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CHAOTIC DYNAMICS OF THE FRACTIONAL ORDER SCHNAKENBERG
MODEL AND ITS CONTROL

MD. JASIM UDDIN AND S. M. SOHEL RANA

ABSTRACT. The Schnakenberg model is thought to be the Caputo fractional derivative. A discretiza-
tion process is first used to create caputo fractional differential equations for the Schnakenberg model.
The fixed points in the model are categorized topologically. Then, we show analytically that a frac-
tional order Schnakenberg model supports a Neimark-Sacker (NS) bifurcation and a Flip-bifurcation
under certain parametric conditions. Using central manifold and bifurcation theory, we demonstrate
the presence and direction of NS and Flip bifurcations. The parameter values and the initial conditions
have been found to profoundly impact the dynamical behavior of the fractional order Schnakenberg
model. Numerical simulations demonstrate chaotic behaviors like bifurcations, phase portraits, period
2,4,7,8,10, 16,20 and 40 orbits, invariant closed cycles, and attractive chaotic sets in addition to val-
idating analytical conclusions. To support the system’s chaotic characteristics, we also quantitatively
compute the maximal Lyapunov exponents and fractal dimensions. Finally, the chaotic trajectory of
the system is stopped using the OGY approach, hybrid control method, and state feedback method.

1. INTRODUCTION

Differentiation and integration to arbitrary order, commonly known as fractional calculus, has re-
ceived a lot of interest from researchers. A mathematical notion from the 17th century is fractional calcu-
lus. But it may be regarded as a new research subject. Due to their close resemblance to memory-based
systems, which are present in most biological systems, fractional-order differential equations (FD) are
the most often employed [13]. Tt is possible to successfully explain fractional-order differential equations
in several fields, including science, engineering, finance, economics, and epidemiology[16, 17, 18, 19, 30].
Switching from an integer-order model to a fractional-order one necessitates accuracy in the order of
differentiation; even a slight change in o might greatly influence the final result[7]. Fractional Differen-
tial Equations can describe phenomena that IDEs can’t wholly model [20]. The complicated dynamics
of chaos and bifurcation may be seen in a nonlinear fractional differential system, much like in a non-
linear differential system. It’s fascinating and engaging to study disorder in fractional-order dynamical
systems|[1, 4, 8, 9, 13].There are several strategies to apply the concept of differentiation to arbitrary or-
der. The most popular definitions are those by Riemann-Liouville, Caputo, and Griinwald-Letnikov[35].
Along with these definitions, researchers constantly look for the most effective strategy when developing
or altering their models, including specific numerical approaches[6, 21, 31].

Numerous discrete systems have aroused the interest of academics investigating the Neimark-Sacker
and flip bifurcations, stable orbits, and chaotic attractors (see [24, 25, 36, 37]). The center manifold
theory and standard form can mathematically quantify these phenomena.
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There are numerous cyclical and oscillatory processes in nature. Circadian rhythms, present in almost
every aspect of life, are possibly the most well-known of these recurring occurrences. A device made in
1979 by J. Schnakenberg demonstrated sustained oscillations for a straightforward glycolysis model (a
metabolic process that transforms glucose into cellular energy) [38], remarkably similar to a system of
four reactions called the ”Brusselator”[11]. A semi-analytical approach (see [5]) was used to investigate
the Schnakenberg model of a reaction-diffusion cell.

A chemical Schnakenberg model was investigated [23], which depicts autochemical processes with
rhythmic behavior that may have various biological and biochemical applications. A variable-order
space-time fractional reaction-diffusion Schnakenberg model’s numerical solutions were studied in [15].
In addition,the Schnakenberg model was described in [23, 29, 28], where a variety of numerical methods
were employed to get approximations of solutions.

The Schnakenberg model is an oscillatory chemical reaction model that Schnakenberg developed from
a number of hypothetical tri-molecular autocatalytic processes. In order to find the fewest possible
reactions and reactants that display limit-cycle behavior, this model has been developed. Schnakenberg
established that this kind of model needs at least three reactions, including one auto-catalytic reaction.
Thus, the following reaction scheme is developed for generic chemicals A, X, Y, and B:

X 2 AB™Y,2X +Y ™8 3X,

m_y

where X,Y represent chemicals with different concentrations and A, B have constant concentrations.
The following differential equations are implied by mass action theory

dN
y X — miNa —m_Nx +m3N2 Ny,
d (1.1)
dNy )
d :mQNB —mgNXNy,
=

where N4, Ng, Nx and Ny represent numbers of molecules for fixed and varying concentrations A, B, X
and Y respectively.
The non-dimensional form of hypothetical Schnackenberg Model comes from the above system.

& =a—z+2%y,
9 (1.2)
y:bfx Y,

ms3 m3
r=,/—Nx, y=,/ Ny, T—t=71m_,
m_q m_q
my ms3 ma
a= 2N, b=,/ —2Ng.
m_1 m_1 m_1

Due to their effective computational outcomes and complex dynamical behavior, discrete-time models

where

governed by difference equations are preferable to continuous ones[32, 2]. Additionally, this reasoning
holds true for nonlinear oscillatory behavior associated with chemical reactions[22, 34, 14]. As a result,
we research the stability, chaos management, and bifurcation analysis of discrete counterparts of(1.2) .
Recently, a few authors[1, 4, 8, 9, 13, 3, 12] use the well-known Caputo fractional derivative instead of
ordinary derivatives in continuous model. Instead of using regular derivatives, the Schnakenberg model
can employ fractional derivatives because it works the same way. In one sense, this may interpret that
the rate of change for the concentrations of the chemical products will be slower and this may lead a
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better mathematical approximation. The fractional order Schnackenberg model is given as follows

Dx(t) = a — x(t) + 2*(t)y(t),
Dy(t) = b — a?(t)y(t),

(1.3)

where « is the fractional order that satisfies o € (0,1] and ¢ > 0. There are a lot of approaches for
discretize such kind of system. The piecewise constant approximation[3, 12] is one of them. The model

is discretized by using this method. The steps are listed below:

Let system (1.2) ’s starting conditions be z(0) = xo,y(0) = yo. The discretized version of system

(1.3) is given as:

Dra(t) = a=a(51p) + (ol lo)
Doy(t) = b— x2<[§1p>y<[§1p>.

First, let t € [0, p), so % € [0,1). Thus, we obtain
D%x(t) = a — xo + x2yo;
Dy(t) = b — x5yo.
The solution of (1.5) is simplified to

@

$1(t)=$o+Ja(a—wo+xgyo)=$o+m(

a — o + T3Y0) ,

(0%

t
t) = > (b—adyo) = ——— (b—3yo) -
yi1(t) = yo + J* (b~ 25y0) = yo + (o) (b — 23yo)
Second, let t € [p,2p), so % € [1,2). Then
D%(t) = a — x1 + 23y,
Dy(t) = b—aty

which have the following solution

z2(t) = w1(p) + Jy) (a— 21+ 27y1)

_ (t—p)"

=x1(p) + al'(a) (a—x + x?yl) ;
ya(t) = yi(p) + J (b— ziy1)

_ (t—p)”

=u(p) + o (a) (b—aiy),

where

The result of doing the discretization process n times over

Tnt1(t) = zn(np) + (ta}?of)a (a—zn(np) + 22 (np)yn(np)) ,
(t —np)®

Yn+1(t) = yn(np) + (o) (b — a3, (np)yn(np)) ,

where t € [np, (n + 1)p). For t — (n + 1)p, system (1.9) is reduced to

(1.5)

(1.9)
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(6%

P 2
xn+1:xn+7 a*anJrﬂfnyn 5
Ia+1) ( ) (1.10)
Ynt+1 = Yn + L (b - x2yn) .
Ta+1) n

An ecological system in the real world is not always stable. A small change of control parameter
may destabilize the system from locally stable coexistence to producing chaotic orbits. In a discrete
dynamical system, Flip bifurcation and Neimark-Sacker bifurcation are the important mechanisms for
the generation of complex dynamics. Because in the discrete predator-prey system, both bifurcations
cause the system to jump from stable window to chaotic states through periodic and quasi-periodic
states, and trigger a route to chaos. When a system undergoes a Flip bifurcation, a sequence of
period-doubling cascades leads the system from steady state to chaos. On the other hand, when system
undergoes Neimark-Sacker bifurcation, it instigates a route to chaos, through a dynamic transition from
a stable state, to invariant closed cycle, with periodic and quasi-periodic states occurring in between,
to chaotic sets.

This paper’s remaining sections are organized as follows.: Sect. 2 investigates the fixed point topo-
logical classifications. In Sect. 3, we explore analytically the possibility that the system (1.10) would
experience a Flip or NS bifurcation under a certain parametric condition. In Sect.4, we numerically
show system dynamics that includes bifurcation diagrams, phase portraits, and MLEs to support our
analytical conclusions.To stabilize the chaos of the unmanaged system, we employ the OGY approach,
hybrid control method, and state feedback technique in Sect. 5. Sect. 6 presents a brief discussion.

2. STABILITY OF FIXED POINT

The system (1.10) has a unique fixed point E(x*,y*), where 2* = a + b and y* = b/(a + b)?, which
always exists for all permissible parameter values.
System (1.10)’s Jacobian matrix, evaluated at E(z*,y*), is as follows:

N (1 +(=1+ Q:v*y*)F Z:-l ) —x*2 T gj—l
J(x*,y") = e (et (at1) (2.1)
~22Y Moy (1-27)
Now at E(z*,y*), the Jacobian matrix is given by
(—a+b)  p° .
L+ =5 F(Z+1) (a+ b)Qr(Zﬂ)
Jg = o o ) 2o . (2.2)
~atb T(atD) —(a+0)° 5
The characteristic polynomial of the Jacobian Matrix can be written as
F()\) := A% — Tr(Jg) A + Det(Jg) = 0, (2.3)

where Tr(Jg) is the trace and Det(Jg) is the determinant of the Jacobian matrix Jg, and is given by

(03

(—a+0b) , P
Tr o4~ 2T o
Ue) =2+ = — @ 1y (2.4)
Det(J )_a3(—1+ﬁ)ﬁ+3a2b(—1+ﬁ)ﬁ+a(—1+ﬁ)(_1+3b2ﬁ)_’_b(l_’_ﬁ_bzﬁ_’_bQﬁQ) .
E N .

a+b
where p = p®/I'(a + 1).
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The eigenvalues of the system(2.3) can be written as

\ Tr(Jg) £/ (Tr(Jg))? — 4Det(Jg)
12 = .

’ 2

By the Jury Criterion, the stability condition for the equlibrium point E(z*,y*) is given as follows:
F(1)>0,F(=1) > 0,F(0) —1 < 0.

Let )
—Ape £VE\
PDg = (a,b7p7a)2p:<r(1+04)214\/7> :piagzo
le
where
Ale:(a+b)27
a+a® — b+ 3a%b + 3ab® + b3 a—b+(a+b)? Aye
AQe:* = - = - y
a+b a+b a+b
A38:4

Age =a—b+ (a+0b)3,
L= A3, — A As..

The system (1.10), however, undergoes a flip bifurcation at £ when the parameters (a, b, p, &) fluctuate
within a narrow region of PDpg.
Also let

A\
NSE:{(a7b7pva)3p:<F(l+a) A2> :pN37£<0}'

le

If the parameters (a,b, p,«) vary around the set NSg, system (1.10) will suffer an NS bifurcation at
that point.

Lemma 2.1. For every parameter value selection, the fived point E is a

— sink if (1)€ >0, p < p_(stable node),
(14)2 <0, p<png(stable focus),

— source (1)€ >0, p> pi(unstable node),
(i9)£ <0, p> pns(unstable focus),

— non-hyperbolic (1)£ >0, p=p_or p=ps( saddle with flip),
(1)(1)€ <0, p=pns( focus),

— saddle: otherwise

3. BIFURCATION ANALYSIS

In this section, we will study the presence, direction, and stability analysis of flip and NS bifurcations
near to the fixed point F using center-manifold and bifurcation theory[26, 39, 40]. In other words, we
take p to be the bifurcation parameter.

3.1. Flip Bifurcation. We arbitrarily select the parameters (a,b, p,«) to locate in PDg. Consider
the system (1.10) at equilibrium point E(z*,y*). Assume the parameters lie in PDpg.
Let £ >0 and

—Age —VE\"
pzpz(I‘(l—l—a)al\F) .

Then, the eigenvalues of J(E) are given as

AM=-1and Ao =3+ Asp_.
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Also note that the condition |Ag # 1] is equivalent to
Asp_ # —2,—4. (3.1)

Next, we use the transformation # = x — a1, =y —y* and set A(p) = J(z*,y*). We shift the fixed
point of system(1.10) to the origin. So the system(1.10) can be written as

z z Fi(2,9,p-)
<ﬂ>_>A(p_)<ﬂ>+<F2(i,l7,P—)> (3.2)
where X = (#,9)7 and
Fy(&,4,p-) :ﬁ [a —b+(a+b)>— \&} & (20%9 + a*(2a + £)§ + b*(6a + 2)9)
T T [a —b+(a+b)®— xﬁ} & (b(# + 602§ + 2a27)) , -

& (26%9 + a*(2a + £)§ + b* (6a + 2)7)

—

Faig.p-) == 10 [a—b+(a+b)3—\/ﬁ

1
b)?
1

—

& (b(& + 6a°) + 2ai7)) .

+
- [a—b+(a+b)3—\f£

(a+ 0P

The system(3.2) can be expressed as
1 1 4
Xn+1 = AXn + §B (Xm Xn) + BC (XnaXna Xn) + O (”Xn” )
where

Blz,y) = < ggg > and  Clz,y,u) = ( glgzzg )

are symmetric multi-linear vector functions of z,y,u € R? and defined as follows:

2

2
e 2 el | o= g [0 @0 - V] (e + o)

£=0

+ (3a”b(z2y1 + 2132))

(a+b)®

+ (b (zay1 + 21y2) + 3a®b(22th + T1Yy2) + bT1Y1)

(a+b)°

2 52
Bsy(z,y) = Z 56122552:)) TjYr = (@ _& DB {a —b+(a+b)®— \/E} ((a+b)*(zay1 + 2192) + b1y ),
j k=1 J £=0
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and
o é:l Tt T T (070 @0 - VE) ()
+ (a Ji DE (a —b+(a+b)® - \/E) (u11y2) ,
(,y,u ki: 5;552 5 TjYRuL = — ﬁ (a —b+(a+b)®— \/E) (ugm1y1 + ur2y1)
=0

— ﬁ (a—b+ (a+b)3 — \/E) (urz1y2) -

Let q1, g2 € R? be two eigenvectors of A and AT for eigenvalue \; (p_) = —1such that A (p_)¢1 = —q1
and AT (p_) g2 = —qo. Then by direct calculation we get

_ (a+b)?(—a—3b—+(a+b)*—V2)
q = 2b(a—b+(a+b)3—V'£) _ ( qi1 ) ’

1

_a+3b—(a+b)®+vV€
Q2 = a—b+(a+b)3—vL — 421 .
1 1
In order to get (q1,q2) = 1, where (q1,q2) = q11g21 + q12G22, we have to use the normalized vector

=Ygz, with vp = 1/(1 4 qupn).
To obtain the direction of the flip bifurcation, we have to check the sign of {1 (p_), the coefficient of

critical normal form ([26]) and is given by
1 1
ll (p—) = 6<QQ7 C(qla QI7Q1)> - 5 <Q27 B (Q27 (A - I)_lB(qla QI))> . (34)

In light of the reasoning above, the following theorem may be used to demonstrate the direction and
stability of Flip bifurcation.

Theorem 3.1. Suppose (3.1) holds and l1(p—) # 0, then Flip bifurcation at fixed point E(z*,y*)
for system (2.1) if the p changes its value in small neighbourhood of PDg. Moreover, if l1(p-) <
0 (resp. li(p—) > 0), then there is a smooth closed invariant curve that can bifurcate from E(z*,y*),
and the bifurcation is sub-critical (resp. super-critical).

3.2. Neimark-Sacker Bifurcation. When the parameters (a,b,a,p) € NSg and £ < 0, then the
eigenvalues of system (2.3) are given by

Tr(Jg) £iy/ADet(Jg) — Tr(JE)?

A= )
, : (35)
where
(a=b)(a—b+(a+b)3) a—b+(a+b)?
Tr(Jg)=2— — Det(Jg) = 1.
r(Jg) @)l > , et(Jg)
Let pys = —Ase/A1e. Then, the transversality and non-resonance conditions respectively read
d\/\ (p)l lomprs = AQe £0;

(Tr(JE))|p ons 75 0= Az £9.3. (3.6)
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Using the transformation # = z — 27,9 = y — y* and setting A(p) = J(z*,y*), we move the system(
1.10)’s fixed point to the origin. So the system(1.10) can be written as

X - Ap)X + F (3.7)
where X = (2,9)7 and F = (Fy, F»)T are given by

. (a—b+ (a+b)*)z (26°) + a®(2a + 2)§ + b*(6a + &)§ + b(Z + 6a%) + 2az7]))
Fi(2,9,pns) = (a+0) :

. ) o . . L (38
L (a=b+ (a+b)*)Z (2637 + a*(2a + &)§ + b*(6a + )G + b(Z + 6a*F + 2az7]))
FQ(xay,pNS):_ (a+b)5 ’

The system(3.2) can be expressed as

1 1
Xus1 = AXo + 5B (Xn, Xa) + =C (X, X, X0) + O (%]l

where X
20a—b+ (a+0b
Bi(z,y) = (o (@ +(bC;5 s [(a+b)*(zay1 + z1y2) + b1y ],
2(a—b+ (a+b)?
By (z,y) = — ( (a +(b)5 X [(a + b)3($2y1 +x1y2) + bx1y1] )
and s
2(a—b+(a+b
Ci(v,y,u) = ( (a+(b)5 Y (u2z1y1 + urm2y1 + w1T1Y2),
2(a—b+ (a+b)?
Ca(z,y,u) = — (o (a—f—(l?)f* ") (w2191 + w2y + wrz1y2) -

Let q1,q2 € C? be two eigenvectors of A(pys) and AT (pys)for eigenvalue A(pys) and A(pns) such
that

A(pns) i = X(pns) i, Alpns) @ = A (pns) @1,

Q1
AT (pns) @2 = M (pns) @2, AT (pns) @ = A (pns) @

Therefore, using a straight calculation, we obtain

—a+b+(a+b)*+VE ;
q1:< (4b) ):(Clt“‘b),
1

—a+b+(a+b)®—VE :
1

(3.9)

1
where
 —a+b+(a+b)? V=g
G =- ) , G = T
_ —a+b+(a+b)? . —V/=£
T E N I I TPerACE
For (g1, g2) = 1 to hold, we can take normalized vector as ga = ynsg2 where

1
INS T (61 +1i&)(C1 —i¢2)

The following is how the eigenvectors are calculated:
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q1:<ClJ;’iCz )7

&1+i6o
go = 1+(§1+i6i)(41*i42) )

1+(€1+1482) (C1—iC2)

We break down X € R? as X = zq; + 2§ by considering p vary near to pyg and for z € C. The
precise formulation of z is z = (g2, X). As a result, the system (2.3) changed to the following system
for |p| near pyg:

z = p(p)z +9(2 2, p) (3.10)

where A(p) = (1 + @(p))e??®) with 3 (pns) = 0 and §(z, %, p) is a smooth complex-valued function.
Applying Taylor expansion to the function g, we obtain

_ 1. _ . ~
Z,p) = Z mgkl(p)zk ' with G €C,k,1=0,1,....
k+1>2
It is possible to define the Taylor coefficients by means of symmetric multi-linear vector functions.

§20 (PNS) <QQ7 ((J17 Q1)>>

g1 (pns) = (a2, B(q1, q1)),

oz (oxs) = (a2, B(di, @), (3.11)
g21 (pns) = (2, C(q1,q1,G1))-

The sign of the first Lyapunov coefficient l5(pns) determines the direction of NS bifurcation and is
defined by
—2A1)A22 A~ ~ 2 ~ 2
Iz (pns) = Re (’\2921> —Re (%9%911) — 51911l = § 1Go2|” - (3.12)
According to the above discussion, the direction and stability of NS bifurcation can be presented in the
following theorem.

Theorem 3.2. Suppose (3.6) holds and ly(pns) # 0, then NS bifurcation at fized point E(x*,y*)
for system (1.10) if the p changes its value in small neighbourhood of NSg. Moreover, if la(pns) <
0 (resp. la(pns) > 0), then there is a smooth closed invariant curve that can bifurcate from E(z*, y*)
and the bifurcation is sub-critical (resp. super-critical).

4. NUMERICAL SIMULATIONS

In this part, we will carry out numerical simulations to corroborate our theoretical findings for system
(1.10) that include bifurcation diagrams, phase portraits, MLEs and FDs.

Example 1: These are the chosen parameter values: a = 1.5,b = 0.5, = 0.58 and, p fluctuates in
the range 0.3 < p < 0.5. Also the initial condition is (zg, yo) = (1.998,0.121). We identify a fixed point
E(z*,y*) = (2,0.125) and bifurcation point for the system (1.10) is evaluated at p_ = 0.349411.
and the eigenvalues of A(p_) are A 2 = —1,0.256747.

Let g1, g2 € R? be two eigenvectors of A(p_) and AT (p_) corresponding to A1 2, respectively. There-
fore,

q1 ~ (—1.43845, )7 and ¢o ~ (0.179806,1)7.

For {(q1,g2) = 1 to told, we take normalized vector as g2 = yrq2 where, vp = 1.34887. Then we get
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FIGURE 1. Flip Bifurcation diagram in (a) (p,z) plane, (b) (p,y) plane, (c) MLEs, (d) FDs .

@1~ (—1.43845,1)7 and go ~ (0.24253,1.34887)7 .

From (3.4), we obtain the Lyapunov coefficient 11 (p_) = 3.93558 > 0. Therefore, the Flip bifurcation
is sub-critical and the requirements of Theorem 3.1 are established.

The bifurcation diagrams in Fig. 1 (a-b) demonstrate that fixed point F stability takes place for
p < p—, loses stability at p = p_, and a period doubling phenomenon results in chaos for p > p_. Fig.1
(c-d) displays the calculated MLEs and FDs associated to Fig.1(a-b).We see that different choices of
p result in the chaotic set with period —2, -4, —8, and —16 orbits. Dynamical states that are stable,
periodic, or chaotic are compatible with the sign in Fig.1(c-d), in accordance with the highest Lyapunov
exponent. For various values of p, the phase portraits of the bifurcation diagrams in Fig.1(a-b) are shown
in Fig.2.

Example 2: The following parameter values are chosen: a = 0.5,b = 0.5, « = 0.58 and, p fluctuates
in the range 0.45 < p < 0.6. Also the initial condition is (zg,yo) = (0.998,0.498). We obtain a fixed
point E(z*,y*) = (1,0.5) and bifurcation point of the system (1.10) is evaluated at pyg = 0.820228.
and the eigenvalues are A\; o = 0.5 + 0.866025¢. Also

A2e

d|i(p)|
Tp|p:pws =—— =05#0,



50 MD. JASIM UDDIN AND S. M. SOHEL RANA

@ T wm T )

FIGURE 2. Phase picture for various p values matching to Figure 1 a,b. Red x is the fixed
point FEy.

A3,
_(TT(JE))|p=ﬂNs 7é 0= A2 =1 7é 2,3.

le

Let g1, 2 € C? be two complex eigenvectors corresponding to A 2, respectively. Therefore,

q1 ~ (—0.5 — 0.866025i,1)T and ¢ ~ (0.5 — 0.8660257,1)T.

For (g1,q2) = 1 to hold, g2 is normalized vector ¢a = ynysg2 where, ynys = 0.5 — 0.288675:. Also, by
(3.11), the Taylor coefficients are

Goo = 2.0 + 0.57735i, G11 = 0.5 — 0.288675i, Goo = 0.5 — 2.02073i, Gy = —2 + 0.4,

From (3.12),The Lyapunov coefficient is obtained as la(pys) = —0.75 < 0. As a result, the conditions
of Theorem 3.2 are met and the NS bifurcation is super-critical.

The NS bifurcation diagrams are shown in Fig.3(a,b), which reveals that the fixed point F is stable
while p < png, but loses stability when p = png, and exhibits an attractive closed invariant curve when
p > pns- Because of the presence of MLEs (3(c)), system dynamics are not stable.

The behavior of the smooth invariant curve as it separates from the stable fixed point and expands
in radius is nicely illustrated by the phase portraits (Fig.4) of the bifurcation diagrams in Fig.4 for
various values of rho.The closed curve abruptly vanishes as p increases, and for different values of p,
orbits with periods of —7, —10, —20, and —40 arise.

Example 3: As other parameter values change (e.g. parameter a), the Schnakenberg model may
exhibit more dynamic behavior in the Neimark-Sacker bifurcation diagram. A new Neimark-Sacker
bifurcation diagram is created when the parameter values are set as in Example 2 with p = 0.53145 and
a range between 0.1 < a < 0.3, as shown in Figure (5) (a-b). The system experiences a Neimark-Sacker
bifurcation at @ = ayg = 0.11. The maximal Lyapunov exponent, which corresponds to Figure5(a-b),
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FIGURE 3. NS Bifurcation diagram in (a) (p, z) plane, (b) (p,y) plane, (c) MLEs, (d) FDs.

is calculated and shown in Figure5(c), confirming the existence of chaos and the period window as a act
as a variable parameter. A thorough explanation of the behavior of the smooth invariant curve may be
found in the phase portrait of the bifurcation diagrams for different values of a illustrated in Figure6.
This diagram illustrates how the stable fixed point breaks off the smooth invariant curve as its radius
rises. Figure(7) displays the plot of the maximum Lyapunov exponents for two control parameters as a
2D projection onto the (p,a) and (p,bd) plane. We note that the dynamics of system (1.10) shift from
chaotic to non-chaotic phase when the values of the control parameters a and b grow.

4.1. Fractal Dimension. The measurement of the fractal dimensions (FD) serves to identify a system’s
chaotic attractors and is defined by [10]

k

[t
where k is the largest integer such that
k k+1
th >0 and th <0,
j=1 j=1
and t;’s are Lyapunov exponents.
Now, the fractal dimensions for the system (1.10) take the following form:
~ t
Dp =2+~ (4.2)

[ta]
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FIGURE 4. Phase picture for various p values matching to Figure 3 a,b. Red x is the fixed
point Ejp.

Because the chaotic dynamics of the system (1.10) ( see Fig. 2) are quantified with the sign of
FD (see Fig. 3 (d)), it is certain that as the value of the parameter p increases, the dynamics of the
Fractional Order Schnakenberg system become unstable.

5. CHAOS CONTROL

It is believed that dynamical systems will be optimized in relation to some performance criterion and
will prevent chaos. In physics, biology, ecology, chemical engineering, telecommunications, and other
fields, chaotic behavior is studied. Additionally, the practical chaos management techniques can be
used in a variety of fields, including physics labs, biochemistry, turbulence, and cardiology, as well as
in communication systems. Recently, a lot of scholars have become quite interested in the problem of
managing chaos in discrete-time systems.

Controlling chaos is a challenging issue. For controlling chaos in fractional order Schnakenberg model
we introduce OGY [33], Hybrid control strategy [41] and state feedback[27] . In OGY method we can
not use p as a control parameter. We use a as a control parameter to implement OGY method.
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We can modify the system (1.10) as follows to apply OGY method:

(63

Tpgl = Tp + F(%m (a — T, + xiyn) = fl(x, Y, a), o
_ P 2 _ 7 .
Yn+1 = Yn + I‘(a + 1) (b xnyn) fQ(xay7 a)‘

where a represents the chaos control parameter. In addition, it is presumable that |a — ag| < 7, where
7 > 0 and ag represents the nominal parameter, lies in the chaotic areas. We employ a stabilizing
feedback control strategy to steer the trajectory toward the desired orbit. If the system (1.10) has
an unstable fixed point at (z*,y™) in a chaotic zone created by the formation of a Neimark-Sacker
bifurcation, the system (5.1) can be approximated in the area surrounding the unstable fixed point at
(zT,yT) by the following linear map:

. +
Tnt1 — T C| I 3
i CEola—a 5.2
[yn+1y+ :| ee|:yny+ :| ee[ O] ( )
where
dfi(zy.a dfi(z.y.a (—a+tb) ° .
A _[ el 2D ] - O*ﬁ%) (a+0)* rrarmy
e = | ofa(zya) Ofa(zya) | T | Z2b_ p° -
2gwe)  2h.a) b T(aT) L= (a+b)*rihrn
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FIGURE 6. Phase picture for various a values matching to Figure 5 a,b. Red x is
the fixed point Ejy.
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FIGURE 7. Maximum Lyapunov exponents projected in two dimensions onto the (a) (p, a)
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and )
5 3f1(g,y,a) F(p"‘ 5
— — a+
Bee =1 ofp(oga) | = 0
da

Following that, we define the system’s 5.1 controllability matrix as follows:

Fpal (1+(7atb)rpal)ljpa1
Cee = |:Bee : AeeBee = (o) (@) (20‘4‘ ) (ott)

—2b *
0 atb (71“((’;“))
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The rank of C,. is then obvious to perceive to be 2. Considering that

+
- Ty —

a— ap| = —Kee
[ 0] |:yny+:|

where K, = [0e1  0ea], system (5.1) becomes

xn—x*'}

T - Z‘+ o > =
{ +1 } ~ [Ave — Boo K] [ byt

Yni1 —y "+
Additionally, the suitable controlled system of (1.10) is offered by
F(Of)—i— 1) ((ao - O—‘Nfl(xn - l’+) - JE?(yn - y+)) — Tn + xiyn) 5

p
Ynt1 = Yn + Tat1) (b—zhyn) -

Tpt1l = Tp +
(5.3)

(03

The fixed point (z,y™) is additionally locally asymptotically stable if and only if both of the matrix’s
eigenvalues (Ae¢e — BeeKee) are located within an open unit disk. Also,

- S F e CEa i 0;1) (a+b)2 5o — moy O
Ape — Bee Koo = ( (a+b) T(a+1)  T(a+1) T(a+1) — T(a+l) )

—2b @ 2 o
T 1—(a+0)" 555

The Jacobian matrix (A;E — B..K, ce) has the following characteristic equation:

A2 — <2— ((a+b)2—|— ((;L:bl))) —a;1> 1“(ap11)> Ae

(a +b—(a+a®—b—3a%b+ 3ab?) ﬁ — (0° = (a+b)*) <F(Of)o_;_1)) > (5.4)

+a—i—b

(e% pOé

1 P 2 ~ ~ P ’ _
*m <(a+b)F(a+1) <—1+(a+b) F<a+1)>(7@1_2bae2 (F(aJrl)) ) =0.

If we consider eigenvalues .1 and Ao of the characteristic equation (5.4), we obtain

et + Aea = (2 ((a+b)2+mg~el> F(aﬁl))

1 3 2 2 p*
<a+b_<a+a _b—?)a b+3ab)m

)\el>\e2 = a+b

« 2 o N
+a«1kb <—(b3—(a+b)3) (F(;Jrl)) —&-(a—i—b)ﬁ <_1+(a+b)2p(ap+1)>‘fel>

+ a—li—b <—2ba;2 (F(of)j—l)>2> .
(5.5)

Then, we must work out the solutions to the equations Ae; = 1 and A¢yAe2 = 1 to get the lines of
marginal stability. Furthermore, these restrictions ensure that A\.; and A.s are located inside the open

unit disk. Assume Ao A2 = 1 and from (5.5), we get
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(0%

1 p p*
K. = T Tt 1) (—(a+b)—(a+b)3+(a+b)3r(a+l)>

+ a—li—bI‘(%il) <(a+b) <—1+ (a+b)2r(of)j_1)) a;1> - a—lka‘(%il) <2ba;2 <I‘(oi)o—;—1))2> .

Next, consider A¢; = 1, we obtain

« & 2
<4<“+b)‘2<“‘b+<“+b)3>r<§+n”““’f’ (7+) )

+ ﬁb ((a + b)ﬁ (—2 +(a+ b)QF(aerl)> 021 — 20 (r(oﬁn)Q) .

Lastly, if A\¢; = —1 , then

Ke2 =

a+b

p®  ((a+b)3+ (a+b)*cer — 2boes)
Ia+1) a+b '
Stable eigenvalues are then found in the triangle in the o1, 052 plane enclosed by the straight lines
K1, Keo, K3 for a given parametric value.

KeSZ_

Hybrid control strategy is applied to system (1.10) to control chaos. We rewrite our uncontrolled
system (1.10) as

Xyt = G(Xn,0) (5.6)

where § € R is bifurcation parameter and X,, € R%, G(.) is non-linear vector function. Applying hybrid
control strategy, the controlled system of (5.2) becomes

Xn+1 - weG(Xn; 5) + (]- - we)Xn (57)

where the control parameter is 0 < w, < 1. Now, if we implement the above mentioned control strategy
to system (1.10), then we get the following controlled system

Tpitl = We (CUn + ﬁ (a —Tn+ xiyn)) + (1 — we)Zn,
§ (5.8)
Yn+1 = We <yn + m (b - f%%)) + (1 = we)Yn-

An approach called state feedback control is used to stabilize chaos at the stage of the system’s
(1.10) unstable trajectories. System (1.10) may be made to take on a controlled form by introducing a
feedback control law as the control force ue. and is given below.

(0%

Tp41 = Tp + ﬁ (a — Tp + x%yn) + Uee,
pe 2 (5.9)
= e — b —
Yn+1 = Yn + T(a+1) ( mnyn) )

Uee = 7]{1(39% - :CJr) - kZ(yn - y+)a
where (x7,y™) represents the positive fixed point of the system (1.10) and k; and ko stand for the
feedback gains.
Example 4: We use (ag, b, @, p) = (0.15,1.8,0.58,0.53145) to implement the OGY feedback control
technique for system (1.10).The unstable system (1.10) in this case has a single positive fixed point
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(zT,y7) = (1.95,0.473373). Then, in accordance with these parametric values, we provide the following
controlled system

Tng1 = Ty + 0.777474 ((0.15 — 071 (z, — 1.95) — 022 (yn — 0.473373)) — z, + 22yn)

5.10
Yn1 = yn + 0.777474 (1.8 — 22y,,) . o

where K = [021  0es] serve as the gain matrix. We also get,

AL _ 1.65786 2.95634
| —1.43534 —1.95634 |’
B, — [ 0.777474 ] ,

0
o 0.777474  1.28895
“7 10 —1.11594 |-

The rank of the matrix C,. is therefore easily verified to be 2. Consequently, it is possible to control
the system (5.10) and the jacobian matrix of the controlled system is given by

1.65786 — 0.7774740.1  2.95634 — 0.7774740¢0
—1.43534 —1.95634

For marginal stability, the lines K1, Ko and K.3 are provided by
K1 = —0.000000986495 + 1.521010%; — 1.115940%2 = 0,
Keo = 1.70152 + 0.7435330%1 — 1.1159407%2 = 0,
Koz = —2.29848 — 2.2984807%1 + 1.115940%2 = 0.

ANee - B;el(:ee = |:

The marginal lines K1, K.o and K.3 define the stable triangular area for the controlled system (5.10)
is displayed in Figure(8).

Determining the hybrid control technique’s efficiency in reducing chaotic (unstable) system dynamics,
we are taken the parameter values discussed for OGY method except p = 0.5812 > png. As a result,
it demonstrates that the fixed point F(1.95,0.473373) of system (1.10) is unstable, however for the
controlled system(5.8), this fixed point is stable iff 0 < w, < 0.9494221636969571. By taking w, = 0.85,
which demonstrates that the fixed point F is a sink for the controlled system(5.8) and removes the
unstable system dynamics around E. The stable region and stable trajectories are shown in Figure(8).

We have carried out numerical simulations (in Figure(8)) to examine the operation of the feedback
control method’s control of chaos in an unstable condition. The parameters values will be same as we
choose for OGY method. The feedback gains are choosen as k; = —0.42 and ko = —0.35.

6. CONCLUSIONS

In this study, a novel fractional order Schnakenberg model is discussed. The Caputo fractional
derivative idea is the basis for such a fractional order model. We show that the system (1.10) can
experience a bifurcation (flip or NS) at a specific positive fixed point E if fluctuations about the sets
PDpg or NSg. The center manifold theorem and bifurcation theory are used to achieve this. The model
displays a range of complex dynamical behaviors as p and « are changed, including the appearance of
flip and NS bifurcations, period 2,4,6,7,8,10, 16,20 and 40 orbits, and quasi-periodic orbits, as well as
attracting invariant circles and chaotic sets. By computing the maximal Lyapunov exponents and fractal
dimension, we can verify the existence of chaos. Typically, one of the traits that suggests the existence
of chaos is a positive Lyapunov exponent.We demonstrate that the values of the Lyapunov exponent
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FIGURE 8.  (i-iii) Stable region in OGY method, Hybrid method and state feedback
methods, (iv-vi) Stable system trajectories

can alternately be negative and positive. By creating pathways from periodic and quasi-periodic states,
the two bifurcations lead the system to quickly transition from steady state to chaotic dynamical
behavior. Alternatively, chaotic dynamics might occur or vanish concurrently with the appearance of
bifurcations. Finally, we reduce unstable system trajectories by employing an OGY, Hybrid, and state

feedback control technique. Though it remains a challenging topic, investigating multiple parameter

bifurcation in the system.
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