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Abstract

We consider the properties of computably enumerable (c.e.) Turing degrees con-
taining sets, which possess the property of a T -mitotic splitting but don't have a
wtt-mitotic splitting.

It is proved that for any noncomputable c.e. degree b there exists a degree a, such
that a · b and a contains a simple T -mitotic set, which is not wtt-mitotic.
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1 . In t r o d u c t io n

W e s h a ll u s e t h e n o t io n s a n d t e r m in o lo g y in t r o d u c e d in S o a r e [1 ], R o g e r s [2 ].
N o t a t io n s .

W e d e a l wit h s e t s a n d fu n c t io n s o ve r t h e n o n n e g a t ive in t e g e r s ! = f 0 ; 1 ; 2 ; : : :g.
L e t !ev = fx : ( 9k ) ( x = 2 k ) g; !od = fx : ( 9k ) ( x = 2 k + 1 ) g.
L e t 'e b e t h e eth p a r t ia l c o m p u t a b le fu n c t io n in t h e s t a n d a r d lis t in g ( S o a r e [1 , p . 1 5 ,

p . 2 5 ]) .
If A µ ! a n d e 2 !, le t ©A

e ( x ) = ©e ( A : x) = fegA ( x) ( s e e S o a r e [1 , p p . 4 8 -5 0 ]) .
ÂA d e n o t e s t h e c h a r a c t e r is t ic fu n c t io n o f A, wh ic h is o ft e n id e n t i¯ e d wit h A a n d wr it t e n

s im p ly a s A ( x) .
L e t '( x) # d e n o t e s t h a t '( x ) is d e ¯ n e d , '( x) " d e n o t e s t h a t '( x ) is u n d e ¯ n e d .
We = dom'e = fx : 'x ( x ) #g.
'e; at s+1 ( x ) # d e n o t e s 'e; s+1 ( x ) # & 'e; s ( x ) ".
x 2 We;at s+1 d e n o t e s x 2 We;s+1 ¡ We;s.
In t h e lit e r a t u r e , Tu r in g r e d u c ib ilit y is u s u a lly t a ke n a s t h e m a in r e d u c ib ilit y. If t h e wo r d

\ r e d u c ib ilit y" is u s e d wit h o u t a fu r t h e r e xp la n a t io n , it m e a n s , a s a r u le , Tu r in g r e d u c ib ilit y.
If t h e t e r m \ d e g r e e o f u n s o lva b ilit y" is u s e d wit h o u t a fu r t h e r e xp la n a t io n , t h e T -d e g r e e is
u s u a lly m e a n t .

De¯nition 1: Th e use function u ( A; e; x; s) is 1 + ( t h e m a xim u m n u m b e r u s e d in c o m p u t a -
t io n if ©A

es ( x ) # ) , a n d = 0 , o t h e r wis e . Th e u s e fu n c t io n u ( A; e; x) is u ( A; e; x; s) if ©A
es ( x ) #

fo r s o m e s, a n d is u n d e ¯ n e d if ©A
es ( x ) ".
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De¯nition 2: A is computable in (Turing reducible to) B, wr it t e n A·T B, if A = ©B
e fo r

s o m e e ( S o a r e [1 , p . 5 0 ]) .

De¯nition 3: A is weak truth-table reducible to B, wr it t e n A ·wtt B, if ( 9e) [A = ©B
e & ( 9

c o m p u t a b le f ) ( f ( x ) ¸ u( B; e; x ) ) ] ( wh e r e u ( B; e; x ) is t h e u s e fu n c t io n fr o m D e ¯ n it io n 1 )
( R o g e r s [2 , p . 1 5 8 ]) .

De¯nition 4: If A is a n o n c o m p u t a b le c o m p u t a b ly e n u m e r a b le ( c .e .) s e t , t h e n a splitting
of A is a p a ir A1, A2 o f d is jo in t c .e . s e t s s u c h t h a t A1

S
A2 = A ( D o wn e y , S t o b [3 , p . 4 ]) .

De¯nition 5: C.e . s e t A is T -mitotic (wtt-mitotic), if t h e r e is a s p lit t in g A1, A2 o f A s u c h
t h a t A1 ´T A2 ´T A ( A1 ´wtt A2 ´wtt A) ( D o wn e y , S t o b [3 , p . 8 3 ]) .

De¯nition 6: ( i) A s e t is immune, if it is in ¯ n it e b u t c o n t a in s n o in ¯ n it e c .e . s e t .
( ii) A s e t is simple, if A is c .e . a n d ¹A is im m u n e ( S o a r e [1 , p . 7 8 ]) .

De¯nition 7: A c .e . d e g r e e a is contiguous if fo r e ve r y p a ir A; B o f c .e . s e t s in a, A ´wtt B
( D o wn e y, S t o b [3 , p . 4 5 ]) .

N o t e t h a t e a c h c o n t ig u o u s d e g r e e , b y d e ¯ n it io n , d o e s n 't c o n t a in T -m it o t ic s e t s , wh ic h
a r e n o t wtt-m it o t ic .

L a c h la n p r o ve d t h e e xis t e n c e o f n o n m it o t ic c .e . s e t ( L a c h la n [4 ]) .
L a d n e r p r o ve d t h e e xis t e n c e o f c o m p le t e ly m it o t ic c .e . d e g r e e ( L a d n e r [5 ]) .
L a d n e r a n d S a s s o [6 ] p r o ve d , t h a t fo r e ve r y n o n z e r o c .e . d e g r e e b t h e r e is a n o n z e r o c .e .

d e g r e e a · b s u c h t h a t a is c o n t ig u o u s ( s e e a ls o D o wn e y, S t o b [3 ]) .
Th u s , t h e r e is a n in ¯ n it e c la s s o f c o n t ig u o u s d e g r e e s , a n d t h e s e d e g r e e s , a s we h a ve m e n -

t io n e d , d o n 't c o n t a in T -m it o t ic s e t s , wh ic h a r e n o t wtt-m it o t ic .]
In g r a s s ia ( [7 ]) p r o ve d t h e d e n s it y o f n o n m it o t ic c .e . s e t s ( in R ) ( s e e a ls o D o wn e y, S la -

m a n [8 ]) .
E . J. Gr i± t h s ( [9 ]) p r o ve d t h e fo llo win g Th e o r e m : Th e r e e xis t s a lo w c .e . d e g r e e u s u c h

t h a t if v is a c .e . d e g r e e a n d u · v, t h e n v is n o t c o m p le t e ly m it o t ic .

2 . P r e lim in a r ie s , B a s ic Mo d u le s

T heor em 1: F or any noncomputable c.e. degree b there is a degree a such that a · b and
a contains a simple T -mitotic, but not wtt-mitotic set.

Proof. ( s ke t c h ) L e t h b e a g e n e r a l c o m p u t a b le fu n c t io n t h a t m a p s ! t o !2. L e t ( ªi; Ãi )
d e n o t e s t h e p a ir ( ©i0; 'i0 ) fo r a ll i, wh e r e h( i ) = ( i0; i1 ) ( n o t e t h a t ªi is wtt-r e d u c t io n wit h
Ãi, d e n o t in g t h e c o r r e s p o n d in g u s e fu n c t io n ) .

It is kn o wn ( L a d n e r [1 0 ]) t h a t t h e c o m p u t a b ly e n u m e r a b le s e t A is T -m it o t ic , , A is
T -a u t o r e d u c ib le , a n d s im ila r ly, t h e c o m p u t a b ly e n u m e r a b le s e t A is wtt-m it o t ic , , A is
wtt-a u t o r e d u c ib le ( D o wn e y, S t o b [3 ], s e e a ls o Tr a kh t e n b r o t [1 1 ]) .

Th e r e fo r e , in o r d e r t o a c h ie ve n o n -wtt-m it o t ic it y, it is e n o u g h fo r u s t o a c h ie ve n o n -wtt-
a u t o r e d u c ib ilit y.

Th u s , t o p r o ve o u r t h e o r e m , it is n e c e s s a r y t o c o n s t r u c t s u c h a c .e . s e t A, s o t h a t t h e
fo llo win g r e qu ir e m e n t s a r e m e t .
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Re : ( 9x ) : ( ªe ( A
Sfxg; x ) = A ( x ) ) , if ( 8z · y ) ( Ãe ( z ) #) .

Pe : ( We is in ¯ n it e ) ) ( 9x ) ( x 2 We & x 2 A ) .
N o t e t h a t s a t is fyin g t h e Re r e qu ir e m e n t ( fo r a ll e ) p r o vid e s t h e in ¯ n it y o f t h e s e t ¹A.
Or d e r t h e r e qu ir e m e n t s in t h e fo llo win g p r io r it y r a n kin g : R0; P0; R1; P1; : : : ; Rn; Pn; : : :
L e t l ( e; s) = m a xfx : ( 8y < x) ( ªe;s ( As

Sfyg : y ) = A ( y ) & ( 8z · x) ( ªe ( z ) #) ) g.
Th e m a in s t r a t e g y fo r s a t is fyin g Re is t h e fo llo win g : we s e le c t a n u m b e r ( t h e s o -c a lle d
fo llo we r ) x ( wh ic h s h o u ld b e a c c o m p a n ie d b y t wo m o r e e le m e n t s x¡ 2 a n d x¡ 1 , a n d p o s s ib ly,
t h e t h ir d - x̂; a n e xa c t d e ¯ n it io n o f t h e a t t e n d a n t n u m b e r s o f t h e fo llo we r x, n a m e ly ( x¡ 2 ) ,
( x ¡ 1 ) , x̂, will b e g ive n h e r e in a ft e r ) , we wa it u n t il l ( e; s) > x a n d e n u m e r a t e x in As+1, if
( 8z < x ) ( Ãe;s ( z ) # ) , s e t t in g r ( e; s+ 1 ) = u ( x; e; s) , wh e r e u ( x; e; s) = u ( ªe;s ( As

Sfxg; x) ) .
A n B-p e r m it t in g p r o c e d u r e is in t r o d u c e d in o r d e r t o p r o vid e A·TB ( wh e r e B is a c .e . s e t
fr o m d e g r e e b) .
To s a t is fy t h e r e qu ir e m e n t o f Re a t e a c h s t a g e , we h a ve a ¯ n it e s e t o f fo llo we r s x1;s; < : : : <
xn;s. In t h is c o n s t r u c t io n , a m o d ī c a t io n o f t h e B-p e r m it t in g m e t h o d is u s e d . W e t r e a t t h e
in t e r va l [0 , . . . , i] a s a llo win g fo r xi;s.
To s a t is fy t h e r e qu ir e m e n t o f Pe a t e a c h s t a g e , we h a ve a ¯ n it e s e t o f fo llo we r s y1;s; < : : : <
yn;s. Fo r r e qu ir e m e n t Pe, t h e u s u a l B-p e r m it t in g m e t h o d is u s e d .
Th e c o n s t r u c t io n will b e s u c h t h a t if e ve n t u a lly we h a ve ªe ( A

S fxg; x) = A( x ) & Ãe is a
t o t a l fu n c t io n , t h e n it will b e p o s s ib le t o c o m p u t e B.
Th e g r o u n d o f s a t is fa c t io n s fo r r e qu ir e m e n t s o f Re a n d Pe will b e g ive n b e lo w.

2 .1  B a s ic Mo d u le fo r Re

Th e fo llo we r s x1;s; : : : ; xn;s s a t is fy t h e fo llo win g r u le s b e lo w.
Appointment. If xi;s is c u r r e n t ly d e ¯ n e d a n d xi+1;s is n o t , t h e n if l ( e; s) > xI;s, d e c la r e xi;s a s
active, a n d s e t xi+1;s+1 = ¹z ( z ¸ s+ 2 & ( 9 k ) ( z = 2 k ) ) . S e t ~r ( e; s+ 1 ) = m a x( u ( xk;s; e; s) :
k · i) . To g e t a n id e a o f t h e r e s t r ic t io n fu n c t io n ~r ( e; s) , we g ive it s d e ¯ n it io n , a lt h o u g h it is
n o t u s e d in t h e b a s ic m o d u le .
W e s a y t h a t xi;s is superactive, if xi;s ¡ 2 a n d xi;s ¡ 1 b e lo n g t o As.
P ermission. If xi;s is a c t ive a n d i 2 Bat s, t h e n if

( i) ( 9 j > i) [xj;s is s u p e r a c t ive & xj;s =2 As], le t j0 = ¹z [xz;s is s u p e r a c t ive & xj;s =2 As].
Th e n we e n u m e r a t e t h e n u m b e r s xj0; s, x̂j0; s in t o As+1 ( wh e r e x̂j0;s = Ãe ( xj0;s ) ) . Ca n c e l
xk;s , fo r a ll ( k > j0 ) . W e will d o t h e s a m e wit h t h e a c c o m p a n yin g e le m e n t s o f t h e
c o r r e s p o n d in g fo llo we r s .

( ii) if ( i) a n d ( :9 j ) [xj;s 2 As] d o e s n o t h o ld , t h e n we e n u m e r a t e t h e n u m b e r s xi;s¡ 2 ; xi;s¡ 1
in t o As+1. Ca n c e l xk;s , fo r a ll ( k > i ) . W e will d o t h e s a m e wit h t h e a c c o m p a n yin g
e le m e n t s o f t h e c o r r e s p o n d in g fo llo we r s .

Fo r a n y i s u c h t h a t t h e fo llo we r xi;s is n o t c a n c e le d a t t h e e n d o f t h e p a r t \ p e r m is s io n " o f t h e
b a s ic m o d u le a n d is a c t ive , le t 's s e t xi;s+1 = xi;s. W e will d o t h e s a m e wit h t h e a c c o m p a n yin g
e le m e n t s o f t h e c o r r e s p o n d in g fo llo we r s .

Th e \ c a n c e lla t io n " r u le , wh ic h is p r e s e n t in t h e p r o o f o f Th e o r e m 4 .8 ( D o wn e y, S la -
m a n [8 ]) , in t h is c a s e it will b e n e c e s s a r y t o n o t e t h e e ®e c t o f t h e r e qu ir e m e n t s o f Rj a n d Pj

( wh e r e j < e) o n s a t is fyin g t h e r e qu ir e m e n t Re, b u t n o t t o d e s c r ib e t h e b a s ic m o d u le it s e lf
fo r Re.
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2 .2  B a s ic Mo d u le fo r Pe

Th e fo llo we r s y1;s; : : : ; yn;s s a t is fy t h e fo llo win g r u le s b e lo w.
Appointment. If yi;s is c u r r e n t ly d e ¯ n e d a n d yi+1;s is n o t , t h e n if ( 9z ) ( z 2 We z ¸ yi;s ) ,
d e c la r e yi;s a s a c t ive , a n d s e t yi+1;s+1 = ¹z ( z ¸ s & ( 9 k ) ( z = 2 k ) ) .
P ermission. If yi;s is a c t ive a n d i 2 Bat s, t h e n e n u m e r a t e t h e n u m b e r s yi;s; yi;s + 1 ; z a n d
z + 1 in t o As+1.

Th e \ c a n c e lla t io n " r u le , wh ic h is p r e s e n t in t h e p r o o f o f Th e o r e m 4 .8 ( D o wn e y, S la -
m a n [8 ]) , in t h is c a s e it will b e n e c e s s a r y t o n o t e t h e e ®e c t o f t h e r e qu ir e m e n t s o f Rj ( wh e r e
j · e ) o n s a t is fyin g t h e r e qu ir e m e n t Pe, b u t n o t t o d e s c r ib e t h e b a s ic m o d u le it s e lf fo r Pe.

3 . V e r ī c a t io n o f L e m m a s

Lemma 1: Suppose that Ãe is total and ( 8x ) ( ªe ( A
S fxg; x ) #) .

Then ( 9 y ) : ( ( ªe ( A
S fyg; y ) = A ( y ) ) . Thus, the requirement Re is satis¯ed.

Proof. S u p p o s e o t h e r wis e . W e s h o w t h a t B is c o m p u t a b le .
N o t e t h a t s in c e we o n ly c o n s id e r t h e s a t is fa c t io n o f t h e b a s is m o d u le fo r Re ( t h a t is , we

d o n o t t a ke in t o a c c o u n t t h e e ®e c t o f t h e r e qu ir e m e n t s Rj a n d Pj ( wh e r e j < e) o n t h e
s a t is fa c t io n o f t h e r e qu ir e m e n t Re ) , it is o b vio u s t h a t c o n d it io n s ( i) , ..., ( iv) a r e m e t .

( i) A ll t h e xi;s e ve n t u a lly b e c o m e p e r m a n e n t ly d e ¯ n e d , t h a t is lim s xi;s = xi e xis t s wit h
xi =2 A.

( ii) On c e xk is d e ¯ n e d a t s t a g e t, ( 8s > t ) ( u ( xk; e; t ) = u ( xk; e; s) = u( e; xk ) ) .

( iii) ( 8i ) ( xi+1 > m a xfu( e; xk ) : k · i g) .

( iv) It c a n b e e ®e c t ive ly r e c o g n iz e d , wh e n ( i) o c c u r s .

Two c a s e s a r e p o s s ib le :

( a ) ( 9m) ( 8 k > m ) [xk ¡ 2 =2 A];

( b ) ( 8m) ( 9 k > m ) [xk ¡ 2 2 A].

Fo r b o t h c a s e s ( ( a ) a n d ( b ) ) , it will b e p r o ve d t h a t B is c o m p u t a b le ( a n d t h u s , t h e
a s s u m p t io n t h a t L e m m a 1 is fa ls e will le a d t o a c o n t r a d ic t io n wit h t h e s u p p o s it io n o f n o n -
c o m p u t a b ilit y o f B ) .

N o w, if ( a ) h o ld s , we p r o ve t h a t B is c o m p u t a b le .
If c o n d it io n s ( i) , ..., ( iv) a r e s a t is ¯ e d , we s h o w h o w t o c o m p u t e B ( t h a t is , t h e c h a r a c -

t e r is t ic fu n c t io n o f t h e s e t B; r e m in d t h a t we o ft e n id e n t ify t h e s e t B wit h it s c h a r a c t e r is t ic
fu n c t io n ) .

L e t f k x d e n o t e s t h e r e s t r ic t io n o f f t o a r g u m e n t s y < x, a n d A k x d e n o t e s ÂA k x.
L e t s0 b e s u c h a s t a g e t h a t B k m + 1 = Bs0 k m + 1 a n d A k xm+1 = As0 k xm+1.
L e t q 2 ! a n d q > m. E ®e c t ive ly c o m p u t e a s t a g e s s o t h a t xq+1 is d e ¯ n e d , t h a t is

xq+1 = xq+1;s ( in t h a t c a s e , in fa c t , s > s0 ) .
Th e n xq is a c t ive , xq 2 A a n d s in c e xq+1 is t h e ¯ n a l va lu e o f t h e q + 1 -t h fo llo we r , t h e

c o m p u t a t io n s o f u ( xj; e; s) a r e t r u e fo r a ll j · q.
In t h is c a s e q 2 B , q 2 Bs, b e c a u s e o t h e r wis e it wo u ld le a d t o t h e fa c t t h a t xq ¡ 2
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wo u ld h a ve e n t e r e d t h e s e t , c o n t r a r y t o o u r a s s u m p t io n t h a t c a s e ( a ) h o ld s .
N o w s u p p o s e t h a t c a s e ( b ) h o ld s . L e t u s p r o ve t h a t in t h is c a s e a ls o B is c o m p u t a b le .
If c o n d it io n s ( i) , ..., ( iv) a r e fu l̄ lle d , we s h o w h o w t o c o m p u t e B.
L e t q 2 !. E ®e c t ive ly c o m p u t e s u c h a s t a g e s a n d a n u m b e r p s o t h a t p = ¹z ( z ¸ q &

xz¡2 2 A & xz+1 = xz+1;s ) .
Th e n xp is a c t ive , xp =2 As a n d s in c e xp+1 is t h e ¯ n a l va lu e o f t h e p + 1 -t h fo llo we r , t h e n

u ( xj; e; s) c o m p u t a t io n s a r e t r u e fo r a ll j · p. In t h is c a s e q 2 B , q 2 Bs, s in c e o t h e r wis e
( t h a t is , if q e n t e r s B a ft e r t h e s t a g e s) t h is will le a d t o t h e e n t r y p in t o A a n d s a t is fa c t io n
o f t h e r e qu ir e m e n t Re, wh ic h will c o n t r a d ic t t h e in it ia l a s s u m p t io n t h a t L e m m a 1 is fa ls e .

L e m m a 1 is p r o o ve d .

Lemma 2: Suppose that We is an in¯nite set. Then ( 9 z ) ( z 2 We & z 2 A ) . Thus, the
requirement Pe is satis¯ed.

Proof. S u p p o s e o t h e r wis e .
W e s h o w t h a t B is c o m p u t a b le .
L e t ~r ( e) = lim s ~r ( e; s) .
A lt h o u g h t h e u s e o f t h is fu n c t io n in t h e d e s c r ip t io n o f t h e b a s is m o d u le fo r Pe is n o t n e c e s s a r y,
a n in d ic a t io n o f t h is fu n c t io n c le a r ly s h o ws t h e e ®e c t o f t h e r e qu ir e m e n t s Rj ( wh e r e j · e )
o n t h e s a t is fa c t io n o f t h e r e qu ir e m e n t s Pe wh e n c o n s t r u c t in g t h e s e t A.
L e t t0 b e s u c h t h a t ( 8s ¸ t0 ) ~r ( e; s) = ~r ( e ) .
Th e n it is o b vio u s , t h a t a ll t h e yi;s b e c o m e p e r m a n e n t ly d e ¯ n e d ( i.e ., 8i9 ( t ¸ t0 ) ( 8s) ( yi;t =
yi;s = yi ) ) wit h yi =2 A.
In fa c t , if t h e r e e xis t e d k s u c h t h a t yk 2 A, t h e n , b y c o n s t r u c t io n , t h e r e wo u ld e xis t z s u c h
t h a t z 2 We

T
A.

A s s u m in g t h e o p p o s it e o f t h e s t a t e m e n t o f t h e p r o p o s it io n , we s h o w h o w B c a n b e c o m p u t e d .
L e t q 2 !. Fin d t ¸ t0 s u c h t h a t yq is p e r m a n e n t ly d e ¯ n e d . Th e n q 2 B , q 2 Bt, s in c e
o t h e r wis e q0 s e n t r y in t o B wo u ld m e e t Pe.

L e m m a 2 is p r o o ve d .

4 . Co n c lu s io n

N o t e t h a t t h e c o h e r e n c e o f c o n s t r u c t io n s t o s a t is fy t h e r e qu ir e m e n t s Re a n d Pe ( fo r a ll e) is
n o t d i± c u lt , s in c e s a t is fyin g t h e r e qu ir e m e n t s Re a n d Pe ( fo r a ll e ) r e qu ir e s a ¯ n it e n u m b e r
o f s t e p s . W e a ls o n o t e t h a t t h e in d ic a t e d m e t h o d o f c o n s t r u c t in g t h e s e t A ( b a s e d o n t h e
c o n s t r u c t io n s fo r t h e b a s ic m o d u le s ) will r e s u lt in t h e s e t A

T
!ev b e in g T -e qu iva le n t t o t h e

s e t A
T

!od.
Th e s e r e m a r ks a llo w u s t o c o m p le t e t h e p r o o f o f t h e t h e o r e m .

N o t e t h a t it fo llo ws fr o m t h e a b o ve t h e o r e m t h a t b e lo w a n y n o n c o m p u t a b le c .e . d e g r e e
t h e r e is a n in ¯ n it e n u m b e r o f n o n c o m p u t a b le c .e . d e g r e e s wit h t h e a b o ve m e n t io n e d p r o p e r t y
( s in c e t h e d e g r e e a ( m e n t io n e d in t h e t h e o r e m ) , c o n t a in in g a s im p le s e t , is a n o n c o m p u t a b le
c .e . d e g r e e ) .
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