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Abstrak. Pada artikel ini, metode iterasi variasi He (VIM) dan
transformasi integral Elzaki diusulkan untuk menyelesaikan
persamaan telegraf fraksional linier dan nonlinier yang muncul dalam
elektromagnetik. Caputo sense digunakan untuk mendeskripsikan
fractional derivatives. Salah satu keuntungan dari teknik ini adalah
tidak perlu menghitung pengali Lagrange dengan menghitung
integrasi dalam relasi perulangan atau dengan mengambil teorema
konvolusi. Selanjutnya, untuk mengurangi istilah komputasi
nonlinier, polinomial Adomian diidentifikasi dengan homotopy
perturbation method (HPM). Metode yang diusulkan diterapkan pada
beberapa contoh persamaan telegraf fraksional linier dan nonlinier.
Solusi yang diperoleh dengan teknik komputasi baru menunjukkan
bahwa metode ini efisien dan memfasilitasi proses penyelesaian time
fractional differential equations.

Abstract. In this article, He’s variation iteration method (VIM) and
Elzaki integral transform are proposed to analyze the time-fractional
telegraph equations arising in electromagnetics. The Caputo sense is
used to describe fractional derivatives. One of the advantages of this
technique is that there is neither need to compute the Lagrange
multiplier by calculating the integration in recurrence relations or via
taking the convolution theorem. Further, to decrease nonlinear
computational terms, the Adomian polynomial is identified with the
homotopy perturbation method (HPM). The proposed method is
applied to some examples of linear and nonlinear fractional telegraph
equations. The solutions obtained by the new computational
technique indicate that this method is efficient and facilitates the
process of solving time fractional differential equations.
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1. Introduction

Differential equations of fractional orders can be used to simulate many scientific
disciplines, which improves our understanding of how to characterize natural occurrences
in a variety of scientific disciplines like engineering, electronics, biology, business,
computer science, and physics. Indeed, in the improvement of fractional calculus, many
scientists such as Bernoulli, Liouville, Euler, L’Hopital, and Wallis greatly contributed to
this area of research. The numerical solutions are used to investigate the solutions of
differential equations of fractional and integer orders, because the exact solutions of
differential equations are quite difficult to be found.

Telegraph equations have applied to many problems in different fields of science

which developed by Heaviside in 1880. The difference and time are described on electric
transmissions with current and voltage by telegraph equation, also the proposed equation
is applied for investigating the wave propagation in the cable transmission and electric
signals, and it is also applied in the field of telephone lines, wireless signals, and radio
frequency [1]. Telegraph equations of fractional orders have been solved, using various
numerical and analytical methods, the Adomian technique [2], homotopy perturbation
technique[3], Laplace decomposition combined with HPM [4], modified Adomian
decomposition method (MADM) [5], and reduced differential transform technique [6]. The
VIM employed to study the solution of the proposed model and obtained the same result
as obtained by (ADM) with fewer computations [7], and the hyperbolic telegraph equation
is analyzed by Chebyshev tau technique [8].
The researcher Inokuti was the first who study the VIM [9][10], while the Lagrange
multiplier was difficult to be identified. Then, variation iteration method developed by
Chinese mathematician He [11], and was applied by many researchers, see
[12][13][14][15]. The homotopy perturbation method (HPM) is another crucial method
which is employed to solve PDEs [16][17][18]. The solution of Voltera-Fredhom is studied
by HPM[19], also the hyperbolic PDEs and many other PDEs were solved by HPM, see
[20][21][22]. In the last decade, different methods have been developed to analyze the
solution of PDEs of fractional orders[23][24]. Recently, Elzaki homotopy transformation
perturbation method is employed to solve a class of models such, see [25][26][27]. The
Elzaki transform was proposed by the Jordanian mathematician Tarig Elzaki [28], and this
transform has been applied on many models to acquire their solution, see
[29][30][31]1[32][33][34][35]. In this paper, the Elzaki transform with a new method of
VIM combined with the homotopy perturbation method is utilized to study the solution of
time fractional telegraph equation.

The object of the present work is to extend the implementations of EVIM and show
the accuracy of the suggested technique. Therefore, the fractional telegraph equation is
considered.

Nanoelectromechanical systems are playing an enormous rule in the area of sensing
and actuating. However, nonlinearity effects negatively on the Nanoelectromechanical
systems devise. The nonlinear vibration systems have complex behaviors that are
characterized by noise, instability in response, and bifurcation phenomena. Therefore,
controlling the nonlinear vibrations of Nanoelectromechanical systems is essential to
obtain stable vibrations.

abr %w
6x_5+667+HW_0 Q)
aPw a%r
ax—B+L67+RT—O (2)

Differentiate the equation (1) with respect to ¢t and (2) with respect to x, then solving the
system, the following equation is obtained
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2Bw
ax2B

atm - H atx

+R[ % ]+L[ =0 3)

Assume that e = %, €= E' 6% = E’ substituting these values in the equation (3), we obtain
equation (4) is telegraph equation which arises in electromagnetic waves.

2a 2B
o= +(€+E)—+E€W 52 axz‘g (4)

tZ(x
2.  Preliminaries

Here, several basic definitions and characteristics of fractional calculus and the
proposed transform are given.

Definition2.1.[36] A function g(y),y > 0 is considered to be a real valued function and
belong to the space C4, 0 € R . assume that the real number d > o, such that g(y) =

yg, (y) where g, (y) € C(0, ), and it is said to be in the space (2 if g™ € R;,n € N.

Definition2.2.[37] The function f(u) is called Riemann-Liouvill fractional integral of
order a > 0 if it defines as:

@) = s fy = D F(©)de ,t> 0.

In particular J°f (w) = f ().
For® > 0 and 9 > —1, we have the following properties:

L JY0f(w) =J**f(w),

2. JYf(w) = J8Jf (W),

3. Jax? = r@+1) a+o
F(a+19+1)

Definition2.3.[37] Assume that function f € C%;, n € N. The function f is called Caputo
fractional derivative and defined by

af(u)_ f(u el fr(t)dt, n—-1<a<n.

Definition2.4.[28] The function f(u) is called Elzaki-transform if defined as follows:

E[fw]=Tw) = Vf fwev - du u>0.

Assume that f is piecewise continuous, then Elzaki transform of the Caputo derivative

E [anf(x,t)] _ T(xv) n-1,,2-n+i aif(x,O). (5)

oun i=0 oul
The Caputo fractional derivative of Laplace transform is defined as follows
L(D,‘fg(x,u)) =5%G(s) — Y tsa1t gP(x,0 n-1l<a<n. (6)

Where G (s) represents the Laplace transform of g(x).

ul
Theorem 2.1 Let B = {f (x,u)| there exist M,m;,m, > 0s.t|f(x,u)| < Me™,
u € (—1)/ x [0,00)} and let f(x,u) € B. The Elzak transform T (v) of f(w)is

T(v) =vG (%),

where G (s) is the Laplace transform of g(x).
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Theorem 2.2 Assume T (v) is the Elzaki transform of the function f(x, ). Thus
T(v) S
va

-1
E(D{j‘f(x,u))= —Zvi'“”f(i)(x,O) n—1<a<n
i=0
Proof: by Theorem 1 E{D“f (x,u), v} = vL {D“f(x, u),%}.
Using equation (6), we obtain

n-1 a—i-1

E{D*f(x,u),v} = %G (%) - v (%) f(i)(x, 0)
i=0
1\ n-1
mv—gl)—;vi_“”f(i)(xﬁ) n—1<a<n
T

ORI
s —Zv‘ a+2 £(D(x, 0).
i=0

3. Applications of HETM

Recently, the Lagrange multiplier is introduced in new manners [38][39][40]. In this
work, the Elzaki transform is used and multiply it by Lagrange multiplier in order to obtain
the recurrence relation that is restricted in order to define the Lagrange multiplier. To avoid
the convolution terms and integral evaluations, we use this technique. Due to the limitations
of Elzaki transform on nonlinear parts, the HPM is used to decrease the computations. The
innovative and modified scheme is constructed as follows:

Taking the Elzaki transform of the proposed model and multiplying it via the Lagrange
multiplier to obtain the recurrence relation that identifies the Lagrange multiplier, via
variation approach. The Adomin polynomial is used to evaluate the nonlinear terms, and
then the well-known HPM is used to find the series solution of the proposed problem.

Ru—Nu—-k=0.
Taking the Elzaki transform, the following relation is obtained
E[Ru— Nu—k] = 0.
Now, we take the Lagrange multiplier u(v),
u@W{E[Ru — Nu — k]} = 0.
Here, we can have the following recurrence relation
Ujs1(v) = U;j(v) + p(W{E[Ru — Nu — k]}. (7)

The recurrence relation represents the modified Elzaki variation; we apply the optimal
condition using the following relation to introduce the Lagrange multiplier u(v)

PUj+1(V) _
pU;(v)
Here, the inverse Elzaki transform is applied on (7) to achieve the solution of equation (4)
U1 (v) = w;(v) + E7Hu(){E[Ry] — E[4; + k[}]. j=0123,..
where A; represents the Adomian polynomial as follows:

1 aJ
jlatl

4 =2 L (NEZw)). (8)
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Finally, to investigate the series approximate solution, the HPM is considered by
equating the powers of the embedded parameter p.

4. Homotopy perturbation

In this portion, we study the concept of HPM for the solution of our problem.
Consider the following differential equation
Ru— Nu =k, ©))

where k be a source term, R is linear term and N is the non-linear term, and u the solution
function.
By the Homtopy theory H(w, p), H(w, p): R x [0,1] = R which satisfies the following:

H(w,p) = (1 —p)[R(w) — R(wp)] + p[R(w) — N(w) — k] =0,
Simple calculations, we obtain

R(w) —pN(w) =k, (10)
The parameter p € [0,1], u, is the initial term of (4), and w is the homotopy function
with R(u,) = k.
Since, w can be written as:
w= Li_r)q(wo + pwy + p2w, + o). (11)

Using (10) and (11), we have
wo + pwy + p?w, + p3ws ... = k + pN(w).
Equating the powers of p can be written as follows:

p%:  wy =k,

Pl wy = N(wp),

P25 wy = wN'(wy),

p3 w12N" (W)

W3 = N’(Wo) + > y
Finally, as p approach to 1, the following series solution is the solution of (4):
u:W0+W1+W2+W3.... (12)
Indeed, the convergence of the solution (12) is studied in[41] [42].

5. Applications

The approximate patterns are employed to show the importance of the new method for
solving the time fractional telegraph equation. Here, the following models of time fractional
differential equations is given:

Example 4.1 Consider the following linear telegraph equation of fractional order

(?ZZ 62“2 0%z (13)
=gt t o t>00<a<l.

with the initial conditions z(x, 0) = e*, z;(x,0) = —2e*. The exact solution of equation
(13) is:

z(x,t) = e¥ 2L,
Taking the Elzaki transform of equation (13)
0%%z 0%z 0%z

+2-—+z———|=0.

E dt2a ot* 0x2
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Now, we multiply both sides of above equation by u(v)

0%%z 9%z 0%z
u()E 52a + 2 3ra +z— 5zl = 0.
The recurrence relation has the following form
62

Zi1(x,v) = Zj(x,v) +/,c(v)E[ tm+267+ = (14)

Taking the variation of the above equation and using Elzaki property (5), we obtain
Z:i(x,v) oA 5 0%Z:(x,0)
PZja1(x,v) = pZ;(x, v) + u(w)p {L72 — 27207, (x, 0) — 320 L2
992, 9%z
E[252 +2 -5} (15)
Here, 2; = 2;(x,0) = Z (x,0) are restricted variables, it means that pZ;(x, 0) =
pZ;j(x,0) = 0and smceM
Zj(x,0)

Substituting restricted variables in equation (15), gives

1
P21 (x,0) = PZ;(%,0) + =z k(WIPZ; (x, )

Therefore, the Lagrange multiplier u(v) = —v?2¢.
Substituting the Lagrange multiplier in equatlon (14) we obtain

92% zj 9% zj 6 z]]
t2a +2 atx tz T axz |

Zi1(x,v) = Zi(x,v) — UZ“E[

Applying Elzaki inverse, we have

62(1 (x, aa (x, 62 (x,
Zj41 (%, v) = z;(x, v) — E-1 [UZ“E[ zj () zj(t) Z; — 9%zj(et) t)]]

gt ata ]

2(1

Since 2 o —~ =0,/ =0,1,2, .., to obtain He’s polynomial the homotopy perturbation

method is utilized
_ aaZj aZZj
|E [2 TR _W]

_ aaZO 6220 aazl 62Z1
1 vZ“EKz g T4~ | TP\ 25 t a5

0
2 aaZZ 6222 3 aaZ3 62Z3
+p°|2 5ra +ZZ__ax2 +p°|2 5ra +Z3__6x2

Equating the highest powers of p

Zo + pzy + Pz + P23 ... = zj(x,t) — pE

= zj(x,t) — pE

p® t 2o = zo(x,t) + tzp,(x,t)

[ 9%z 927,]|
1. _ -11,,2 0 0
p H Zl__E UaE _2 ata +Zo_ax2-
[ 0%z, 922,
2 . — -1 2
p .Zz——E vaE_ZW'l_Zl_W_
[ 9%z 922,]|
3 . — -1 2 2 2
1% .Z3——E UaE_Z ata +Zz—m_

Therefore, we obtain
zy = e* — 2te*.
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Since by Theorem 2, we have
z, = —E-1 [_va+34ex],
4_extoc+1
AT T@+2)
Similarly,
__8ext2a+1 16ext3a+1

2= TCa+2)' B T@ar2) "

One can expressed these results in a series such as:
z=2zy+2z1+2z, +23+ .
4ext(x+1 8ext2a+1 16ext3a+1
ra+2) TQa+2 TGax2)
when a = 1, the HETM solution for equation (13) is
4e*t?  8e*t3 16e*t*

z=e 2te* + 2 3 + a

z = et
Thus, the obtained result using HETM can compute to the exact solution z = e*~2t
whena =1.

z =e* — 2te* +

Figure 1. (a) Exact solution and (b) HETM solution of z(x, t) of equation (13) ata = 1.
The HETM solution of z(x, t) of equation (13) at (¢c) « = 0.8 and (d) @ = 0.2.
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Example 4.2 Consider the following time fractional telegraph equation

0%z 020z 0tz 00<as1
9x2 " 9y?  grea " Cgpa TEHE=DUSE=L

(16)
with the initial conditions z(x,y,0) = e**¥,z,(x,y,0) = —3e**Y. The exact solution of
the equation (16) is

z(x,y,t) = e*ty-3t,

Taking the Elzaki transform of equation (16)
E[&+3iz+2z—a—zz—a—zz = 0.
ot« ot 0x? 0dy?
Now, we multiply both sides of above equation by u(v)
0%%z 9%z 0%z 0%z
u()E [atm + 361:“ + 2z _ﬁ_a_yz = 0.
The recurrence relation has the following form
Zj1(0) = 2, v) + nW)E [Sd +325 4 o7, —%—i—yz;] (17)

Taking the variation of the above equation and using Elzaki property (5), we obtain
{ZJ( xyv) 0%Z(x,y,0) n

p2-2a7, _ ,3-2a
Zj(x,y,0) —v o0

922j(x,y,0)  8%2j(x,y,0)

0x? T ay? ]} (18)

The variables Z; = Z;(x,y,0) = 7 i (x,y,0) are restricted variable, since pZ;(x,y,0) =

_ Zj41(xy,0) _
pZ (x,v,,0) = Oand—yo) 0.

Substituting restricted variables in equation (18), gives

pZj1(x,y,v) = pZi(x,y,v) + u(w)p

0%%2;(x,y,0) 9%2;(x,,0)
[ ot2e +3 ot%

+22i(x,y,0) —

1
Zjr1 (6, y,v) = pZj(x,y,v) + —oo n(W)pZ;j(x, y,v).

Therefore, the Lagrange multiplier u(v) = —v?2¢.
Substituting the Lagrange multiplier in equatlon (17) we obtain

0%%z 0%z; 0%z;
Zip1(x,y,v) = Zj(x,y,v) — v2eE [61:2“] + 3 ’ + 2z — WZJ - W;]

Applying Elzaki inverse, we get

Zj+1(x'YJv):Zj(x)y:v)_E_ It

Z“E[ 9% 439 ’+22-—@—@]
at2a J

a

92
Since Yo

=0,j =0,1,2, ... to obtain He’s polynomial, we apply HPM

6"‘Zj 62Zj asz
v2eE [3 — + 2z _T__]

Zp + pzy + p?z, + P23 ... = zj(x,y,t) — pE~!
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0%z 0%z, 0%z
+p<3 1+2Z1—71——1>

at* ox?  0y?
0%z 0%z, 0%z
2(3 25 2 2
TP ( ata T 2T gz T gy
0%z 0%z; 0%z
313 2 42z, ——————2||.
TP ( ata T T oxz T gy
Equating the highest powers of p
p° i zp = zo(x,y_, t) +tzo,(x,y,t) _
[ aaZO 6220 6220_
1., —_p-1],2
1% 'Zl__E vaE_3 ata,‘|‘2Z()—F—a—yz_
[ 0%z 92z, 2z,]]
2, — _p-1|,,2a 1 _ 1_ 1
Pz, E™v*%E _3 5 + 224 axz 3y
- [ 0%z, 0%z, 02z,
3. — _p-1],,2
1% .Z3——E UaE_3 ata,‘|‘2Z2 P) > a—yz
[ 0%z, 0%z; 02z
4. =—E1|wRE|3—+ 223 —— ——||.
P* i Zy v 3 3 + 223 x|

Therefore, we obtain
Zy = e*tY — 3te*tY,
Since by Theorem 2.2, we have

Z; = _E—l[_va+39ex+y]’
9ex+yta+1
1= —
YT ra+2)
Similarly,
_27ex+yt2a+1 81ex+yt3a+1

2= "T2a+2) BT TBat+2)
Here, the HETM for equation (16) is
z(x,y,t) = zg+ 21 + 2z + 23 + ---.
gta+1 27t2a+1 81t3a’+1
— _|_ — ),
F@+2) rRa+2) rBa+?2) )
when a = 1, the HETM for equation (16) is

. Ly 9eFTYE2 27eXtYE3 gle* Vit

— Xty _ x+y _ —_ e

z(x,y,t) =e 3te + o0 3 + 2
z(x,y,t) = eXty=3¢,

Thus, exact solution of model (15) is obtained whena = 1.

z(x,y,t) = e*ty (1 -3t +

Example 4.3 Consider the following time fractional telegraph equation

0%z(x,t) 0z(x,t) _0%z(x,t)
ot at  0x?

—z%(x,t) + xz(x, )z, (x, ), t,x > 0,1 < a < 2,

(19)
with the initial terms z(x, 0) = x, z;(x, 0) = x.
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Appling the Elzaki transform of model (19), we obtain
0%(x,t) 0%z(x,t) 0z(x,t
g [ z(x,t) z(x,t) B z(x,t) N

2 - =
at® dx? PR CA) xZ(x,t)Zx(x,t)] 0.

Now, we multiply both sides of above equation by u(v)

0%z(x,t) 0%z(x,t) 0z(x,t)
u(w)E e a2 ot +z°(x,t) —xz(x, )z, (x,t)| =
The recurrence relation has the following form
0%z ;(x,t) 622-(x,t) 0z; (x t)
Zy41(,v) = (. 0) + p(0)E [ 5ie= = =25 = TEEE 4 2 (x,6) —
xzj(x, t)zjx(x, t)]. (20)
Taking the variation of the above equation and using Elzaki property (5), we obtain
Zi(x,v) oA 5 0%Z:(x,0)
PZja1(x,0) = pZ;(x,v) + u(w)p (L7 — 127247 (x, 0) — v3-20 L2
0%2;(x,t) 9zi(xt) .2 A A
B2+ 2052 - 27, 6) + x3(x, 02 (1)} (21)

1
PZjr1(x,v) = pZ;(x,v) + zu(w)pZ;(x,v).
The variables 2; = 2;(x,0) = Z;(x, 0) are restricted variables, since p2;(x, 0) =
pZ;(x,0) = OandM 0.

Therefore, the Lagrange multlpller,u(v) = —p2?,

Substituting the Lagrange multiplier in (20), the following relation is acquired:

0%;(x,t) | 0%z;(xt) | 0z;(xt)
ota 0x2 ot

Zit1(x,v) = Zj(x,v) — v**E [
xzj(x, t)fo (x, t)].

Applying Elzaki inverse, we get

- z;%(x,t) +

_ 0%z:(xt)  0%zi(xt) 9zi(xt)
_ 1],,2
Zj11(x,v) = zj(x,v) — E [v oF [ a]ta + 6]x2 + ]at

—z%(x, ) +

xzj(x, t)zj (x, t)]].

P =0,j=0,1,2,3... to get He’s polynomial, we apply HPM

Zo + D2y + P22, + D324 = 2;(x,t) — pE” [ 2ap [6 Zj(xt)+aZ](Xt)_A 1 xB. ” (22)

where A; and B;are the Adomian polynomials of (zy, z;, 2,25 ...), we use (8) to
calculate the Adomian polynomials:

Ay = Zg: By = zy2y,,
A = 22424, By = zpz1, + 20,21,
Ay = 224z, + Z7, B, = 292y, + 2121, + 232,
Az = 27zyz3 + 22,25, B; = z32o, + 2321, + 2123, + 2923,

Table 1: The numerical and exact solutions at various values of « and
t for equation (19), where x = 0.5.
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Table 1. demonstrate the comparison of exact and approximate solutions of (19) for different values
of t and a using HETM. It is clear that the value @ = 2 using HETM gives almost the
exact solution of model (19).

t Exact Solution a=2 a =190 a =1.80
0.0 0.5 0.5 0.5 0.5
0.5 0.8243606355 0.8243606355 0.8377559990 0.8531832410
1.0 1.359140914 1.359140914 1.398076434 1.439803212
1.5 2.240844535 2.240844535 2.312171661 2.385449643
2.0 3.694528050 3.694528049 3.803171996 3.911485870

Equating the highest powers of p, and substituting the Adomian polynomials in (22),
leads

P° : zp = zo(x, t) +tzo,(x,1)

_ [ _OZO 6220

p1 P Z1 = —F 1 UzaE _E-FW—Z‘% +xZOZOx

~ [0z, 0%z,
p? : zy = —E"1|v¥E =t Tz 22021 + x(2021, + 29,.21)

_ _OZZ 6222
p3 i z3 =—E"1|v?°E Pt + oz 2ZgZy — 212 + x(zozzx + 2121, + Zzzox)

Therefore, we obtain

xta xtcx+1 xta+2
Zo=x(1+1t),zy=——,2, = Zy =
0 (1+0),2 r(a+1)’“2 ~ r+2)’ "3 = r(a+3)’

Here, the HETM solution for equation (19) is

Z=Zo+Zl+Zz+Zg+"'.

ta ta+1 ta+2
=x(1+¢+ + + +o ],
z x( Ta+1) T(a+2) I'(a+3) )

when a = 2, the HETM solution for equation (19) is

t2 3 4
Z=x<1+t+z+§+a+-">.

z = xet.
Thus, the exact solution of equation (19) is obtained when a = 2.

@
Figure 2. (a) The error plot of z(x, t) of equation (19) at @ = 2.
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In this paper, several models of time fractional telegraph equations are studied using
a novel numerical approach. The present outcomes are compared with the analytic solutions
via tables and illustrative graphs. Table 1. illustrates the comparison between the
approximate solutions acquired via the proposed technique for various orders of fractional
derivative a with the exact solution. In Figure 1. graph () the exact solution is given, graph
(b) the solution of HETM for @ = 2 is given, and graphs (c) and (d) the solutions of HETM
fora = 0.8 and a = 0.2 are given, respectively. Finally, the error plot of equation (19) is
given in Figure 2. As a result, it can be observed that there is an excellent agreement
between the present results and the exact solution.

6. Conclusion

In this work, a novel computational method called Elzaki integral transform combined
with a new technique of He’s variation iteration technique to investigate the solution of
linear and nonlinear telegraph equations of fractional orders. The Caputo sense is used to
describe the fractional derivatives. This method is implemented on the several models of
telegraph equations; the exact and approximate solutions are obtained for each model. The
advantage of the proposed technique is that for defining the Lagrange multiplier, there is
no need to integration or convolution theorem in recurrence relation. Because of the
limitations of Elzaki transform on nonlinear parts, the HPM is used to reduce the
computations. Finally, the present results show the accuracy of the novel computational
method according to the obtained results. In future, the proposed method can be used to
investigate the solutions of the differential equations.
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