )llrr,u,,,,r,, llg(.r. r)11.,,0...,.,,.,,, ).

Hence, we obtain (11).

Next, we show the a priori estimates of zlj , the derivative of u,, with respect to
time.

Proposition 5.2. Let r,, be the so[ution of (9) with ai its derivative with respect to
time. Then,

llrl tr, r)ll.,,n .,, ,, i C,

where Cidepends on d, P,O and I,but is independentof r.

Proof. Let v e V . From (7), we have

(77)

v - P,,(vt. B) and lle t,lll, < ll,ll, , (18)

then from (9),

(u',(r,r), v(x)), ,,. * [rr(x,u,\Y u,(x.t)Y ( P,(tt(x)))dx

: (.u', ( x ^l). v( x),r, o, * I oA(x, a, )V u, ( x. t)Y ( P, (tt ( x )) ) dx

: (u',(x,t), P,(v)'),2,o, * [oA(x.rr, )V u,( x.t)Y ( P,(tt(x)))dx

: I.f t*.r)( P, (r'(x)))r, * I.,r,r. t) P,(.v(.x))ttx.
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On the Sol.vabil.itv of a 0uasi[inear Parabo[ic Prob[em

Using assumption H2(1), the Cauchy-Schwarz and Poinca16 inequaLities, (3), and

(18), we obtain

l("',,t,.r).,),,, I =. (llrt-'.rl;;,,,o,* llg(*.r)11.,,,,,)llr,,r,t,ltll,
+ p llt,(,. r)ll, llp,, t,t,.ltll,

. Ic (lrrr.r)11.,,,, + lls(-r"/)11.,,,, ,)* oll,,,t,.r)ll,.l]ll,t,lll, ,

where C is a constant independent of n.ll follows that

llu',(*,r)11,.,< c (ll/(r,t)11,.,o, + lls(x..)11,, ,, ,)* p lla,rx.rlll, .

lntegrating on [0. I with respect to t, we have

ll"',(r,r)11,,,n.,,.,, < c (llf tr,t)11,,,,,., ,.,r,, * llg(r,r)11,,,,,...,,,,,) (19)

* p ll",(r.r)11,, (o , :, J

This, together with (11), yietds (17).

We now state our main resutt.

Theorem 5.5. Underassumptions H1-H5, probtem (1) has a unique solution u eW
Moreover,there exists a constant C depending on d. .O .T , such that

llzr(x,r)ll,- $.r.r2to,, + lla(x,r)ll, < C. (20)

Proof. The theorem is estabIished in four steps.

Step 1. Existence of the soIution.

By the estimates obtained in Proposition 3.1 and Proposition 3.2,and using Eberlein-

Simul"jan Theorem, there exists a subsequence, sti[[ denoted by
tru,,l e L'' (0.T: Ll (O )) and u e L) (0.I;t') a L" (0.7; L')(.O)) ,such that

(l) un- il v,eakly*in L'(O.T:Lt(O)).
(ii) ,, i , n,eakly in L'z(O.T ;V )^ eI)(rlr) Ltn' - ur weakly in L2(O,T;V').

Since r,, is bounded and W is compact in t2 (0, T, L1 (O)),then there exists
some U e tr 10, T ; L'1 (O )) , such that
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. M.L. Aa[a et a[.

From (21)(ii), it fottows that

U -u.
Hence,

un -+ u strongly in Ll (O.T;L')(O )), (22)

and so there exists a subsequence, stil.l. denotedby lu,,-; e t'(0. T'. L'1(O )) , such

that

u,j --> Lt strongly in L')(O).

Now,since. I satisf ies H2,we have

A(x.u,,) -+ A(x.u) stronglt in f (O).

so that for every w r e V,

' A(x.u, )Vr.u* --)' A(.x.u)Y *- r strongly in Lr(O).

Note a[so that from (21)(ii),

Vr, 'Yu weakll,in [I'(0,I;t')]".

Hence, by the Lebesgue Dominated Convergence Theorem,

rlr
lUJ,, J, r (x' a, )v 4,, (x' t)V v r (x )dxdt

eT a t:lllj )oA(*'un)Ywr(x)Yu,(x't')dxdt Q3)
el e r: 
J., J, A(x,u )Vu*(x)Va(::, t)dxdt
rl e: 
), )"A(,r, a)V u(x,t)Y w r(x')dxdt.

Next, let { be a continuousLy differentiabte function of / . MuLtipl.ying the approximate

prob[em (10) by this function and integrating on [0,7] , we have

rl r e T e

) , ) 
"u 

" { 
x . / ) rr. I x 11 t t t d x d t t 

) , ) oA 
( .r . l/ , )V u n I x . t yV rr', ( x l1 ( t I d x d r

(24)ttr 
(tttdxdr * [tl- 8(x.1)r'r txtl(ndodr.: 

)^)o.f ,x.r)lr'(x). JuJrl
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On the SotvabiLitv of a 0uasitinear Parabo[ic Probtem

Passing to the [imit as n ) co using (21),(22) and (23), we obtain

L', [ 
"u' 

r r, t ) v, k ( x ) € ( t ) cl x ct t * 
[,'u I oo( 

x. a ) V u ( x, r )Y w r ( x) € ( t ) d x a t

- [l I. f r r, t)tr r ( x )( (t ) d x dr * 
J,] J.,r t r, t 1tu, ( x) I Q ) d o d t.

Since {u,,, ,r,...} is a basis for tr/, then for att v(x) e Z,

[,], Q', x^t t-41r tr'(x)),.,, at + l' !or(*-u)v u(x,r)Vr'(x)f (t)(txdt
(2s)at e t(trldxttr* |.'[- g(x./)r'( xt{tildodt.: l")rf(x.r)t'(r ), rl

which shows that z is a soLution of (6).

Step 2. Satisfaction of the initial. condition.

Now,weshowthat asatisfiestheinitiaIcondition a(x,0) : u"(x).Let f (0): I

and [(T ) : 0. lntegrating the f irstterm of (24) by parts with respectto /,we get

- I or, ( *.0 ) w* ( x)dx - I: [.r, (.x, t ) 4' ( t)w r ( x) r]xrl t

* L: 1., ( x. u, )V u, tx ^ t )Y w r t.x)€ tt)dxdt

: Il IJ, r,r)v: r( x)( (t)ctxctt* I,i I.,rtr, r)u, r( x)( (t)d o dt.

ln view of (8) and (22), passing to the l"imit as n -+ co in this equation gives

- l: L'(.x,t)€'(t)u'r( x)dxctt - lou, (x)u'* 1x)dx

. ff I "r(x. 
a )V u ( x. t)ut r ( x)i ( t )dxctt

: ll IJ O,r)u,* (x)i Q)ctxdt* j,,'1.,r, x.1 )rt'A t x tq tt td o dt.

Again, for atl y e tr/, we have

ll l,u t. *, t) €' (t )r, ( x ) d x dt - ! oun 1 x1r,1x1dx

* L: I ", 
( x, u \Y tt ( x. t )Y y ( x ) E lt) dx ctr

Li I.t, -. t )r' ( x) 6 ( t ) dx d t * i.' i.,r ( x, r)v(x)6 {t ) d o d t.

(26)
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Subtracting this from (25), we get

J,l(r'tr,r),f (r)r.'(x)),- ,, * l',lou{*,t)€'(t')t(x)(txdt + 
lott" 

(x)v(x)dx: 0' (27)

On the other hand, differentiatin O IouQ,t)€(t)v(x)ctx with respect to r, we

obtai n

Ll-r( .Y.1)j (nvtxtdx
dt ro
: (r'(*.r).6 (r)v(x)),,, + (4',(/)v("r).u(x.t'|.),,,

: (a'(,r. r)" { (r)v(,t)),,., * 
t ou 

( x, t)1' Q)v ( x) dx.

lntegrating this equation with respect to lover [0. T]. we obtain

!,',!our*,r')6'(t)t,(x)t\r*J,l (u'(x,t\,{(r)r'1x)),.,,:-[ou(x,0)v(x)d;r.

This, together with (27), gives

Jra"1x;r1;r; dx - louG,o)v(x)dx

and hence, u" 1x1 - u(x,0) ,which impl.ies that a satisf ies (6).

Step 5. A priori estimates on zl.

From (21), we have

llrrlx'r;ll,- t..r:L2tor) < liminf ll',t''1)ll,'i0..'rq,
lla(x.r)llr:,0.,., < liminfll',,(''r)ll.',0r,,',

llar't x, r)ll,_r,,, , , ,, < lim in r llzr', (x, r)11., 
1u , ,,.,r .

Using (15) and (19), we obtain

lla1x,l)11,. \a.t- :t2 \o,, + llrtx, r)ll,

= .),*(lla,(x.0)11,,,o, + ll/tr,r)11,.,,,,, ,,,o,, + llg(r,r)11,.,,,,, ,,,.,,,)
* ll,rtr, t)ll,},,,,,,..r.r llg(x.r)11,.,1u..,r,1.,,

< . (llro ll., 1r, + ll/ tr, rlll., ta.t :t2 tc) ))* lls tr, r)11,.: 
rc,.r,z2 r.r,

* ll/tr,r)11,.,,0.,,,r,, llg(r,/)11r,,0,,.,,,,,r )

which gives (20).

(2 8)
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Step 4. U niqueness of the sotution.

We now show the uniqueness of the soLution of (5). We fotlow the procedure

introduced by Chipot (2009) (see al'so Cabarrubias and Donato (2011)).

Suppose z, and zl" aresotutionsof (6).Withouttossof generatity,wecanassume
that eri(x. t) - uz(x.r) > 0 a.e. Then for every v(x) e V,

I ou i r x. t t1, t x') dx * 
I o^ 

( *, u,)Y u,(x, I )V v ( x ) dx

Ir.f ,,r.I)r'( xtdx + Ir,t,r. t\t'txtdo

and

I ou.r*. t)v ( x') dx + 
I ol {r, tr.)Y u r( x, I)V v ( x) dx

: 
lr"f t*.t)t'(xtclx * I.,t, x-nt'tx)do.

It fotlows that

lot,it x. r tt'( x tdx * loStx.r, )V u tt x.t)V r'( x)dx

: 
Iour(x,/)r,( x tdx +Jr.lt *. u, tV u,(x,l)V t(x)dx.

which can be rewritten as

l"tuit*"t)- rt',( x-l)lr'( xldx + IoOr*.tr,)Yu,(x'l)V t'(x)dx

: Ior,r,u.)Y u.(x.r)V v(x)dx. Q9)

Let d > 0. As in Chipot (2009), we def ine

. fl. ^-!- ,-r *>6. (io)
tr,(x) - 1tn 

t'(')
I O otherwise.

where ar (;) is given in H3. Note that fd- (x) is a continuous Cr function, such that

l4(x)l<-+-,- @'(d )

for a[l. x > d. lt fottows from classicaI resutts (see Corollary 2.75 of Chipot
(2009))thar Fd (u, - ur) e v and

V(Fr(u, -u.)): F|(u,-u.)Y(u,-tt ). (51)

We set
E : ftt, - Ltz ) dl :: {x e O lQt,- r.r.)(x) > d}.
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Taking v - Fr(u, - u.) in (29) as test function and subtracting

IooO,tt,)Y tt"Y Fo(u, - ur)dx

on both sides of (29), we get

Irtui - tt.)Frltt, - u.)dx + loll*.u,)Y (u, - ,,)VF, (u, - u.)clx (32)
: -lollt*.u,)- A1x.rr)lv u.v Fo(u,-ur)dx.

From our assumption on u', - u'. and Fr,we have the first term of (32) positive so

that

IoO,*.r, )V (a, - u.)Y Fr(u, - u.)clx

, -[rlr(x.a,) - A(x,ur)lY urY Fo(ut - u.)clx.

This, together with (50) and (51), yiel.ds

[, lrr., l-.LV(rrr - r.r. )V(ri, - u - ltlxo \ut-u,)

= -fr,t A(x.u,)- A(x.u,)l:i .)Y u.Y 1.u,- u.)dx.
a-lut-u,l

We foItow similar computations as in Cabarrubias and Donato (2011).

Usinq H2(1), H3(2),and the Cauchy-Schwarz inequatity,we have

t( 
lVrrr -r.r,rl'rrl'.= (J, V,, ' r.) 

[,1,,,,,_, )l )
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llvrr,-r,,1ll - t

l;ffi||,,,,,, t c llv r'. ll.',,,, s c llv u'll,',o, < c'

for some c and C independent of d. Next, we set

Gu(Y) =

ds tl Y> d.
a,l(s)

0 otherwise.

resutts (see CoroItaryAgain, from classicaI
G oQt, - ur) e V and

v(Gd(u,-url\-

Using this in (53)yietds

It foLtows that

which impties

Goo(n,-lr.) e G veaklyin
O ro(r, - ur) -+ G strongly in

Guo(ur-ur)-+ G o.e.in

It fotlows that, as k -+ +ca ,

limG.i, (r,-ur)(;r) < +co, a.e.in
,), -r

But the def inition in (54) impties that

limG,; ltt,-tt;)(n)= lim flrr '2'(r'l

^l ,n ( j* ,,,J:^

" llvs
llatu,

:-11+ll' .V,, 1,. llvr,-,,,rll
-,/))ll1',1, ,,1ffi;-11,,,,,'

{r

(33)

(34)

2.75 of Chipot (2009)),

a.e. in E .

G'u@, - ur)Y (u, - ur). (5s)

llc, (r, - u,)ll, = llvtc, (u, - tt.))11,,,,,, < C.

Hence,thereexistsasequence{d*},whichconvergesto0 as k --> +cn and G e V,

such that up to a subsequence,

V,

L'(o ),

O.

O.

dt-
ro(s)
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This impLies that m (E) - 0 , that is,

ur-ur10'

Reversing the rotes of a, and ,l,,we get ilr = uz.
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