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Abstract

This paper presents the mathematical model of pollutant transport in
a river. To effectively find the analytical solution of the advection-
diffusion equation under various forms of suitable initial conditions,
the reduced differential transform method (RDTM) is used. Three
different initial concentration function cases, including rational, ex-
ponential, and power, are analyzed for the present model. A 2D and
3D visual comparison of the solutions obtained for each case is also
shown. This article discusses the sufficient condition for convergence
of the reduced differential transform approach to solving non-linear
differential equations.The convergence results for the concentration
functions in each case are briefly described. The present method is
highly effective and more efficient in solving real-world problems.
For all cases, the amount of phosphate pollutant concentration at var-
ious distances and time levels has been examined using numerical
and graphical representations. While analyzing actual world prob-
lems, the current study demonstrates its effectiveness.
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1 Introduction

Accidents involving environmental contamination are common in the process
plant, particularly in sectors like the chemical sector, manufacture of agricul-
tural chemicals, natural gas extraction, etc [Li et al., 2009]. Organic materials
and heavy metals are frequent and harmful contaminants in water pollution in-
cidents, and examples of organic materials include benzene, naphthalene, phe-
nol, anthracene, alcohol, etc. As a typical hydrocarbon, benzene is poisonous,
and cancer-causing [Nomura et al., 2019] It may be inhaled or absorbed via the
skin. Because of its low vapor pressure, benzene may be easily spread through the
air. Exposure to benzene in the past is a common factor in developing leukemia
[Jiang et al., 2018, Tsuji et al., 2018, Meszaros et al., 2017]. In many places,
industrial or household human activity-related water contamination is a serious
issue [Tchobanoglous et al., 1991]. The contamination of water sources is re-
sponsible for the deaths of over 25 million people annually. Models to manage
and forecast water quality are vital. When analyzing river water quality, numer-
ous aspects must be addressed, including dissolved oxygen, nitrates, chlorides,
phosphates, suspended particles, environmental hormones, and chemical oxygen
demand, such as heavy metals and bacteria. Agricultural pollution may degrade
surface, and groundwater [Knight et al., 2000].

To satisfy its many needs, society relies heavily on river water, one of the
few abundant sources of freshwater [Shi et al., 2019]. To ensure an undisturbed
freshwater supply, specific water quality requirements along the rivers must be
maintained [Chen et al., 2016]. Agricultural non-point source pollution (ANPSP),
caused by the use of agrochemicals in farming, significantly impacts water quality
and aquatic ecosystems [Bryan and Kandulu, 2011, Borges et al., 2017]. In 1925,
the well-known model of Streeter and Phelps characterized the equilibrium of dis-
solved oxygen in rivers, marking the beginning of the era of mathematical water
quality models. Since then, there have been many updates to this model [Streeter,
1925, James, 1978]. Weighted discretizations and the two-dimensional modified
equation method solved the linear, constant coefficient advection-diffusion equa-
tion. The modified equivalent equation determines one- and multi-dimensional fi-
nite difference method accuracy [Noye and Tan, 1989]. The Eulerian-Lagrangian
localized adjoint method (ELLAM) solves the nonlinear Buckley-Leverea equa-
tion, which has degenerate diffusion and sharpening near-shock solutions [Dahle
et al., 1995]. It is thought that a suitable strategy for identifying and evaluat-
ing the production of nutrients produced by management scenarios, which may
aid in project prioritization and improve water quality, is extensive modeling of
the surface water using tried-and-true techniques. They should be simulated as
management scenarios before implementing plans to evaluate their effectiveness
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[Fakouri et al., 2019].

Numerous research on the impact of various water management strategies on
water quality and quantity have been carried out using multiple models and ex-
perimental techniques in diverse places of different sizes with varying objectives.
They used a MIKE11 pattern on the Pasikhan River and simulated nitrate and
phosphate contaminant concentration. The effects of dumping waste water and
draining water into rivers are significant and impact the river’s water quality. In
addition, Kerich assessed the chemicals used in the Ahero Irrigation Scheme and
provided many recommendations to enhance the quality of water retrieved from
the drainage canals. For this reason, the most efficient means of purifying water
for human consumption in the area were biodegradable chemicals for pest and
herbicide management and bio-sand filters [Kerich, 2020]. Groundwater quality
in the Blinaja River basin was also investigated by Çadraku using irrigation water
quality criteria. According to the findings, the groundwater in the research region
is of sufficient quality for irrigating the crops. As well as addressing surface water
issues, specific recommendations were made for preserving groundwater qual-
ity [Çadraku, 2021]. To solve the advection-dispersion equation (ADE) in rivers
backward in time and a one-dimensional domain for different pollution loading
patterns, an unique analytical approach was devised using the quasi-reversibility
(QR) technique and the Fourier transform tool. To avoid the issue being ill-posed
during the inverse solution process, a stability factor is added to the initial trans-
port equation in this approach [Permanoon et al., 2022]. Mass movement is reg-
ulated by the molecular diffusion of solutes between mobile and static water in
aquifers like the Chalk, which have long diffusion path lengths [Bibby, 1981].

In this paper, we formulate a one-dimensional mathematical model of pollu-
tant transport. The governing equation is a 1D advection-diffusion equation solved
by the reduced differential transform method (RDTM). This method requires an
initial condition. To generate the initial condition, we have used the concentration
of the river Khobistskali for PO4 pollutant component [Tsuji et al., 2018]. Also,
we have discussed the convergence of analytic solutions obtained by RDTM.

Section 2 covers the mathematical formulation of this problem. Section 3
contains the fundamental ideas behind the reduced differential transform method.
In section 4, The process for achieving the convergence of the analytic series
solution given by RDTM has been discussed. Section 5 includes the numerical
outcomes and the convergence of the method for its effectiveness. 2D and 3D
plots show a visual representation of the obtained solutions. Section 6 provides a
summary of the conclusion.
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2 Mathematical Formulation of the problem
Reaction, diffusion, advection, absorption, and sedimentation all have a role

in transporting the pollutant material farther downstream. Variables such as the
kind of pollution, its physicochemical characteristics, flow characteristics, and the
surrounding environment all have a role. Thus, parameters linked to the flow of
pollution are prioritized above those relating to the pollutant’s nature [Kim and
Chapra, 1997].

A linear partial differential equation, the mass transfer equation, is often uti-
lized in research on water, soil, petroleum, the living environment, and several
engineering subjects. A linear parabolic partial differential equation, the afore-
mentioned equation is of the first and second orders in terms of time and space,
respectively. In the one-dimensional domain (along the river length), the general
form of this equation under unstable and non-uniform flow regimes is as follows
[Amiri et al., 2021].

A
∂c

∂t
=

∂

∂x

(
ADx

∂c

∂x

)
− Av

∂c

∂x
− Akc+ Af (1)

where c =Pollutant concentration, Dx =Diffusion coefficient along the x-
direction, v = Mean flow velocity, k = Coefficient of non-conservation, A =
Flow area, f = Source term, x = Distance from starting point of domain, t =
Time dimension.

For the entire study, the area of the cross-section of the river is considered a
constant. To analyze this problem, we have used the concentration of pollutant
substance PO4 of river Khobistskali. Here Khobistskali river’s length is 44800
m. Using past collected data, at time t = 0 (any fixed time), the concentration
is assumed as a rational, exponential, and power form, and the following values
of parameters are used to obtain the solutions. Dx = 0.55 m2

sec
, v = 0.534930 m

sec
,

k = 0 1
sec

and f = 0 [Kachiashvili et al., 2007].

Goodness of fit
Curve fitting SSE R-square Adjusted R-square RMSE

Rational 3.89E-06 0.9884 0.9876 0.0003662
Exponential 1.62E-05 0.9515 0.9499 0.0007354

Power 5.55E-06 0.9834 0.9823 0.0004376

Table 1: Statistical indices of initial function

Graphical representations of curve fitting for the initial condition are shown
in Figures 1, 2, and 3. Table 1 lists the goodness of fit values for various initial
conditions.
Hence this problem is studied for three following different cases:
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Goodness of fit:

SSE: 3.889e-06

R-square: 0.9884
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RMSE: 0.0003662

Figure 1: Rational curve fitting of c(x, 0).
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untitled fit 1
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SSE: 1.623e-05
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Figure 2: Exponential curve fitting of c(x, 0).
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Power curve fitting of c(x,0)

c vs. x

untitled fit 1

Goodness of fit:

SSE: 5.552e-06

R-square: 0.9834

Adjusted R-square: 0.9823

RMSE: 0.0004376

Figure 3: Power curve fitting of c(x, 0).

Case-1 Rational initial function
For this case,

c(x, 0) =
0.0004008x+ 251.4

x+ 1.39e+ 04
(2)

with

c(44800, t) = 5.846e− 13t2 + 3.463e− 08t+ 0.004597 (3)

Case-2 Exponential initial function
For this case,

c(x, 0) = 0.01533e−3e−05x − 0.0001573 (4)

with

c(44800, t) = 6.887e− 13t2 + 6.167e− 08t+ 0.003846 (5)

Case-3 Power initial function
For this case,

c(x, 0) = −0.007562x0.1384 + 0.03762 (6)

with

c(44800, t) = 6.846e− 08t+ 0.004247 (7)
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3 Reduced Differential Transform Method
Let b(ω, τ) be a two-variable function. Suppose b(ω, τ) is written as b(ω, τ) =

f(ω)g(τ).b(ω, τ) can be represented as the following using the features of the
differential transform:

b(ω, τ) =
∞∑
i=0

F(i)ω
i

∞∑
j=0

G(j)τ
j =

∞∑
k=0

Bk(ω)τ
k (8)

where Bk(ω) is referred to as the t-dimensional spectrum function of b(ω, τ).

Bm(ω) =
1

m!

[
∂m

∂τm
b(ω, τ)

]
τ=0

(9)

The original function is denoted by the lowercase [b(ω, τ)], whereas the altered
function is denoted by the capital [B(ω, τ)]. The way to define the differential
inverse transform of Bk(ω) is as follows:

b(ω, τ) =
∞∑

m=0

Bm(ω)τ
m (10)

From Equations (9) and (10), we get

b(ω, τ) =
∞∑

m=0

1

m!

[
∂m

∂τm
b(ω, τ)

]
τ=0

τm (11)

Let us consider the following nonlinear PDE, to understand the basic concept of
RDTM.

Tb(ω, τ) + Pb(ω, τ) +Ob(ω, τ) = f(ω, τ) (12)

with initial condition b(ω, 0) = η(ω)
, where T = ∂

∂τ
, Pb(ω, τ) is a linear term that has partial derivatives, while

Ob(ω, τ) is a non-linear term, and f(ω, τ) is a source term [Al-Amr, 2014].
By applying the transform on equation (12), we get

(m+ 1)Bm+1(ω) = Fm(ω)− PBm(ω)−OBm(ω) (13)

where Bm(ω),Fm(ω),PBm(ω) and OBm(ω) are transform of b(ω, τ),f(ω, τ),Pb(ω, τ)
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and Ob(ω, τ) respectively. We are able to write this down based on the initial con-
dition.

B0(ω) = η(ω) (14)

From equations (13) and (14), we get the values of Bm(ω). After that, an approx-
imation solution is produced by carrying out an inverse transformation on the set
of values {Bm(ω)}nm=0. This transformation yields an approximation solution as

b̃n(ω, τ) =
n∑

m=0

Bm(ω)τ
m (15)

where n is the order of approximation answer. Consequently, the exact solution is
given by [Al-Amr, 2014],

b(ω, τ) = lim
n→∞

b̃n(ω, τ) (16)

Function Transformation
b(ω, τ) Bm(ω) =

1
m!

[
∂m

∂τm
b(ω, τ)

]
τ=0

αf(ω, τ)± βg(ω, τ) αFm(ω) + βGm(ω)
ωkτn ωkδ(m− n)

ωkτnb(ω, τ) ωkBm−n(ω)
l(ω, τ) = f(ω, τ)g(ω, τ) Lm(ω) =

∑m
r=0 Fr(ω)Gm−r(ω)

∂r

∂τr
b(ω, τ) (m+r)!

m!
Bm+r(ω)

∂
∂ω
b(ω, τ) ∂

∂ω
Bm(ω)

Table 2: Transform Table[Al-Amr, 2014, Keskin and Oturanc, 2010, Srivastava
et al., 2014]

4 Convergence of RDTM
To understand the convergence, Let us consider the solution of equation (13)

in power series form as follow

b(ω, τ) =
∞∑
n=0

Bn(ω)τ
n =

∞∑
n=0

Bnτ
n (17)
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which is obtained by equation (16) [Moosavi Noori and Taghizadeh, 2021, Saeed
and Mustafa, 2017].

Theorem 4.1. If
∑∞

n=0Bnτ
n is given series,

[1] ∃ 0 < β < 1 ∋ ∥Bn+1∥
∥Bn∥ ≤ β ⇒ series is convergent.

[2] ∃ β > 1 ∋ ∥Bn+1∥
∥Bn∥ ≥ β ⇒ series is divergent.

Proof. Let (C[l], ∥.∥) represent the Banach space that contains all continuous
functions on l that satisfy the norm ∥.∥. Also, let’s suppose that ∥B0(ω)∥ ≤ M ,
where M is an integer in the positive range. Let {δn}∞n=0 be a partial sum

δn = B0 +B1 +B2 + ...+Bn

If we can prove that {δn}∞n=0 is a Cauchy sequence in Banach Space, then we can
conclude that the sequence of partial sum is convergent in Banach Space. As a
result, at this point, we shall demonstrate that the series of partial sums follows
the Cauchy sequence. We take

∥δn+1 − δn∥ = ∥Bn+1∥ ≤ β∥Bn∥ ≤ ... ≤ βn+1∥B0∥ ≤ βn+1M

Therefore,∀n,m ∈ N, n ≥ m ,We have

∥δn − δm∥ = ∥(δn − δn−1) + (δn−1 − δn−2) + ...+ (δm+1 − δm)∥
≤ ∥δn − δn−1∥+ ∥δn−1 − δn−2∥+ ...+ ∥δm+1 − δm∥
≤ 1−βn−m

1−β
βm+1∥B0∥

Now here 0 < β < 1, We obtain

lim
n,m→∞

∥δn − δm∥ = 0

Hence {δn}∞n=0 is Cauchy sequence in Banach Space. Therefore, given series is
convergent.
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5 Result and discussion
We take three cases of initial function in rational, exponential and power form

and obtain three solutions using reduced differential transform method.
Case-1 Rational initial function

Solving equation (1) by RDTM with initial condition (2), we get

c(x, t) = M0 +M1t+M2t
2 +M3t

3 +M4t
4 + ...

where

M0 = 0.0004008x+251.4
x+1.39e+04

M1 =
0.0270

(
4863x+ 67605700

)
(x+13900)3

M2 =

8.9236e−06

x2 + 219193889400x
+1523735609830000


(x+13900)5

M3 =

9.8159e−10


x3 + 1599028070073300x2

+22233066963300870000x
+103043693991250631000000


(x+13900)7

M4 =

1.0798e−13



186421425071787x4

+10368864699446257200 x3

+216270792211342627620000 x2

+2004850662624966111612000000 x
+6969433288195869001126700000000


(x+13900)9

Here,

∥M1∥
∥M0∥

= 3.4116405e− 05 < 1,
∥M2∥
∥M1∥

= 3.4972143e− 05 < 1,

∥M3∥
∥M2∥

= 3.4976844e− 05 < 1,
∥M4∥
∥M3∥

= 3.4981545e− 05 < 1

Therefore, the solution function c(x, t) is convergent.
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Figure 5: c(x, t) at x = 7000m
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Two-dimensional representations of the concentration function for case-1 are
provided in figures 4, and 5, respectively, for the fixed values of (t = 1000sec),and
(x = 7000m).As shown in figure 4, we can see that the value of concentration
decreases as the length (x) variable increases. In figure 5, we can see that the
value of concentration rises as the passage of time (t) increases.

x(m)\t(sec) 4500 9000 13500 18000 22500 27000 31500 36000
1400 0.019467 0.023775 0.030123 0.039479 0.053046 0.072264 0.098812 0.134601
5740 0.014666 0.016968 0.020065 0.024264 0.029941 0.03754 0.047573 0.060618
10080 0.011796 0.013224 0.015034 0.017353 0.020329 0.024138 0.028979 0.035078
14420 0.009888 0.010858 0.01204 0.013494 0.015289 0.017506 0.020238 0.023587
18760 0.008527 0.009229 0.01006 0.011051 0.01224 0.013668 0.015383 0.017437
23100 0.007507 0.008038 0.008654 0.009372 0.010213 0.011201 0.012363 0.013728
27440 0.006715 0.007131 0.007605 0.008148 0.008772 0.009493 0.010326 0.01129
31780 0.006082 0.006416 0.006792 0.007217 0.007698 0.008246 0.00887 0.009581
36120 0.005564 0.005839 0.006144 0.006485 0.006868 0.007297 0.00778 0.008325
40460 0.005133 0.005362 0.005616 0.005896 0.006206 0.006551 0.006936 0.007365
44800 0.004768 0.004963 0.005176 0.00541 0.005667 0.00595 0.006264 0.00661

Table 3: c(x, t) for Case-1

The values of the concentration function for case-1 are shown in table 3.

Case-2 Exponential initial function

Solving equation (1) by RDTM with initial condition (4), we get

c(x, t) = A0 + A1t+ A2t
2 + A3t

3 + A4t
4 + ...

where
A0 = 0.01533e−3e−05x − 0.0001573

A1 = 2.4602e− 07 e−
3 x

100000

A2 = 1.9741e− 12 e−
3 x

100000

A3 = 1.0561e− 17 e−
3 x

100000

A4 = 4.2370e− 23 e−
3 x

100000

Here,

∥A1∥
∥A0∥

= 1.6221987e− 05 < 1,
∥A2∥
∥A1∥

= 8.0241975e− 06 < 1,
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∥A3∥
∥A2∥

= 5.3494650e− 06 < 1,
∥A4∥
∥A3∥

= 4.0120987e− 06 < 1

Therefore, the solution function c(x, t) is convergent. Figures 6 and 7 illustrate,

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5

10
4
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16
10

-3

Figure 6: c(x, t) at t = 1000 sec

respectively, two-dimensional representations of the concentration function for
case-2 with the fixed values of (t = 1000 sec) and (x = 7000m). As shown in
figure 6, the concentration value falls as the distance (x) variable rises. It is clear
from graph 7 that when time (t) grows, so does the value of concentration.

The values of a concentration function for case-2 are presented in table 4.

Case-3 Power initial function

Solving equation (1) by RDTM with initial condition (6), we get

c(x, t) = P0 + P1t+ P2t
2 + P3t

3 + P4t
4 + ...
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Figure 7: c(x, t) at x = 7000m

x(m)\t(sec) 4500 9000 13500 18000 22500 27000 31500 36000
1400 0.015643 0.016826 0.018098 0.019465 0.020934 0.022512 0.024208 0.026029
5740 0.013714 0.014753 0.015869 0.01707 0.018359 0.019745 0.021233 0.022832
10080 0.012021 0.012933 0.013913 0.014966 0.016099 0.017315 0.018622 0.020025
14420 0.010534 0.011335 0.012195 0.01312 0.014114 0.015182 0.016329 0.017561
18760 0.009229 0.009932 0.010687 0.011499 0.012372 0.01331 0.014317 0.015398
23100 0.008083 0.0087 0.009363 0.010076 0.010842 0.011665 0.01255 0.013499
27440 0.007077 0.007619 0.008201 0.008827 0.0095 0.010222 0.010998 0.011832
31780 0.006194 0.006669 0.007181 0.00773 0.008321 0.008955 0.009637 0.010368
36120 0.005418 0.005836 0.006285 0.006767 0.007286 0.007843 0.008441 0.009083
40460 0.004738 0.005104 0.005498 0.005922 0.006377 0.006866 0.007391 0.007955
44800 0.00414 0.004462 0.004808 0.00518 0.005579 0.006009 0.00647 0.006965

Table 4: c(x, t) for Case-2
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where
P0 = −0.007562x0.1384 + 0.03762

P1 = 3.4537e−07 (1621x+1436)

x2327/1250

P2 = 1.2902e−04x2+4.9388e−04x+7.2656e−04
x4827/1250

P3 = 4.2826e−05x3+3.7801e−04x2+0.0015x+0.0025
x7327/1250

P4 = 1.6389e−05x4+2.6028e−04x3+0.0020x2+0.0078x+0.0138
x9827/1250

Here,
∥P1∥
∥P0∥

= 6.4108463e− 05 < 1,
∥P2∥
∥P1∥

= 0.0001649 < 1,

∥P3∥
∥P2∥

= 0.0002379 < 1,
∥P4∥
∥P3∥

= 0.0002747 < 1

Therefore, the solution function c(x, t) is convergent. Figures 8 and 9 are two-
dimensional representations of the concentration function for case-3 with fixed
parameters ( t = 1000sec) and (x = 7000m), respectively. As shown in figure 8,
as the distance (x) variable increases, the concentration value decreases. Graph 9
demonstrates that as time (t) increases, so does the value of concentration. The

x(m)\t(sec) 4500 9000 13500 18000 22500 27000 31500 36000
1400 0.034284 0.149754 0.560422 1.579016 3.633997 7.269557 13.14562 22.03783
5740 0.014373 0.017404 0.02281 0.032238 0.047824 0.072202 0.108497 0.160329

10080 0.011539 0.012841 0.014609 0.017063 0.020482 0.025201 0.031609 0.040152
14420 0.00987 0.010713 0.011738 0.013011 0.014609 0.016626 0.019168 0.022356
18760 0.00866 0.009291 0.010017 0.010867 0.011871 0.013066 0.014494 0.016203
23100 0.007701 0.008209 0.008775 0.009415 0.010143 0.010977 0.011937 0.013046
27440 0.006902 0.007329 0.007796 0.008311 0.008883 0.009521 0.010237 0.011043
31780 0.006215 0.006584 0.006983 0.007416 0.007888 0.008405 0.008974 0.009603
36120 0.00561 0.005937 0.006285 0.006659 0.007062 0.007498 0.007971 0.008486
40460 0.005069 0.005362 0.005673 0.006003 0.006355 0.006732 0.007137 0.007573
44800 0.004579 0.004845 0.005126 0.005422 0.005735 0.006068 0.006423 0.006801

Table 5: c(x, t) for Case-3

values of a concentration function for case-3 are shown in table 5.
Figure 10 give the 3D graphical comparison of solution obtained for all cases.

Also figures 11 and 12 give the 2D graphical comparison of solution obtained for
all cases for t = 3000 sec and x = 40000m respectively.
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Figure 8: c(x, t) at t = 1000 sec
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Figure 9: c(x, t) at x = 7000m
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Figure 10: 3D Comparison of c(x, t)
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Figure 11: 2D Comparison of c(x, 3000)
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Figure 12: 2D Comparison of c(40000, t)
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6 Conclusion

In this paper, we outlined the main components of a mathematical model that
various ways to predict chemical concentrations in rivers due to pollutant dis-
charges. We get initial condition from old collected data in different form like
rational, exponential and power. We attain three different solutions from different
form of initial conditions. We conclude that concentration rises as time(t) rises.
Concentration decreases as length(x) increases. The fundamental benefit of the
RDTM is that it offers the user a quick converging power series form with neatly
calculated terms that contains an analytical approximation, and in many situa-
tions, an exact solution. There is no discretization or unavoidable presumptions
while using RDTM. Sometimes RDTM is superior to other techniques (DTM).
Furthermore, if highly polluted regions can be located physically, the research
framework may provide a useful strategy for more economical watershed man-
agement.According to the findings, phosphate levels along the river fall when fer-
tiliser usage is reduced. Among the management options, the use of less fertiliser
greatly reduces river pollution. The current work provides a helpful tool for a
scholar to compare and contrast the performance of different models and yields
intriguing and practical outcomes. It may be possible to extend this research to
consider the two-dimensional advection-diffusion equation.
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