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Abstract

The aim of this paper is to newly generalize the classical Neyman-Pearson Lemma
to the case of more than two simple hypotheses.
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1 . In t r o d u c t io n

Th e N e ym a n -P e a r s o n le m m a is t h e fo u n d a t io n o f t h e m a t h e m a t ic a l t h e o r y o f s t a t is t ic a l
h yp o t h e s is t e s t in g .

W e c a ll t h e s t a t is t ic a l h yp o t h e s is e a c h s u p p o s it io n s t a t e m e n t wh ic h m u s t b e ve r ī e d c o n -
c e r n in g t h e p r o b a b ilit y d is t r ib u t io n o f a n o b s e r va b le r a n d o m o b je c t . Th e t a s k o f s t a t is t ic ia n
is t o c o n s t r u c t a n a lg o r it h m ( t e s t ) fo r e ®e c t ive d e t e c t io n o f t h e h yp o t h e s is wh ic h is r e a liz e d .
Th e d e c is io n m u s t b e m a d e o n t h e b a s e o f ve c t o r o f r e s u lt s o f N in d e p e n d e n t id e n t ic a lly d is -

t r ib u t e d e xp e r im e n t s , c a lle d a s a m p le a n d d e n o t e d b y x
4
= ( x1; :::; xn; :::; xN ) , t h e e le m e n t s

o f X N , wh e r e X is t h e s p a c e o f p o s s ib le r e s u lt s o f e a c h e xp e r im e n t .
Th e p r in c ip le o f N e ym a n -P e a r s o n p la ys a c e n t r a l r o le in b o t h t h e t h e o r y a n d p r a c t ic e o f

s t a t is t ic s .
Th e r e e xis t s a va s t lit e r a t u r e wh e r e t h e t h e o r y o f t h e h yp o t h e s is t e s t in g a n d t h e N e ym a n -

P e a r s o n le m m a a r e e xp o u n d e d in d e t a il [1 ]{ [1 0 ]. Th e p a r a d ig m o f N e ym a n -P e a r s o n is fr e -
qu e n t ly u s e d in d i®e r e n t a p p lic a t io n s [1 1 ]{ [1 3 ]. B u t t h e m o s t p a r t o f t h e s e t e xt s is d e d ic a t e d
t o t h e c a s e o f t wo h yp o t h e s e s .

Th e p o s s ib ilit y o f e xt e n s io n o f Fu n d a m e n t a l L e m m a t o t h e c a s e o f m u lt ip le h yp o t h e s e s
is m e n t io n e d in [3 ]. S in c e t h e t e s t in g o f h yp o t h e s is is a c t u a l in a p p lic a t io n s we p r e s e n t o u r
ve r s io n o f t h e L e m m a fo r t h e c a s e o f t h r e e , o r m o r e h yp o t h e s e s .

Th e id e a o f t h is s t u d y wa s fo r m u la t e d in [4 ].

2 . P r o b le m S t a t e m e n t a n d R e s u lt Fo r m u la t io n

L e t P ( X ) b e t h e s p a c e o f a ll p r o b a b ilit y d is t r ib u t io n s ( P D s ) o n X . L e t X b e R V t a kin g
va lu e s in X wit h o n e o f M c o n t in u o u s P D s Gm 2 P ( X ) , m = 1 ; M . L e t t h e s a m p le x =

3 4
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( x1; :::; xn; :::; xN ) , xn 2 X , n = 1 ; N , b e a ve c t o r o f r e s u lt s o f N in d e p e n d e n t o b s e r va t io n s
o f X.

B a s e d o n d a t a s a m p le a s t a t is t ic ia n m a ke s a d e c is io n wh ic h o f t h e p r o p o s e d h yp o t h e s e s
Hm : G = Gm, m = 1 ; M , is c o r r e c t .

Th e p r o c e d u r e o f d e c is io n m a kin g is a n o n -r a n d o m iz e d t e s t 'N ( x ) , it c a n b e d e ¯ n e d
b y d ivis io n o f t h e s a m p le s p a c e X N o n M d is jo in t s u b s e t s Am, m = 1 ; M . Th e s e t Am,
m = 1 ; M , c o n s is t s o f ve c t o r s x fo r wh ic h t h e h yp o t h e s is Hm is a d o p t e d .

W e s t u d y t h e p r o b a b ilit ie s o f t h e e r r o n e o u s a c c e p t a n c e o f h yp o t h e s is Hl p r o vid e d t h a t
Hm is t r u e

®ljm ( 'N )
4
= GN

m ( Al ) =
X

x: x2A l

GN
mx ) ; m; l = 1 ; M; m 6= l:

If t h e h yp o t h e s is Hm is t r u e , b u t it is n o t a c c e p t e d t h e n t h e p r o b a b ilit y o f e r r o r is t h e
fo llo win g :

®mjm ( 'N )
4
=

X

l:l 6=m

®ljm ( 'N ) = 1 ¡GN
m ( Am ) ; m = 1 ; M:

Fo r t h e g ive n p r e a s s ig n e d va lu e s 0 < ®¤
1j1; ®

¤
2j2; ::::; ®

¤
M¡1jM¡1 < 1 we c h o o s e n u m b e r s T1,

T2, ..., TM¡1 a n d s e t s Am, m = 1 ; M , s u c h t h a t

A¤
1 =

(
x : m in

Ã
G1 ( x )

G2 ( x )
; :::;

G1 ( x )

GM ( x)

!
> T1

)
; 1 ¡ GN

1 ( A¤
1 ) = ®¤

1j1;

A¤
2 = A¤

1 \
(
x : m in

Ã
G2 ( x )

G3 ( x )
; :::;

G2 ( x )

GM ( x )

!
> T2

)
; 1 ¡GN

2 ( A¤
2 ) = ®¤

2j2;

::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::

A¤
M¡1 = A¤

1 \ A¤
2 \ ::: \ A¤

M¡2 \
(
x :

GM¡1 ( x)

GM ( x )
> TM¡1

)
; 1 ¡ GN

M¡1 ( A¤
M¡1 ) = ®¤

M¡1jM¡1;

a n d
A¤

M = X N ¡ ( A¤
1 [A¤

2 [ ::: [ A¤
M¡1 ) = A¤

1 \A¤
2 \ ::: \A¤

M¡1:

Th e c o r r e s p o n d in g e r r o r p r o b a b ilit ie s a r e d e n o t e d b y

®¤
ljm ( 'N ) ; m; l = 1 ;M ¡ 1 :

T heor em: The test determined by the sets A¤
1, A¤

2, ....., A¤
M is optimal in the sense that,

for each other test de¯ned by the set B1, B2, ...., BM with the corresponding error probabilities
¯ljm; m; l = 1 ; M ,

if ¯1j1 · ®¤
1j1; then m a x( ¯1j2; ¯1j3; :::; ¯1jM ) ¸ m a x( ®¤

1j2; ®
¤
1j3; ::::; ®

¤
1jM ) ;

if ¯2j2 · ®¤
2j2; then m a x( ¯2j3; ¯2j4; :::; ¯2jM ) ¸ m a x( ®¤

2j3; ®
¤
2j4; ::::; ®

¤
2jM ) ;

:::::::::::::::::::::::::::::::::::::::::::::::

and if ¯M¡1jM¡1 · ®¤
M¡1jM¡1; then ¯M¡1jM ¸ ®¤

M¡1jM :

Fo r s im p lic it y o f fo r m u la t io n s we p r e s e n t t h e p r o o f o f t h e Th e o r e m fo r M = 3 .
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In t h a t c a s e fo r t h e g ive n va lu e s 0 < ®¤
1j1; ®

¤
2j2 < 1 a n d c h o s e n n u m b e r s T1 a n d T2 s e t s

A¤
m, m = 1 ; 3 , a r e t h e fo llo win g :

A¤
1 =

(
x : m in

Ã
G1 ( x)

G2 ( x)
;

G1 ( x )

G3 ( x )

!
> T1

)
; 1 ¡ GN

1 ( A¤
1 ) = ®¤

1j1;

A¤
2 = A¤

1 \
(
x :

G2 ( x )

G3 ( x )
> T2

)
; 1 ¡ GN

2 ( A¤
2 ) = ®¤

2j2;

a n d
A¤

3 = X N ¡ ( A¤
1 [A¤

2 ) :

Th e c o r r e s p o n d in g e r r o r p r o b a b ilit ie s a r e d e n o t e d b y

®¤
ljm ( 'N ) ; m; l = 1 ; 3 :

W e m u s t p r o ve t h a t t h e t e s t d e t e r m in e d b y t h e s e t s A¤
1, A¤

2 a n d A¤
3 is o p t im a l in t h e s e n s e

t h a t , fo r e a c h o t h e r t e s t d e ¯ n e d b y t h e s e t s B1, B2 a n d B3 wit h t h e c o r r e s p o n d in g e r r o r
p r o b a b ilit ie s ¯ljm, m; l = 1 ; 3 , if ¯1j1 · ®¤

1j1, t h e n m a x( ¯1j2; ¯1j3 ) ¸ m a x( ®¤
1j2; ®

¤
1j3 ) , a n d if

¯2j2 · ®¤
2j2 t h e n ¯2j3 ¸ ®¤

2j3.

P r oof: L e t ©A ¤
m

a n d © B m b e t h e in d ic a t o r fu n c t io n s o f t h e d e c is io n r e g io n s A¤
m a n d Bm.

Fo r a ll x = ( x1; x2; :::; xN ) 2 X N , t h e fo llo win g in e qu a lit y is c o r r e c t

( ©A ¤
1
( x ) ¡ ©B 1 ( x ) ) ( G1 ( x ) ¡ m a x( T1G2 ( x ) ; T1G3 ( x) ) ) ¸ 0 :

Mu lt ip lyin g a n d t h e n s u m m in g o ve r X N we o b t a in

©A ¤
1
( x ) G1 ( x) ¡ ©A ¤

1
( x) m a x( T1G2 ( x) ; T1G3 ( x) )

¡©B 1 ( x) G1 ( x ) + ©B 1 ( x) m a x( T1G2 ( x) ; T1G3 ( x ) ) ¸ 0 ;
X

x: x2XN

h
© A ¤

1
( x) G1 ( x) ¡ ©A ¤

1
( x) m a x( T1G2 ( x ) ; T1G3 ( x ) )

¡© B 1 ( x ) G1 ( x) + © B 1 ( x) m a x( TG2 ( x) ; T1G3 ( x) ) ] ¸ 0 ;
X

x: x2A ¤
1

[G1 ( x ) ¡ T1 m a x( G2 ( x ) ;G3 ( x) ) ] ¡
X

x: x2B 1

[G1 ( x) ¡ T1 m a x( G2 ( x) ; G3 ( x ) ) ] ¸ 0 ;

1 ¡ ®¤
1j1 ¡ T1 m a x( ®¤

1j2; ®
¤
1j3 ) ¡ ( 1 ¡ ¯1j1 ) + T1 m a x( ¯1j2; ¯1j3 ) ¸ 0 ;

¡¯1j1 + ®¤
1j1 · T1[¡ m a x( ®¤

1j2; ®
¤
1j3 ) + m a x( ¯1j2; ¯1j3 ) ]:

W e s e e n o w t h a t fr o m ¯1j1 · ®¤
1j1, it fo llo ws t h a t m a x( ¯1j2; ¯1j3 ) ¸ m a x( ®¤

1j2; ®
¤
1j3 ) .

Th e p r o o f o f t h e o t h e r c a s e is s im ila r . Th e fo llo win g in e qu a lit y t a ke s p la c e fo r a ll x 2 X N

( ©A ¤
2
( x) ¡ ©B 2 ( x) ) ( G2 ( x) ¡ T2G3 ( x) ) ¸ 0 :

Mu lt ip lyin g a n d a ft e r t h a t s u m m in g o ve r X N we g e t

© A ¤
2
( x) G2 ( x ) ¡ ©A ¤

2
( x ) T2G3 ( x ) ¡ ©B 2 ( x ) G2 ( x ) + ©B 2 ( x ) T2G3 ( x ) ¸ 0 ;

X

x: x2XN

h
©A ¤

2
( x) G2 ( x ) ¡ ©A ¤

2
( x ) T2G3 ( x ) ) ¡ ©B 2 ( x ) G2 ( x ) + ©B 2 ( x ) T2G3 ( x )

i
¸ 0 ;
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X

x: x2A ¤
2

[G2 ( x) ¡ T2G3 ( x) ] ¡
X

x: x2B 2

[G2 ( x ) ¡ T2G3 ( x ) ] ¸ 0 ;

1 ¡ ®¤
2j2 ¡ T2®

¤
2j3 ¡ ( 1 ¡ ¯2j2 ) + T2¯2j3 ¸ 0 ;

¡¯2j2 + ®¤
2j2 · T2 ( ¯

¤
2j3 ¡ ®¤

2j3 ) :

It is c le a r t h a t if ¯2j2 · ®¤
2j2, t h e n ¯2j3 ¸ ®¤

2j3.
Th e t h e o r e m is p r o ve d .

3 . Co n c lu s io n

In t h is p a p e r we g e n e r a liz e d N e ym a n -P e a r s o n c r it e r io n o f o p t im a lit y fo r m a n y c o n t in u o u s
h yp o t h e s e s . W h e n d is t r ib u t io n s o f X a r e d is c r e t e t h e L e m m a c a n b e r e fo r m u la t e d wit h u s e
o f r a n d o m iz a t io n a s it is n o t e d in [3 ], [4 ] a n d [7 ].

B a ye s ia n t e s t in g wa s c o n s id e r e d fo r t h e c a s e o f t wo a n d m o r e h yp o t h e s e s in [4 ], [5 ].
It is d e s ir a b le h a ve in t e n t io n t o c o n s id e r m u lt yh yp o t h e s e s B a ye s ia n t e s t in g fo r t h e m o d e l
c o n s is t in g o f m a n y o b je c t s .

A c kn o wle d g e m e n t

Th is wo r k wa s s u p p o r t e d in p a r t b y S CS o f ME S o f R A u n d e r Th e m a t ic P r o g r a m N o S CS
1 3 { 1 A 2 9 5 .
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