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Abstract 

Let 𝐷 be a strong digraph and let 𝑑(𝑢,  𝑣) denote the distance between any two vertices 

in 𝐷. A radio mean labeling is a one-to-one mapping 𝑓 from 𝑉(𝐷) to 𝑁 satisfying the 

condition 𝑑(𝑢,  𝑣) +⌈
𝑓(𝑢)+𝑓(𝑣)

2
⌉ ≥ 1 +  𝑑𝑖𝑎𝑚(𝐷) for every 𝑢, 𝑣 ∈ 𝑉(𝐷). The span of a 

labeling 𝑓 is the maximum integer that 𝑓 maps to a vertex of𝐷. The radio mean number 

of 𝐷, 𝑟𝑚𝑛 (𝐷) is the lowest span taken over all radio mean labelings of the graph 𝐷. In 

this paper, we analyze radio mean labeling for some newly defined digraphs. 
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1. Introduction 

The graph labeling problem is one of the recent developing area in graph theory. Alex 

Rosa first introduced this problem in 1967[10]. Radio labeling is motivated by the 

channel assignment problem introduced by W. K. Hale in 1980[4].In 2001, Gary 

Chartrand defined the concept of radio labeling of 𝐺[2].Liu and Zhu first determined the 

radio number in 2005[5].Ponraj et al.[8] introduced the notion of radio mean labeling of 

graphs and investigated radio mean number of some graphs [9].  

In this paper, we introduce a new definition for radio mean labeling of digraphs and also 

we study radio mean number of some newly defined digraphs. 

Radio Labeling is used for X-ray, crystallography, coding theory, network security, 

network addressing, channel assignment process, social network analysis such as 

connectivity, scalability, routing, computing, cell biology etc., 

The following results are used in the subsequent section. 

 

Definition 1.1.Let 𝐷 be a strong digraph and let 𝑑(𝑢,  𝑣) denote the distance between 

any two vertices in𝐷. A radio mean labeling is a one-to-one mapping 𝑓 from 𝑉(𝐷) to 𝑁 

satisfying the condition 𝑑(𝑢,  𝑣) +⌈
𝑓(𝑢)+𝑓(𝑣)

2
⌉ ≥ 1 +  𝑑𝑖𝑎𝑚(𝐷) for every 𝑢, 𝑣 ∈ 𝑉(𝐷). 

The span of a labeling 𝑓 is the maximum integer that 𝑓 maps to a vertex of𝐷. The radio 

mean number of𝐷, 𝑟𝑚𝑛 (𝐷) is the lowest span taken over all radio mean labelings of 

the graph𝐷. 

 

Definition 1.2. Consider a globe. Let 𝑢, 𝑣 be the vertices of degree𝑛. Orient the edges of 

all but one 𝑢 −  𝑣 path of length two in same direction. Orient the left out 𝑢 −  𝑣 path 

in opposite direction. It is strongly connected and is called a Diglobe. It is denoted as 

𝐺𝑙(𝑛).⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗ 

 

 

 

 

Figure 1.1. Diglobe 

 

Definition 1.3. If the edges of all 𝑢 − 𝑣 paths are in a single common direction it is not 

a strong digraph. We name it as sole diglobe (𝑆𝐺𝑙(𝑛)⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗). 
 

Remark 1.4. If there are atleast two paths are oriented in opposite directions, the 

diglobe becomes strongly connected. 

249



Radio Mean Labeling of Digraphs 
 

 

 

Remark 1.5. Orient the edges of the globe in such a way that the two edges in each 

𝑢 −  𝑣 path of length 2 get opposite directions. The resulting digraph is called alternate 

diglobe and is denoted as 𝐴𝐺𝑙(𝑛)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗. 𝐴𝐺𝑙(𝑛)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗ is not a strong digraph. 

 

Definition 1.6. Consider a book with 𝑛 pages sharing a common edge. The common 

edge is called the spine or base of the book. Orient all the edges except the spine in the 

one single direction and the spine in opposite direction. The resulting digraph is 

strongly connected and is called as directed book. The directed book is denoted as 

𝐵(𝑚,  𝑛).⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗ 

 

Remark 1.7. The ditriangular book with n-pages is defined as n copies of cycle C3 

sharing a common edge in a directed book. The ditriangular book is denoted as 𝐵(3,  𝑛)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ . 

 

 

 

 

 

 

Figure 1.2. Ditriangular Book 

 

Remark 1.8. The diquadrilateral book with n-pages is defined as 𝑛 copies of cycle 𝐶4 

sharing a common edge in a directed book. The diquadrilateral book is denoted as 

𝐵(4, 𝑛)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1.3. Diquadrilateral Book 
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2. Main Results 

Theorem 2.1.The radio mean number of diglobe(𝐺𝑙(𝑛)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ) is less than or equal to 𝑛 + 3 

for3 ≤ 𝑛 ≤ 4. 

Proof. Let 𝐷 be a diglobe. 

Let 𝑉(𝐷) = {𝑣1, 𝑣2, 𝑣3, … … . , 𝑣𝑛, 𝑢, 𝑣} and  

𝐴(𝐷) = {𝑢𝑣𝑖⃗⃗⃗⃗⃗⃗⃗/1 ≤ 𝑖 ≤ ⌊
𝑛

2
⌋} ∪ {𝑢𝑣𝑖⃗⃗⃗⃗⃗⃗⃗/ ⌊

𝑛

2
⌋ + 2 ≤ 𝑖 ≤ 𝑛} ∪ {𝑣

⌊
𝑛

2
⌋+1

𝑢⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗} ∪ {𝑣𝑖𝑣⃗⃗ ⃗⃗ ⃗⃗ /1 ≤ 𝑖 

≤ ⌊
𝑛

2
⌋} ∪ {𝑣𝑖𝑣⃗⃗ ⃗⃗ ⃗⃗ / ⌊

𝑛

2
⌋ + 2 ≤ 𝑖 ≤ 𝑛} ∪ {𝑣𝑣

⌊
𝑛

2
⌋+1

}⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗ 

The diameter of diglobe is 4. 

Define 𝑓: 𝑉(𝐷) → 𝑁 by 

𝑓(𝑣𝑖) = 𝑖 + 1  , 1 ≤ 𝑖 ≤ 𝑛 

𝑓(𝑢) = 𝑛 + 2 

𝑓(𝑣) = 𝑛 + 3 

Claim. 𝑓 is a valid radio mean labeling. 

Since the diameter is 4, to prove 𝑓 is a radio mean labeling, it is enough to prove that, 

𝑑(𝑥, 𝑦) + ⌈
𝑓(𝑥)+𝑓(𝑦)

2
⌉ ≥ 5 … … … … (1)for every pair of vertices (𝑥, 𝑦) where 𝑥 ≠ 𝑦. 

Equivalently, it is enough to prove (1) for pair of vertices with minimum  𝑓 values and 

minimum 𝑑(𝑥, 𝑦)values. Hence, the proof involves the following cases 

Case a. Consider the pairs(𝑢, 𝑣𝑖). Here, 𝑑⃗⃗⃗ ⃗(𝑢, 𝑣𝑖) ≥ 1 

 𝑑⃗⃗⃗ ⃗(𝑢, 𝑣𝑖) + ⌈
𝑓(𝑢) + 𝑓(𝑣𝑖)

2
⌉ ≥ 1 + ⌈

𝑛 + 2 + 𝑖 + 1

2
⌉ ≥ 5 

Case b. Consider the pairs(𝑣𝑖, 𝑣). Here, 𝑑⃗⃗⃗ ⃗(𝑣𝑖, 𝑣) ≥ 1 

 𝑑⃗⃗⃗ ⃗(𝑣𝑖, 𝑣) + ⌈
𝑓(𝑣𝑖) + 𝑓(𝑣)

2
⌉ ≥ 1 + ⌈

𝑖 + 1 + 𝑛 + 3

2
⌉ ≥ 5 

Case c. Consider the pairs (𝑢, 𝑣)   𝑎𝑛𝑑 𝑑⃗⃗⃗ ⃗(𝑢, 𝑣) = 2 

 𝑑⃗⃗⃗ ⃗(𝑢, 𝑣) + ⌈
𝑓(𝑢) + 𝑓(𝑣)

2
⌉ ≥ 2 + ⌈

𝑛 + 2 + 𝑛 + 3

2
⌉ > 5 

Case d. Consider the pairs (𝑣𝑖, 𝑣𝑖+1) and 𝑑⃗⃗⃗ ⃗(𝑣𝑖, 𝑣𝑖+1) = 2, then, 

 𝑑⃗⃗⃗ ⃗(𝑣𝑖, 𝑣𝑖+1) + ⌈
𝑓(𝑣𝑖) + 𝑓(𝑣𝑖+1)

2
⌉ ≥ 2 + ⌈

𝑖 + 1 + 𝑖 + 2

2
⌉ > 5 

Hence, by all the above cases, the radio mean condition is satisfied by 𝑓. 

Further, 𝑓 attains its maximum corresponding to 𝑣 and therefore 𝑟𝑚𝑛(𝐺𝑙(𝑛)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ) ≤ 𝑛 + 3 

for 3 ≤ 𝑛 ≤ 4. 
 

Theorem 2.2. The radio mean number of diglobe(𝐺𝑙(𝑛)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ )  is 𝑛 + 2 for n > 4. 

Proof. Let 𝐷 be a diglobe. 

Let 𝑉(𝐷) = {𝑣1, 𝑣2, 𝑣3, … … . , 𝑣𝑛, 𝑢, 𝑣} and  

𝐴(𝐷) = {𝑢𝑣𝑖⃗⃗⃗⃗⃗⃗⃗/1 ≤ 𝑖 ≤ ⌊
𝑛

2
⌋} ∪ {𝑢𝑣𝑖⃗⃗⃗⃗⃗⃗⃗/ ⌊

𝑛

2
⌋ + 2 ≤ 𝑖 ≤ 𝑛} ∪ {𝑣

⌊
𝑛

2
⌋+1

𝑢⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗} ∪ {𝑣𝑖𝑣⃗⃗ ⃗⃗ ⃗⃗ /1 ≤ 𝑖 
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≤ ⌊
𝑛

2
⌋} ∪ {𝑣𝑖𝑣⃗⃗ ⃗⃗ ⃗⃗ / ⌊

𝑛

2
⌋ + 2 ≤ 𝑖 ≤ 𝑛} ∪ {𝑣𝑣

⌊
𝑛

2
⌋+1

}⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗ 

The diameter of diglobe is 4. 

Define 𝑓: 𝑉(𝐷) → 𝑁 by 

𝑓(𝑣𝑖) = 𝑖  , 1 ≤ 𝑖 ≤ 𝑛 

𝑓(𝑢) = 𝑛 + 1 

𝑓(𝑣) = 𝑛 + 2 

Claim.𝑓 is a valid radio mean labeling. 

Since the diameter is 4, to prove 𝑓 is a radio mean labeling, it is enough to prove that, 

𝑑(𝑥, 𝑦) + ⌈
𝑓(𝑥)+𝑓(𝑦)

2
⌉ ≥ 5 … … … … (1) for every pair of vertices (𝑥, 𝑦) where 𝑥 ≠ 𝑦. 

Equivalently, it is enough to prove (1) for pair of vertices with minimum  𝑓 values and 

minimum 𝑑(𝑥, 𝑦)values. Hence, the proof involves the following cases 

Case a. Consider the pairs (𝑢, 𝑣𝑖). Here, 𝑑⃗⃗⃗ ⃗(𝑢, 𝑣𝑖) ≥ 1 

 𝑑⃗⃗⃗ ⃗(𝑢, 𝑣𝑖) + ⌈
𝑓(𝑢) + 𝑓(𝑣𝑖)

2
⌉ ≥ 1 + ⌈

𝑛 + 1 + 𝑖

2
⌉ ≥ 5 

Case b. Consider the pairs (𝑣𝑖, 𝑣). Here, 𝑑⃗⃗⃗ ⃗(𝑣𝑖, 𝑣) ≥ 1 

 𝑑⃗⃗⃗ ⃗(𝑣𝑖, 𝑣) + ⌈
𝑓(𝑣𝑖) + 𝑓(𝑣)

2
⌉ ≥ 1 + ⌈

𝑖 + 𝑛 + 2

2
⌉ ≥ 5 

Case c. Consider the pairs (𝑢, 𝑣)   𝑎𝑛𝑑 𝑑⃗⃗⃗ ⃗(𝑢, 𝑣) = 2 

 𝑑⃗⃗⃗ ⃗(𝑢, 𝑣) + ⌈
𝑓(𝑢) + 𝑓(𝑣)

2
⌉ ≥ 2 + ⌈

𝑛 + 1 + 𝑛 + 2

2
⌉ > 5 

Case d. Consider the pairs (𝑣𝑖, 𝑣𝑖+1) and  𝑑⃗⃗⃗ ⃗(𝑣𝑖, 𝑣𝑖+1) = 2, then, 

 𝑑⃗⃗⃗ ⃗(𝑣𝑖, 𝑣𝑖+1) + ⌈
𝑓(𝑣𝑖) + 𝑓(𝑣𝑖+1)

2
⌉ ≥ 2 + ⌈

𝑖 + 𝑖 + 1

2
⌉ > 5 

Hence, by all the above cases, the radio mean condition is satisfied by 𝑓. 

Further, 𝑓 attains its maximum corresponding to 𝑣 and is 𝑛 + 2 for 𝑛 > 4. 
Since 𝐷 contains only 𝑛 + 2 vertices, 𝑛 + 2 is the minimum of the maximum integer 

that could be assigned to the vertices of 𝐷. 

Hence 𝑟𝑚𝑛(𝐷) = 𝑛 + 2 for𝑛 > 4. 

 

Theorem 2.3. The radio mean number of ditriangular book(𝐵(3, 𝑛)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗) is less than or 

equal to 𝑛 + 3 for𝑛 = 2. 

Proof. Let 𝐷 be a ditriangular book. 

Let 𝑉(𝐷) = {𝑣1, 𝑣2, 𝑣3, … … . , 𝑣𝑛, 𝑢, 𝑣} and  

𝐴(𝐷) = {𝑢𝑣𝑖⃗⃗⃗⃗⃗⃗⃗/1 ≤ 𝑖 ≤ 𝑛} ∪ {𝑣𝑖𝑣⃗⃗ ⃗⃗ ⃗⃗ /1 ≤ 𝑖 ≤ 𝑛} ∪ {𝑣𝑢}⃗⃗ ⃗⃗ ⃗⃗ ⃗ 

The diameter of ditriangular book is 3. 

Define 𝑓: 𝑉(𝐷) → 𝑁 by 

𝑓(𝑣𝑖) = 𝑖 + 1  , 1 ≤ 𝑖 ≤ 𝑛 

𝑓(𝑢) = 𝑛 + 2 

𝑓(𝑣) = 𝑛 + 3 

Claim.𝑓 is a valid radio mean labeling. 
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Since the diameter is 3, to prove 𝑓 is a radio mean labeling, it is enough to prove that, 

𝑑(𝑥, 𝑦) + ⌈
𝑓(𝑥)+𝑓(𝑦)

2
⌉ ≥ 4 … … … … (1)for every pair of vertices (𝑥, 𝑦) where 𝑥 ≠ 𝑦. 

Equivalently, it is enough to prove (1) for pair of vertices with minimum  𝑓 values and 

minimum 𝑑(𝑥, 𝑦)values. Hence, the proof involves the following cases 

Case a. Consider the pairs (𝑢, 𝑣𝑖). Here, 𝑑⃗⃗⃗ ⃗(𝑢, 𝑣𝑖) ≥ 1 

 𝑑⃗⃗⃗ ⃗(𝑢, 𝑣𝑖) + ⌈
𝑓(𝑢) + 𝑓(𝑣𝑖)

2
⌉ ≥ 1 + ⌈

𝑛 + 2 + 𝑖 + 1

2
⌉ ≥ 4 

Case b. Consider the pairs (𝑣𝑖, 𝑣). Here, 𝑑⃗⃗⃗ ⃗(𝑣𝑖, 𝑣) ≥ 1 

 𝑑⃗⃗⃗ ⃗(𝑣𝑖, 𝑣) + ⌈
𝑓(𝑣𝑖) + 𝑓(𝑣)

2
⌉ ≥ 1 + ⌈

𝑖 + 1 + 𝑛 + 3

2
⌉ > 4 

Case c. Consider the pairs (𝑢, 𝑣)   𝑎𝑛𝑑 𝑑⃗⃗⃗ ⃗(𝑢, 𝑣) = 1 

 𝑑⃗⃗⃗ ⃗(𝑢, 𝑣) + ⌈
𝑓(𝑢) + 𝑓(𝑣)

2
⌉ ≥ 1 + ⌈

𝑛 + 2 + 𝑛 + 3

2
⌉ > 4 

Case d. Consider the pairs (𝑣𝑖, 𝑣𝑖+1) and  𝑑⃗⃗⃗ ⃗(𝑣𝑖, 𝑣𝑖+1) = 3, then, 

 𝑑⃗⃗⃗ ⃗(𝑣𝑖, 𝑣𝑖+1) + ⌈
𝑓(𝑣𝑖) + 𝑓(𝑣𝑖+1)

2
⌉ ≥ 3 + ⌈

𝑖 + 1 + 𝑖 + 2

2
⌉ > 4 

Hence, by all the above cases, the radio mean condition is satisfied by 𝑓. 

Further, 𝑓 attains its maximum corresponding to 𝑣 and therefore 𝑟𝑚𝑛(𝐵(3, 𝑛)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗) ≤ 𝑛 +

3 for 𝑛 = 2. 
 

Theorem 2.4.The radio mean number of ditriangular book(𝐵(3, 𝑛)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗) is 𝑛 + 2 for 𝑛 > 2. 

Proof. Let 𝐷 be a ditriangular book. 

Let 𝑉(𝐷) = {𝑣1, 𝑣2, 𝑣3, … … . , 𝑣𝑛, 𝑢, 𝑣} and  

𝐴(𝐷) = {𝑢𝑣𝑖⃗⃗⃗⃗⃗⃗⃗/1 ≤ 𝑖 ≤ 𝑛} ∪ {𝑣𝑖𝑣⃗⃗ ⃗⃗ ⃗⃗ /1 ≤ 𝑖 ≤ 𝑛} ∪ {𝑣𝑢}⃗⃗ ⃗⃗ ⃗⃗ ⃗ 

The diameter of ditriangular book is 3. 

Define 𝑓: 𝑉(𝐷) → 𝑁 by 

𝑓(𝑣𝑖) = 𝑖  , 1 ≤ 𝑖 ≤ 𝑛 

𝑓(𝑢) = 𝑛 + 1 

𝑓(𝑣) = 𝑛 + 2 

Claim. 𝑓 is a valid radio mean labeling. 

Since the diameter is 3, to prove 𝑓 is a radio mean labeling, it is enough to prove that, 

𝑑(𝑥, 𝑦) + ⌈
𝑓(𝑥)+𝑓(𝑦)

2
⌉ ≥ 4 … … … … (1)for every pair of vertices (𝑥, 𝑦) where 𝑥 ≠ 𝑦. 

Equivalently, it is enough to prove (1) for pair of vertices with minimum  𝑓 values and 

minimum 𝑑(𝑥, 𝑦)values. Hence, the proof involves the following cases 

Case a. Consider the pairs (𝑢, 𝑣𝑖). Here, 𝑑⃗⃗⃗ ⃗(𝑢, 𝑣𝑖) ≥ 1 

 𝑑⃗⃗⃗ ⃗(𝑢, 𝑣𝑖) + ⌈
𝑓(𝑢) + 𝑓(𝑣𝑖)

2
⌉ ≥ 1 + ⌈

𝑛 + 1 + 𝑖

2
⌉ ≥ 4 

Case b. Consider the pairs (𝑣𝑖, 𝑣). Here, 𝑑⃗⃗⃗ ⃗(𝑣𝑖, 𝑣) ≥ 1 

 𝑑⃗⃗⃗ ⃗(𝑣𝑖, 𝑣) + ⌈
𝑓(𝑣𝑖) + 𝑓(𝑣)

2
⌉ ≥ 1 + ⌈

𝑖 + 𝑛 + 2

2
⌉ ≥ 4 

253



Radio Mean Labeling of Digraphs 
 

 

 

Case c. Consider the pairs (𝑢, 𝑣)   𝑎𝑛𝑑 𝑑⃗⃗⃗ ⃗(𝑢, 𝑣) = 1 

 𝑑⃗⃗⃗ ⃗(𝑢, 𝑣) + ⌈
𝑓(𝑢) + 𝑓(𝑣)

2
⌉ ≥ 1 + ⌈

𝑛 + 1 + 𝑛 + 2

2
⌉ > 4 

Case d. Consider the pairs (𝑣𝑖, 𝑣𝑖+1) and  𝑑⃗⃗⃗ ⃗(𝑣𝑖, 𝑣𝑖+1) = 3, then, 

 𝑑⃗⃗⃗ ⃗(𝑣𝑖, 𝑣𝑖+1) + ⌈
𝑓(𝑣𝑖) + 𝑓(𝑣𝑖+1)

2
⌉ ≥ 3 + ⌈

𝑖 + 𝑖 + 1

2
⌉ > 4 

Hence, by all the above cases, the radio mean condition is satisfied by𝑓. 

Further, 𝑓 attains its maximum corresponding to 𝑣 and is 𝑛 + 2 for 𝑛 > 2. 
Since 𝐷 contains only 𝑛 + 2 vertices, 𝑛 + 2 is the minimum of the maximum integer 

that could be assigned to the vertices of𝐷. 

Hence 𝑟𝑚𝑛(𝐷) = 𝑛 + 2 for𝑛 > 2. 

 

Theorem 2.5. The radio mean number of diquadrilateral book(𝐵(4, 𝑛)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗) is 2𝑛 + 2 for 

𝑛 > 3. 

Proof. Let 𝐷 be a diquadrilateral book. 

Let 𝑉(𝐷) = {𝑣1, 𝑣2, 𝑣3, … … . , 𝑣𝑛, 𝑢1, 𝑢2, 𝑢3, … … . , 𝑢𝑛, 𝑢, 𝑣} and  

𝐴(𝐷) = {𝑢𝑢𝑖⃗⃗ ⃗⃗ ⃗⃗⃗/1 ≤ 𝑖 ≤ 𝑛} ∪ {𝑢𝑖𝑣𝑖⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ /1 ≤ 𝑖 ≤ 𝑛} ∪ {𝑣𝑖𝑣⃗⃗ ⃗⃗ ⃗⃗ /1 ≤ 𝑖 ≤ 𝑛} ∪ {𝑣𝑢}⃗⃗ ⃗⃗ ⃗⃗ ⃗ 

The diameter of diquadrilateral book is 5. 

Define 𝑓: 𝑉(𝐷) → 𝑁 by 

𝑓(𝑢𝑖) = 𝑖  , 1 ≤ 𝑖 ≤ 𝑛 

𝑓(𝑣𝑖) = 2𝑛 − 𝑖 + 1 , 1 ≤ 𝑖 ≤ 𝑛 

𝑓(𝑢) = 2𝑛 + 1 

𝑓(𝑣) = 2𝑛 + 2 

Claim. 𝑓 is a valid radio mean labeling. 

Since the diameter is5, to prove 𝑓 is a radio mean labeling, it is enough to prove that, 

𝑑(𝑥, 𝑦) + ⌈
𝑓(𝑥)+𝑓(𝑦)

2
⌉ ≥ 6 … … … … (1)for every pair of vertices (𝑥, 𝑦) where 𝑥 ≠ 𝑦. 

Equivalently, it is enough to prove (1) for pair of vertices with minimum  𝑓 values and 

minimum 𝑑(𝑥, 𝑦)values. Hence, the proof involves the following cases 

Case a. Consider the pairs (𝑢, 𝑢𝑖). Here, 𝑑⃗⃗⃗ ⃗(𝑢, 𝑢𝑖) ≥ 1 

 𝑑⃗⃗⃗ ⃗(𝑢, 𝑢𝑖) + ⌈
𝑓(𝑢) + 𝑓(𝑢𝑖)

2
⌉ ≥ 1 + ⌈

2𝑛 + 1 + 𝑖

2
⌉ ≥ 6 

Case b. Consider the pairs (𝑣𝑖, 𝑣). Here, 𝑑⃗⃗⃗ ⃗(𝑣𝑖, 𝑣) ≥ 1 

 𝑑⃗⃗⃗ ⃗(𝑣𝑖, 𝑣) + ⌈
𝑓(𝑣𝑖) + 𝑓(𝑣)

2
⌉ ≥ 1 + ⌈

2𝑛 − 𝑖 + 1 + 2𝑛 + 2

2
⌉ > 6 

Case c. Consider the pairs (𝑢𝑖, 𝑣𝑖)   𝑎𝑛𝑑 𝑑⃗⃗⃗ ⃗(𝑢𝑖, 𝑣𝑖) = 1 

 𝑑⃗⃗⃗ ⃗(𝑢𝑖, 𝑣𝑖) + ⌈
𝑓(𝑢𝑖) + 𝑓(𝑣𝑖)

2
⌉ ≥ 1 + ⌈

𝑖 + 2𝑛 − 𝑖 + 1

2
⌉ > 6 

Case d. Consider the pairs (𝑢𝑖, 𝑢𝑖+1) and 𝑑⃗⃗⃗ ⃗(𝑢𝑖, 𝑢𝑖+1) = 4, then, 

 𝑑⃗⃗⃗ ⃗(𝑢𝑖, 𝑢𝑖+1) + ⌈
𝑓(𝑢𝑖) + 𝑓(𝑢𝑖+1)

2
⌉ ≥ 4 + ⌈

𝑖 + 𝑖 + 1

2
⌉ ≥ 6 
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Case e. Consider the pairs (𝑣𝑖, 𝑣𝑖+1) and 𝑑⃗⃗⃗ ⃗(𝑣𝑖 , 𝑣𝑖+1) = 4, then, 

 𝑑⃗⃗⃗ ⃗(𝑣𝑖, 𝑣𝑖+1) + ⌈
𝑓(𝑣𝑖) + 𝑓(𝑣𝑖+1)

2
⌉ ≥ 4 + ⌈

2𝑛 − 𝑖 + 1 + 2𝑛 − 𝑖

2
⌉ > 6 

Hence, by all the above cases, the radio mean condition is satisfied by 𝑓. 

Further, 𝑓 attains its maximum corresponding to 𝑣 and is 2𝑛 + 2 for 𝑛 > 3. 
Since 𝐷 contains only 2𝑛 + 2 vertices, 2𝑛 + 2 is the minimum of the maximum integer 

that could be assigned to the vertices of 𝐷. 

Hence, 𝑟𝑚𝑛(𝐷) = 2𝑛 + 2 for 𝑛 > 3. 

 

3. Conclusions 

 In this papers we compute some types of newly defined digraphs. In future we will 

find that digraphs (Radio Labeling) is used for X-ray, crystallography, coding theory, 

network security, network addressing, channel assignment process, social network 

analysis such as connectivity, scalability, routing, computing, cell biology etc., 

 

References 
 

[1] Bang-Jensen, Jorgen, Gutin Gregory, “Digraphs: Theory, Algorithms and 

applications”, Springer, 2000. 

[2] Chatrand G, Erwin D, Zhang P & Harary F, Radio Labeling of Graphs, Bull, 

Inst.Combin.Appl.33(2001), pp.77-85. 

[3] Dunbar J E, Haynes T W, Domination in Inflated Graphs, Congr.Numer.118 (1996), 

pp.143-154. 

[4] Hale W K, Frequency Assignment Theory and Applications, Proceedings of IEEE, 

Vol.68, No.12, 1980, 1497-1514. 

[5] Liu D & Zhu X, Multi-Level Distance Labeling for Paths and Cycles, SIAM J. 

Discrete Math., Vol 19(3), 2005, pp.610-621. 

[6] Manimekalai K & Thirusangu K, Pair Sum Labeling of Some Special graphs, 

International Journal of Computer Applications, Volume 69, no.8, May 2013, pp.34-38. 

[7] Palani K & S.S. Sabarina Subi, Radio Labeling of Some Splitting Graphs, 

Advances and Applications in Mathematical Sciences, Vol 21, No.3, January 

2022, pp.1217-1228. 

[8] Ponraj R, Sathish Narayanan S & Kala R, Radio Mean Labeling of a Graph, AKCE 

International Journal of Graphs and Combinatorics 12(2015), pp.224-228. 

[9] Ponraj R & Sathish Narayanan S, On Radio Mean Number of Some Graphs, 

International J. Math. Combin. Vol.3 (2014), pp.41-48. 

[10] Rosa A, On Certain Valuations of the Vertices of a Graph, Theory of Graphs 

(Internet, Symposium, Rome, July 1966), Gordan and Dunod Paris (1967). 

255



Radio Mean Labeling of Digraphs 
 

 

 

[11] Stephen John B & Jovit Vinish Melma G, Radio Labeling of Complete Related 

Graphs, Compliance Engineering Journal, Volume 11, Issue 2, 2020, pp.173-187. 

[12] Sunitha K, David Raj C & Subramanian A, Radio Mean Labeling of Path and 

Cycle Related Graphs, Global Journal of Mathematical Sciences: Theory and Practical, 

Volume 9, No.3(2017), pp.337-345. 

 

256


