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Abstrak. Di dalam penelitian ini, fungsi jarak yang digunakan
adalah fungsi jarak-w. Beberapa teorema, pembuktian teorema, dan
contoh tentang ruang metrik cone dibahas pada penelitian ini. Jika
diberikan ruang metrik cone lengkap dengan fungsi jarak-w, cone

normal P di X, fungsi kontraksi f:X — X dengan bentuk
Kata Kunct: (f(), f)) S aw(x,y) + Blwlx () + 0y, f()] +
Titik Tetap, y[w(x, f(y) + w(y, f(x)] untuk setiap x,y € X, dan a, B,y adalah
Metrik Cone, bilangan real tak negatif dimana a + 28 + 2y < 1, maka fungsi f
Jarak-w memiliki titik tetap tunggal di X.
Keywords: Abstract. In this study, the distance function used is the distance
Fixed Point, function-w. Several theorems, proof of theorem, and example of
Cone Metric, cone metric space are discussed in this study. If given a complete
w-distance cone metric space with distance function, the cone is normal at
contraction function f:X - X with w(f(x),f(»)) < aw(x,y) +
Blo(x, f(x) + 0@, fW] + v e, f) + 0, f(x)] for every
x,y € X, and a, B,y is a non-negative real number where a + 28 +
2y < 1, then function f has unique fixed point at X.
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1. Introduction

Fixed point has many useful for solving linear equation, ordinary differential
equation, partial differential equation, intergral equation. The famous fixed point theorem
is Banach fixed point theorem. According to [1], the Banach fixed point guarantee the
existence and uniqueness of fixed point for function in complete space and contractive
function.

In this paper we discuss some fixed point theorems in cone metric space with w-
distance. According to [2], cone metric space is generalization of metric space. Range of
cone metric space is Banach space.

We use real Banach space and w-distance for mertic. According to [3], a w-distance
is a function in metric spaces with three condition: symmetry, lower semicontinuous
function, and relationship w-distance with metric itself.

2.  Preliminaries

Definition 1. [4] Let V is non-empty set with addition and scalar (real number)
multiplication operation. Addition operation: u, v €V, u+v €V; and scalar
multiplication operation: k € R,u € V,ku € V. V is called vector space if satisfy

V1 vu,veV,u+vev,;

V2. Vi,Ls,w€eV,(+v)+w=u+ @ +w),
V3. 30eV,vueV,0+u=u+0=1u;
V4, vieV,3—-ueV,u+(-u)=-u+u=0;

V5. VI, GEV, i+ =0+1%;

V6. VkeR VUL EV, kU €V;

V7. Vk € R VU, 7€V, k(T +v) = kit + k¥;
V8. Vk,h € R Vi €V, (k + h)u = kil + hii;
V9. Vk h € R Vi €V, k(hit) = kh(T);
V10.31 € R, VG €V, 1.7 = 4.

Definition 2. [5] Let V is vector space over the field F. Function ||-[:V — R is called
norm of V if satisfy

N1.||x|| = 0 forall x € V;

N2. If x € V dan ||x]| = 0 then x = 0;

N3. ||ax|| = |a|||x]|| forall x € V and a € F;

N4. |lx + yl| < llx|| + [lyll forall x,y € V.

A normed space is a vector space IV together with a norm ||-||.

Definition 3. [6] All complete normed vector space is called Banach space.

Definition 4. [7] A metric on a set X is a function d: X X X — R that satisfies the
following properties:

M1. d(x,y) = 0 for all x,y € X. (positivity)

M2. d(x,y) = 0 if and only if x = y. (definiteness)

M3. d(x,y) = d(y,x) forall x,y € X. (symmetry)

M4.d(x,y) < d(x,z) +d(z,y) forall x,y,z € X. (triangle inequality)

A metric space (X, d) is a set X together with a metric d on X.

Definition 5. [8] Let E is real Banach space and P a subset of [E. A set P is called a cone
if only if:

i P isclosed, nonempty, and P # 0;

ii ax+byePforallx,y € Pdana,b € R* U {0};
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ii Pn(—=P)=0.
Further, if P € E is cone, then we define partial ordering “<” with respectto P by x < y
if only if y —x € P. And then x < y is interpreted x < y and x # y. Whereas x < y is
interpreted y — x € int P (interior of P).

Definition 6. [9] The cone P is called normal if there is a number M > 0 such that for all
x,y €E, 0 <x <yimplies

llxll < Mlyll. ey,
The least positive M satisfying (1) is called the normal constant of P.

Definition 7. [2] A cone metric on non-empty set X is a function d: X X X — E that
satisfies the following properties:

Cl.0<d(x,y)forallx,y € Xandd(x,y) = 0 if only if x = y;

C2.d(x,y) =d(y,x) forall x,y € X;

C3.d(x,y) <d(x,z) +d(zy) forall x,ydan z € X.

A cone metric spaces (X, d) is a set X together with a metric d on X.

Definition 8. [10] Let (X, d) be a cone metric space, (x,,) be a sequence in X. If for any
¢ € E with 0 < ¢, there is N such that for all n > N, d(x, x,) < c, then (x,,) is called a
convergent sequence to a point x € X.

Definition 9. [2] Let (X,d) be a cone metric space, (x,) be a sequence in X. If for any
¢ € E with 0 < c, there is N such that for all m,n > N, d(x,, x,,) < c, then (x,,) is called
a Cauchy sequence in X.

Definition 10. [11] Let (X, d) be a cone metric space, (x,) be a sequence in X. (X,d) isa
complete cone metric space if every Cauchy sequence is convergent.

Definition 11. [12] A function i from a metric space (X,d) to R is called lower
semicontinuous if for every y € X,

lim inf () 2 Y(y).

Example 1. Let a function
2,x > 2
f@x) = {1,x <2

The function f(x) is lower semicontinuous at x = 2.
y A
2 O

+—.

»

10| 12 3 4 «x
Figure 1. Example of lower semicontinuous function

Definition 12. [13] Let (X, d) be a metric space and a function f: X — X. A point x € X
is called a fixed point of function f if x = f(x).

Definition 13. [14] Let metric space (X,d). Function f:X — X is said contraction
function if there is a real number ¢ where 0 < ¢ < 1 such that:

d(f (), fB)) < cd(x,y),Vx,y € X.
Theorem 1. [15] (Banach’s Fixed Point). Let (X, d) is complete metric space. If function
f:X — X is contraction function in X, then function f has unique fixed point.
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Defintion 14. [16] A function w: X X X — [0,) is a w-distance on X if it satisfies the

following conditions for any x,y,z € X:

w1 w(x,z) <wlk,y)+w(y,z)

w,. The function w(x,"): X — [0, ) is lower semicontinuous

w3. For any € > 0, there exists § > 0 such that w(z,x) < § and w(z,y) < § imply
d(x,y) <e.

Of course, the metric d is a w-distance on X.
3. Result and Discussion

Theorem 2. Let complete cone metric space (X, d) with w-distance. Let normal cone P
in X and function f: X — X that satisfy

(), f) < aw(x,y) + Blo(x, f(X)) + w(y, f())]
(o) + oy f()] @
for all x,y € X where «, B,y are non-negative real numbers such that a + 2 + 2y < 1,
then f has unique fixed point in X.
Proof:
Let a sequence (x,) in cone metric space (X,d). A sequence (x,) satisfies this
property:
Xn = f(xn-1) = f(f(xn—z)) = fz(xn—z) == f"(x)
where n € N.
According (2), we get
a)(f(xo),fz(xo)) < aa)(xo'f(xo)) + ﬁ[w(xo’f(xo)) + (U(f(xo)'fz(xo))]
+y[w(xo, f2(x0)) + @ (f (x0), £ ()]
= a'a)(xo,f(xo)) + ,Bw(xo,f(xo)) + ,Bw(f(xo),fz(xo))
+Vw(x0'f2(x0)) + Yw(f(xo)'f(xo))
= aw(xo, f(x9)) + Bw(xo, f(x0)) + Bw(f (x0), f2(x0))
+yw(xo, f2(x0)) + 0
= aw(xo, f(x0)) + Bw (%o, f(x0)) + B (f (x0), f2(x0))
+yw(xo, f2(x0)) 3)
We use triangle inequality and we get
a)(xo,fz(xo)) < w(xo;f(xo)) + w(f(xo),fz(xo))
so that (3) become
w(f (x0), f2(x0)) < aw(xo, f(x0)) + Bw(x0, f (x0)) + B (f (x0), f*(x0))
+yw(xo, f%(x0))
< a’w(xO:f(xo)) + ,Ba)(xo,f(xo)) + ,B’w(f(xo),fz(xo))
+Y[w(x0:f(xo)) + w(f(xo),fz(xo))]
= a’a)(xo,f(xo)) + ,Bw(xo,f(xo)) + ﬁw(f(xo)»fz(xo))
+Vw(xo;f(x0)) + Y‘U(f(xo):fz(xo))
= aw(xo,f(xo)) + ﬁw(xmf(xo)) + V‘U(xo'f(xo))
+ﬁw(f(x0):f2(xo)) + V‘U(f(xo);fz(xo))
= (@ + B +1V)w(x0, f(x0)) + (B +Vw(f (x0), f2(x0))
or we can write
w(f(x), f2(x0)) < (@ + B + V)w(xo'f(xo))
+( + Vo (f (o), f2(x0))
w(f (xo0), f2(x0)) — (B + V)w(f (x0), f2(x0)) < (@ + B+ y)w(xo, f (x0))
[1- (B +]o(f (o). f2(x0)) < (@ + B + V) (x0, £ (x0))
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a+p+y

w(f(x0), f2(x0)) < —————w(xq, f(x0)).
Suppose K = f;g:;) according to definition 8 about contraction function, then
w(f (x0), f2(x0)) < Kw (o, f (%)) “)
where 0 < K = 28 9
1-(B+v)

According (4), we get
w(f™(xo0), f 1 (x0)) < K (f 7 (x0), f™(%0)) <+ < K™ (0, f (%))
where 0 < K < 1. Letm >n > N € N, according to triangle inequality then
@(f"(xo), f™(x0)) < @(f™Cxo), f 1 (x0)) + w(f ™ (x0), f+2 (%)) + -+

+a(f™72(x0), f™ 7 (x0)) + w(f ™ (x0), ™ (%))

< K"w(xo, f(x0)) + K™ w (o, f(x0)) + -+
+K™ 20 (x0, f (%0)) + K™ (30, f (x0))

= (K" + K™ + -+ K™ 2 + K™ Dw(x, f(x0))

=K*"(1+K + K%+ - K™ ™ Yw(xo, f(x0))

m-n—1
= Kn( Z Ki)(l)(xO,f(xO))

i=0
©

< K" (2 Ki) w(xo,f(xo))
i=0
1
= K" (m) w(xo, f (o))
KTL
= <1 — K) w(xo:f(xo))-
Suppose w(x, f (x0)) = c, then
K™ ckK™
w(fn(xo),fm(xo)) < (1 — K)‘“(xo'f(xo)) = 1-K°
Choose N € N with
N < Klogg(1 — 1
such that for all m,n > N, we get
cK™  cKN c e1-K)
w(f”(xo),fm(xo))<1_K<1_K<1_K. . =¢c.

So, sequence (x,,) is Cauchy sequence.

Because space (X,d) is complete cone metric space, then sequence {(x,) is
convergent to point x € X or we can write (x,,) = x. And then, we will proof that point x
is fixed point of function f. According to triangle inequality and (2), then

w(f(x), %) < w(f(x), f(x3)) + o(f (xn), X)
< aw(x, x,) + ﬁ[w(x,f(x)) + w(xn,f(xn))]
+y[w(x, f(xn) + 0(xn, £ ()] + 0 (f (x5), %)
= aw(x,xy) + ﬁw(x,f(x)) + Bw(xp, f(x2))
_ +yw(x, f(xn)) + v (X, £ (X)) + o(f (x,), %)
or we can write
0(f (0, %) < a6, x) + Beo(x, £ (1)) + Bor(xn f ()
+y(x, £ () + ¥ (xn £()) + 0(f Gn), %)
0(f (0, %) < a6, 1) + Bo(f (), %) + B (n, £ (x))
Fyo(x, f0m) + ¥ (i, () + 0(f (), )
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w(f (), %) = Bo(f (x), %) < aw(x,x,) + B (xn, f(xn)) + yo(x, f (xn))
+yw(xn, £ () + 0 (f (), %)
(1= Rw(f (), x) < awlx,x,) + o(xn, f(x)) +yw(x, f(xn))
+Hyw (o, () + 0 (f (), )
(1= Bw(f (), x) < awx, xn) + Bo(xn, f(xn)) + yw(xn, f (X))
+yw(x, f () + o (f (x,), %)
(1= B w(f(x),%) < awx, x,) + Ba(xn, f(xn)) + Yo (xn, f (X))
+yw(f (xn), x) + w(f (xn), x)
(1= Bw(f (), x) < awx, xy) + o (xn, f(xn)) + yw(xn, f (X))
+( + Da(f (xn), x)

o(f(),2) < ﬂ"‘—ﬁ)w(x ) + (—w(xn,f(xnn
= 0 f () + B 0 () )
W0, < s z T 00 + s o g @ Con Xnsn)
b 0l f(0) + e s )
because sequence (x,,) is convergent for n — oo, then:
(), < (10[—@‘”(* Xa) + u’;mw(xn Xne)
= s 0 () + E D 0Gnean)
B Y
(1( f)lgo) ta-m (0) ta-p®
Y
ta-p®
=0.
Because 0 < w(f(x), x), according (5) then
w(f(x),x) =0,

or we can write x = f(x). So, point x is fixed point of function f.

(5)

Furthermore, we will proof uniqueness of a fixed point. Suppose x and y are fixed

points of function £, such that
x=f(x)andy = f(¥)
then
w(x,y) = o(f(x), f())
< aw(x,y) + Blw(x, f()) + o(y, f)] + v[w(x, f D)) + o(y, f(0)]
= aw(x,y) + Blo(,x) + w(y,y)] +vlwlx,y) + w(y,x)]
= aw(x,y) + B0 + 0] + y[w(x,y) + w(y,x)]
= aw(x,y) + 0] + y[w(x,y) + w(y, x)]
=aw(x,y) +0+y[wly) + w(y,x)]
=aw(x,y) +ylw(x y) + w(y,x)]
=aw(x,y) +yw(x,y) + yw(y,x)
=aw(x,y) +ywlx,y) +ywlx,y)
=aw(x,y) + 2yw(x,y)
= (a +2y)w(x,y)
because a + 2 + 2y < 1 and a + 2y < 1, so that
w(x,y) < (a + 2y)w(x,y)
is contradiction. So, point x is unique fixed point of function f in X.
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Example 2. Let set E = R%,P ={(x,y) EE:x,y >0} cR:,X =R, and d: X x X > E
such that d(x,y) = (|x — y|,alx — y|) where a > 0 is a constant, then (X,d) is cone
metric space.

Example 3. Let metric space (X, d) and function w: X X X — [0, ). Function w(x,y) =
c for every x,y € X is w-distance on X (c is positive real number). Function w is not
metric space because w(x,x) = ¢ # 0 forany x € X.

4. Conclusion

Cone metric space is generalization of metric space. Range of cone metric in cone
metric space is Banach space. In this research, we use w-distance for metrik. a w-distance
is a function in metric spaces with three condition: symmetry, lower semicontinuous
function, and relationship w-distance with metric itself.

Fixed point has many useful for solving linear equation, ordinary differential
equation, partial differential equation, integral equation. The famous fixed-point theorem
is Banach fixed point theorem. The Banach fixed point guarantee the existence and
uniqueness of fixed point for function in complete space and contractive function. Let
complete cone metric space with w-distance. Let normal cone P in X and function f: X —

X that satisfy o(f), f) < awx,y) + Blo(x, () + w(y, fF()] +
Y[o(x f() + w(y, £ (x))] for all x,y € X where a, B,y are non negative real numbers
such that & + 28 + 2y < 1, then f has unique fixed point in X.
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