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P e t r i N e t s ( P N ) a r e a g r a p h ic a l t o o l fo r fo r m a l d e s c r ip t io n o f t h e ° o w o f a c t ivit ie s in
c o m p le x s ys t e m s . Co m p a r e d t o o t h e r m o r e p o p u la r t e c h n iqu e s o f g r a p h ic a l s ys t e m r e p r e -
s e n t a t io n ( fo r in s t a n c e , b lo c k d ia g r a m s o r lo g ic a l t r e e s ) , P N a r e p a r t ic u la r ly m a t c h e d fo r
r e p r e s e n t a t io n o f lo g ic a l in t e r a c t io n s a m o n g p a r t s o r a c t ivit ie s in a s ys t e m in a n a t u r a l wa y.
Typ ic a l s it u a t io n s t h a t c a n b e m o d e le d b y P N a r e : s yn c h r o n iz a t io n , s e qu e n t ia lit y, c o n c u r -
r e n c y a n d c o n ° ic t [1 ], [2 ], [3 ], [5 ].

In c o m p u t e r s c ie n c e , a qu e u e is a p a r t ic u la r kin d o f a b s t r a c t d a t a t yp e o r c o lle c t io n in
wh ic h t h e e n t it ie s in t h e c o lle c t io n a r e ke p t in a n o r d e r a n d t h e p r in c ip a l o p e r a t io n s ( o r t h e
o n ly o n e ) in t h e c o lle c t io n a r e ( is ) t h e a d d it io n o f e n t it ie s t o t h e r e a r t e r m in a l p o s it io n a n d
r e m o va l o f e n t it ie s fr o m t h e fr o n t t e r m in a l p o s it io n . Th is m a ke s t h e qu e u e a Fir s t -In -Fir s t -
Ou t ( FIFO) d a t a s t r u c t u r e . In a FIFO d a t a s t r u c t u r e , t h e ¯ r s t e le m e n t a d d e d t o t h e qu e u e
will b e t h e ¯ r s t o n e t o b e r e m o ve d . Th is is e qu iva le n t t o t h e r e qu ir e m e n t t h a t o n c e a n
e le m e n t is a d d e d , a ll e le m e n t s t h a t we r e a d d e d b e fo r e h a ve t o b e r e m o ve d b e fo r e a d d it io n o f
t h e n e w e le m e n t . A qu e u e is a n e xa m p le o f a lin e a r d a t a s t r u c t u r e [5 ].

De¯nition. A P e t r i N e t is M = ( C; ¹) , wh e r e C = ( P; T; I;O ) is t h e n e t wo r k s t r u c t u r e ,
a n d ¹ is t h e n e t wo r k c o n d it io n . Th e P -p o s it io n s , T -t r a n s it io n s a r e ¯ n it e s e t s ; I : T ! P1;
O : T ! P1 a r e t h e in p u t a n d o u t p u t fu n c t io n s , r e s p e c t ive ly, wh e r e P1 a r e a ll p o s s ib le
c o lle c t io n s ( r e p e t it ive e le m e n t s ) o f P ; ¹ : P ! N0 is t h e fu n c t io n o f c o n d it io n s , wh e r e
N0 = f0 ; 1 ; : : :g is t h e s e t o f in t e g e r s . W e d e t e r m in e ( in a kn o wn m a n n e r ) t h e a llo we d
t r a n s it io n s o f P e t r i N e t s a n d t h e t r a n s it io n s fr o m o n e s t a t e t o a n o t h e r , a s we ll t h e s e t o f
r e a c h a b le s t a t e s .

Th e s t a t e o f t h e n e t wo r k is r e p r e s e n t e d b y t h e fo llo win g ve c t o r :

( ¹( P1 ) ; ¹( P2 ) ; :::; ¹( Pm ) ) ; if P = fP1; P2; :::; Pmg;
¹ is a fu n c t io n , wh ic h c a r r ie s o u t t h e fo llo win g m a p p in g , ¹ : P ! N0, wh e r e N0 is u s e d t o
e n c o d e t h e n u m b e r o f t o ke n s in t h e p o s it io n s . B e fo r e s t a r t in g it s wo r k t h e n e t m u s t h a ve
a n in it ia l s t a t e , ( ¹0 ( P1 ) ; ¹0 ( P2 ) ; :::; ¹0 ( Pm ) ) , wh e r e t h e n u m b e r o f t o ke n s in t h e ir r e s p e c t ive
p o s it io n s a r e s h o wn [1 , 4 ].

Th e c o m p le xit y o f t h e s t a n d a r d P e t r i N e t m o d e lin g o f t h e t h e FIFO qu e u e is 4 m+ 6 ( m¡
1 ) + 2 + 2 = 1 0 m¡ 2 ( t h e n u m b e r o f p la c e s , t r a n s it io n s , a r c s , fo r a n e t wo r k wit h m e le m e n t s
a r e c a lc u la t e d ) .

Th e d i®e r e n c e b e t we e n d yn a m ic P e t r i N e t s fr o m t h e s t a n d a r d P e t r i N e t s is t h a t t h e
s t r u c t u r e o f t h e ¯ r s t c h a n g e s d u r in g it s wo r k, t h a t is , p o s it io n s o r t r a n s it io n s c a n b e a d d e d
o r r e m o ve d fr o m t h e n e t , b e s id e s , a n d , c o n s e qu e n t ly, t h e in p u t a n d o u t p u t fu n c t io n s a r e
c h a n g e d [4 ].
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B e lo w is t h e m a t h e m a t ic a l d e ¯ n it io n o f d yn a m ic P e t r i N e t s , wh e r e we h a ve in t r o d u c e d
t h e id e a o f d yn a m ic m e m o r y. Th is id e a h e lp s u s t o u s e t h e fr e e d m e m o r y s p a c e .

Fir s t , we d e n o t e t h e s e qu e n c e o f a ll p la c e s a s fo llo ws :  = ( P0; P1; P2; :::; Pk; :::; P2k ) , a n d
t h e s e qu e n c e o f a ll t r a n s it io n s b y t h e fo llo win g
Ã = ft0; t1; :::; tk; :::; t2kg.

L e t 's d e ¯ n e t h e fo llo win g , C = ( P; T; I;O ) , a s t h e c u r r e n t s t r u c t u r e o f t h e n e t wo r k,
wh e r e P µ  is t h e ¯ n it e s e t o f p o s it io n s a t t h e g ive n m o m e n t , a n d T µ Ã is t h e ¯ n it e s e t o f
t r a n s it io n s a t t h e g ive n m o m e n t , a n d I : T ! P1 a n d O : T ! P1, a r e t h e c u r r e n t in p u t
a n d o u t p u t fu n c t io n s , r e s p e c t ive ly. P1 h a s t h e s a m e m e a n in g a s in t h e p r e vio u s c a s e s .

D e n o t e ¹ : ! N¡1
0 , a s t h e fu n c t io n o f c o n d it io n , wh e r e N¡1

0 is t h e s e t o f in t e g e r s ( t h e
n u m b e r s o f t o ke n s in t h e p o s it io n s ) , in c lu d in g ( -1 ) , t h a t e n c o d e s t h e u n u s e d p o s it io n s .

L e t P = fPi1; Pi2; :::; Pirg is g ive n , ( ¹( Pi1 ) ; ¹( Pi2 ) ; :::; ¹( Pir ) ) b e t h e ve c t o r o f t h e c u r r e n t
s t a t e a t t h e g ive n m o m e n t .

Mo r e o ve r , if P = fPi1; Pi2; :::; Pirg is t h e n u m b e r o f p o s it io n s in t h e n e t wo r k, t h e n t h e
fu n c t io n ¹ p e r fo r m s t h e fo llo win g m a p p in g :

¹ : P ! No; ¹ : ( =P ) ! f¡ 1 g:

To o b s e r ve t h e p r o c e s s e s in t h e n e t wo r k, yo u ¯ r s t n e e d t o kn o w t h e la ws o f t h e s t r u c t u r a l
c h a n g e s .

S u p p o s e we h a ve a n M = ( C; ¹ ) d yn a m ic P e t r i N e t , wh ic h c u r r e n t ly h a s C = ( P;T; I; O )
a n d is in t h e ¹ c u r r e n t c o n d it io n .

L e t 's s a y t h a t t 2 T t r a n s it io n is a llo we d , if 8P 2 I ( t ) , ¹ ( P ) ¸ ]( P; I ( t ) ) , wh e r e ]( x; A )
h a s t h e s a m e m e a n in g a s in t h e s t a n d a r d P e t r i n e t wo r ks [1 , 4 ].

L e t M = ( C; ¹ ) b e a d yn a m ic n e t wo r k a n d t h e t r a n s it io n t 2 T is a llo we d t o r u n .
In t h is c a s e , a s we h a ve n o t e d , n o t o n ly t h e s t a t e o f t h e n e t wo r k will c h a n g e , b u t a ls o

t h e s t r u c t u r e . In c o n t r a s t t o t h e p r e vio u s d e ¯ n it io n , we d e ¯ n e t h e fu n c t io n ± [1 , 4 ], wh ic h
d e p e n d s o n t h e t h r e e a r g u m e n t s ( C; ¹; t ) , a n d r e t u r n s b a c k t h e n e w s t r u c t u r e a n d s t a t e o f
t h e n e t wo r k a ft e r t h e t r a n s it io n t a s a n e w va lu e . In fa c t we c o n c lu d e t h a t , in o p t im iz a t io n
s e n s e , t h e P e t r i D yn a m ic N e t s a r e m o r e c o n ve n ie n t fo r m o d e lin g o f s ys t e m s o f s o m e t yp e
t h a n t h e s t a n d a r d P e t r i N e t s .

In fa c t , ± ( C; ¹; t ) = ( C 0; ¹0 ) , wh e r e C = ( P 0; T 0; I 0; O0 ) is a n e w s t r u c t u r e .
P 0 is t h e s e qu e n c e o f t h e n e w p o s it io n s ,
T 0 is t h e s e qu e n c e o f t h e n e w t r a n s it io n s ,
I 0 : T 0 ! ( P 0 ) 1 is t h e n e w in p u t fu n c t io n ,
O0 : T 0 ! ( P 0 ) 1 is t h e n e w o u t p u t fu n c t io n .
¹0 = ( ¹0 ( P0 ) ; ¹0 ( P1 ) ; :::; ¹0 ( Pk ) ; :::; ¹0 ( P2k ) ) a n d ¹0 : ( =P 0 ) ! f¡ 1 g.

Th e in it ia l s t r u c t u r e o f t h e n e t wo r k is d e n o t e d a s C0, a n d t h e in it ia l c o n d it io n is ¹0. Th e
n e t wo r k g e n e r a t e s ( C; ¹) p a ir s o f s e t s , a n d t h is s e t is d e n o t e d b y R ( C0; ¹0 ) , wh e r e
1 . ( C0; ¹0 ) 2 R ( C0; ¹0 ) is in it ia l s t a t e ,
2 . if ( C 0; ¹0 ) 2 R ( C0; ¹0 ) a n d 9 t 2 T 0, s u c h t h a t ± ( C 0; ¹0; t ) = ( C 0; ¹0 ) 2 R ( C0; ¹0 ) ,
3 . Th e o t h e r ( C;¹ ) p a ir s in R ( C0; ¹0 ) d o n o t b e lo n g t o R( C0; ¹0 ) a n d t h e la t t e r c a n b e
in ¯ n it e .
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