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Abstract. In this work, we introduce the concept of ∗-K-operator frames in Hilbert pro-C∗-modules,which is a generalization of K-operator frame. We present the analysis operator, the synthesisoperator and the frame operator. We also give some properties and we study the tensor product of
∗-K-operator frame for Hilbert pro-C∗-modules.

1. Introduction
Duffin and Schaeffer introduced the notion of frame in nonharmonic Fourier analysis in 1952 [3].In 1986 the work of Duffin and Schaeffer were reintroduced and developed by Grossman andMeyer [7]. The concept of frame on Hilbert space has already been successfully extended to pro-

C∗-algebras and Hilbert modules. Many properties of frames in Hilbert C∗-modules are valid forframes of multipliers in Hilbert modules over pro-C∗-algebras [9].Operator frames for B(H) is a new notion of frames that Li and Cio introduced in [11] andgeneralized by Rossafi in [16]. In this work we introduce the notion of ∗-K-operator frame for thespace Hom∗A(X ) of all adjointable operators on a Hilbert pro-C∗-module for X .This paper is divided into three sections. In section 2 we recall some fundamental definitionsand notations of Hilbert pro-C∗-modules. In section 3 we introduce the ∗-K-operator Frame andwe give some of its properties. Lastly we investigate tensor product of Hilbert pro-C∗-modules, weshow that tensor product of ∗-K-operator frames for Hilbert pro-C∗-modules X and Y , present an
∗-K-operator frames for X ⊗ Y , and tensor product of their frame operators is the frame operatorof their tensor product of ∗-K-operator frames.
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Eur. J. Math. Anal. 10.28924/ada/ma.2.4 22. Preliminaries
The basic information about pro-C∗-algebras can be found in the works [4–6,8, 12,14,15].
C∗-algebra whose topology is induced by a family of continuous C∗-seminorms instead of a

C∗-norm is called pro-C∗-algebra. Hilbert pro-C∗-modules are generalizations of Hilbert spacesby allowing the inner product to take values in a pro-C∗-algebra rather than in the field of complexnumbers.Pro-C∗-algebra is defined as a complete Hausdorff complex topological ∗-algebra A whosetopology is determined by its continuous C∗-seminorms in the sens that a net {aα} converges to 0if and only if p(aα) converges to 0 for all continuous C∗-seminorm p on A [8,10,15], and we have:1) p(ab) ≤ p(a)p(b)2) p(a∗a) = p(a)2for all a, b ∈ AIf the topology of pro-C∗-algebra is determined by only countably many C∗-seminorms, then it iscalled a σ-C∗-algebra.We denote by sp(a) the spectrum of a such that: sp(a) = {λ ∈ C : λ1A − a is not invertible } forall a ∈ A. Where A is unital pro-C∗-algebra with unite 1A.The set of all continuous C∗-seminorms on A is denoted by S(A). If A+ denotes the set of allpositive elements of A, then A+ is a closed convex C∗-seminorms on A.
Example 2.1. Every C∗-algebra is a pro-C∗-algebra.
Proposition 2.2. [8] Let A be a unital pro-C∗-algebra with an identity 1A. Then for any p ∈ S(A),

we have:(1) p(a) = p(a∗) for all a ∈ A(2) p (1A) = 1(3) If a, b ∈ A+ and a ≤ b, then p(a) ≤ p(b)(4) If 1A ≤ b, then b is invertible and b−1 ≤ 1A(5) If a, b ∈ A+ are invertible and 0 ≤ a ≤ b, then 0 ≤ b−1 ≤ a−1(6) If a, b, c ∈ A and a ≤ b then c∗ac ≤ c∗bc(7) If a, b ∈ A+ and a2 ≤ b2, then 0 ≤ a ≤ b

Definition 2.3. [15] A pre-Hilbert module over pro-C∗-algebra A, is a complex vector space Ewhich is also a left A-module compatible with the complex algebra structure, equipped with an
A-valued inner product 〈., .〉 E×E → A which is C-and A-linear in its first variable and satisfiesthe following conditions:1) 〈ξ, η〉∗ = 〈η, ξ〉 for every ξ, η ∈ E2) 〈ξ, ξ〉 ≥ 0 for every ξ ∈ E
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Eur. J. Math. Anal. 10.28924/ada/ma.2.4 33) 〈ξ, ξ〉 = 0 if and only if ξ = 0for every ξ, η ∈ E. We say E is a Hilbert A-module (or Hilbert pro-C∗-module over A ). If E iscomplete with respect to the topology determined by the family of seminorms
p̄E(ξ) =

√
p(〈ξ, ξ〉) ξ ∈ E, p ∈ S(A)

Let A be a pro-C∗-algebra and let X and Y be Hilbert A-modules and assume that I and J becountable index sets. A bounded A-module map from X to Y is called an operators from X to Y .We denote the set of all operator from X to Y by HomA(X ,Y).
Definition 2.4. [1] An A-module map T : X −→ Y is adjointable if there is a map T ∗ : Y −→ Xsuch that 〈Tξ, η〉 = 〈ξ, T ∗η〉 for all ξ ∈ X , η ∈ Y , and is called bounded if for all p ∈ S(A), thereis Mp > 0 such that p̄Y(Tξ) ≤ Mpp̄X (ξ) for all ξ ∈ X .We denote by Hom∗A(X ,Y), the set of all adjointable operator from X to Y and Hom∗A(X ) =

Hom∗A(X ,X )

Definition 2.5. [1] Let A be a pro-C∗-algebra and X ,Y be two Hilbert A-modules. The operator
T : X → Y is called uniformly bounded below, if there exists C > 0 such that for each p ∈ S(A),

p̄Y(Tξ) 6 Cp̄X (ξ), for all ξ ∈ X
and is called uniformly bounded above if there exists C′ > 0 such that for each p ∈ S(A),

p̄Y(Tξ) > C′p̄X (ξ), for all ξ ∈ X
‖T‖∞ = inf{M : M is an upper bound for T}
p̂Y(T ) = sup {p̄Y(T (x)) : ξ ∈ X , p̄X (ξ) 6 1}It’s clear to see that, p̂(T ) 6 ‖T‖∞ for all p ∈ S(A).

Proposition 2.6. [2]. Let X be a Hilbert module over pro-C∗-algebra A and T be an invertible
element in Hom∗A(X ) such that both are uniformly bounded. Then for each ξ ∈ X ,∥∥T−1∥∥−2∞ 〈ξ, ξ〉 ≤ 〈Tξ, Tξ〉 ≤ ‖T‖2∞〈ξ, ξ〉.

3. ∗-K-operator frame for Hom∗A(X )

We begin this section with the definition of a K-operator frame.
Definition 3.1. Let {Ti}i∈I be a family of adjointable operators on a Hilbert A-module X over aunital pro-C∗-algebra, and let K ∈ Hom∗A(X ). {Ti}i∈I is called a K-operator frame for Hom∗A(X ),if there exist two positive constants A,B > 0 such that

A〈K∗ξ,K∗ξ〉 ≤
∑
i∈I
〈Tiξ, Tiξ〉 ≤ B〈ξ, ξ〉,∀ξ ∈ X . (3.1)
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Eur. J. Math. Anal. 10.28924/ada/ma.2.4 4The numbers A and B are called lower and upper bound of the K-operator frame, respectively. If
A〈K∗ξ,K∗ξ〉 =

∑
i∈I
〈Tiξ, Tiξ〉,

the K-operator frame is an A-tight. If A = 1, it is called a normalized tight K-operator frame or aParseval K-operator frame.
We will now move to define the ∗-K-operator frame for Hom∗A(X ).

Definition 3.2. Let {Ti}i∈I be a family of adjointable operators on a Hilbert A-module X overa unital pro-C∗-algebra, and let K ∈ Hom∗A(X ). {Ti}i∈I is called a ∗-K-operator frame for
Hom∗A(H), if there exists two nonzero elements A and B in A such that

A〈K∗ξ,K∗ξ〉A∗ ≤
∑
i∈I
〈Tiξ, Tiξ〉 ≤ B〈ξ, ξ〉B∗,∀ξ ∈ X . (3.2)

The elements A and B are called lower and upper bounds of the ∗-K-operator frame, respectively.If
A〈K∗ξ,K∗ξ〉∗ =

∑
i∈I
〈Tiξ, Tiξ〉,

the ∗-K-operator frame is an A-tight. If A = 1, it is called a normalized tight ∗-K-operator frameor a Parseval ∗-K-operator frame.
Example 3.3. Let l∞ be the set of all bounded complex-valued sequences. For any u = {uj}j∈N, v =

{vj}j∈N ∈ l∞, we define
uv = {ujvj}j∈N, u∗ = {ūj}j∈N, ‖u‖ = sup

j∈N
|uj |.

Then A = {l∞, ‖.‖} is a C∗-algebra. Then A is pro-C∗-algebra.Let X = C0 be the set of all null sequences. For any u, v ∈ X we define
〈u, v〉 = uv∗ = {uj ūj}j∈N.

Therefore X is a Hilbert A-module.Define fj = {f ji }i∈N∗ by f ji = 1
2 + 1

i if i = j and f ji = 0 if i 6= j ∀j ∈ N∗.Now define the adjointable operator Tj : X → X , Tj{(ξi)i} = (ξi f
j
i )i .Then for every x ∈ X we have∑

j∈N
〈Tjξ, Tjξ〉 = {

1

2
+

1

i
}i∈N∗〈ξ, ξ〉{

1

2
+

1

i
}i∈N∗ .

So {Tj}j is a {12 + 1
i }i∈N∗-tight ∗-operator frame.Let K : H → H defined by Kξ = { ξii }i∈N∗ .Then for every ξ ∈ X we have

〈K∗ξ,K∗ξ〉 ≤
∑
j∈N
〈Tjξ, Tjξ〉 = {

1

2
+

1

i
}i∈N∗〈ξ, ξ〉{

1

2
+

1

i
}i∈N∗ .
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Eur. J. Math. Anal. 10.28924/ada/ma.2.4 5This shows that {Tj}j∈N is an ∗-K-operator frame with bounds 1, {12 + 1
i }i∈N∗ .

Remark 3.4. (1) Every ∗-operator frame for Hom∗A(X ) is an ∗-K-operator frame, for any K ∈
Hom∗A(X ): K 6= 0.(2) If K ∈ Hom∗A(X ) is a surjective operator, then every ∗-K-operator frame for Hom∗A(X ) isan ∗-operator frame.

Example 3.5. Let X be a finitely or countably generated Hilbert A-module. Hom∗A(X ). Let
K ∈ Hom∗A(X ) an invertible element such that both are uniformly bounded and K 6= 0. Let
{Ti}i∈I be an ∗-operator frame for X with bounds A and B, respectively. We have

A〈ξ, ξ〉A∗ ≤
∑
i∈I
〈Tiξ, Tiξ〉 ≤ B〈ξ, ξ〉B∗,∀ξ ∈ X .

Or
〈K∗ξ,K∗ξ〉 ≤ ‖K‖2∞〈ξ, ξ〉,∀ξ ∈ X .Then

‖K‖−1∞ A〈K∗ξ,K∗ξ〉(‖K‖−1∞ A)∗ ≤
∑
i∈I
〈Tiξ, Tiξ〉 ≤ B〈ξ, ξ〉B∗,∀ξ ∈ X .

So {Ti}i∈I is ∗-K-operator frame for X with bounds ‖K‖−1∞ A and B, respectively.
In what follows, we introduce the analysis, the synthesis and the frame operator. We alsoestablish some properties.Let {Ti}i∈I be an ∗-K-operator frame for Hom∗A(X ). Define an operator R : X → l2(X ) by

Rξ = {Tiξ}i∈I ,∀ξ ∈ X , then R is called the analysis operator. The adjoint of the analysis operator
R, R∗ : l2(X )→ X is given by R∗({ξi}i) =

∑
i∈I T

∗
i ξi ,∀{ξi}i ∈ l2(X ). The operator R∗ is calledthe synthesis operator. By composing R and R∗, the frame operator S : X → X is given by

Sξ = R∗Rξ =
∑
i∈I T

∗
i Tiξ.Note that S need not be invertible in general. But under some condition S will be invertible.

Theorem 3.6. Let K be a surjective operators in Hom∗A(X ). If {Ti}i∈I is an ∗-K-operator frame
for Hom∗A(X ), then the frame operator S is positive, invertible and adjointable. In addition we
have the reconstruction formula, ξ =

∑
i∈I T

∗
i TiS

−1ξ, ∀ξ ∈ X .

Proof. We start by showing that, S is a self-adjoint operator. By definition we have ∀ξ, η ∈ H
〈Sξ, η〉 =

〈∑
i∈I

T ∗i Tiξ, η

〉
=
∑
i∈I
〈T ∗i Tiξ, η〉

=
∑
i∈I
〈ξ, T ∗i Tiη〉
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=

〈
ξ,
∑
i∈I

T ∗i Tiη

〉
= 〈ξ, Sη〉.

Then S is a selfadjoint.The operator S is clearly positive.By (2) in Remark 3.4 {Ti}i∈I is an ∗-operator frame for Hom∗A(X ).The definition of an ∗-operator gives
A1〈ξ, ξ〉A∗1 ≤

∑
i∈I
〈Tiξ, Tiξ〉 ≤ B〈ξ, ξ〉B∗.

Thus by the definition of norm in l2(X )

p̄X (Rξ)2 = p̄X (
∑
i∈I
〈Tiξ, Tiξ〉) ≤ p̄X (B)2p(〈ξ, ξ〉),∀ξ ∈ X . (3.3)

Therefore R is well defined and p̄X (R) ≤ p̄X (B). It’s clear that R is a linear A-module map. Wewill then show that the range of R is closed. Let {Rξn}n∈N be a sequence in the range of R suchthat limn→∞Rξn = η. For n,m ∈ N, we have
p(A〈ξn − ξm, ξn − ξm〉A∗) ≤ p(〈R(ξn − ξm), R(ξn − ξm)〉) = p̄X (R(ξn − ξm))2.

Seeing that {Rξn}n∈N is Cauchy sequence in X , then
p(A〈ξn − ξm, ξn − ξm〉A∗)→ 0, as n,m →∞.Note that for n,m ∈ N,

p(〈ξn − ξm, ξn − ξm〉) = p(A−1A〈ξn − ξm, ξn − ξm〉A∗(A∗)−1)

≤ p(A−1)2p(A〈ξn − ξm, ξn − ξm〉A∗).

Thus the sequence {ξn}n∈N is Cauchy and hence there exists ξ ∈ X such that ξn → ξ as n →∞.Again by (3.3), we have
p̄X (R(ξn − ξm))2 ≤ p̄X (B)2p(〈ξn − ξ, ξn − ξ〉).

Thus p(Rξn − Rξ) → 0 as n → ∞ implies that Rξ = η. It is therefore concluded that therange of R is closed. We now show that R is injective. Let ξ ∈ X and Rξ = 0. Note that
A〈ξ, ξ〉A∗ ≤ 〈Rξ,Rξ〉 then 〈ξ, ξ〉 = 0 so ξ = 0 i.e. R is injective.For ξ ∈ X and {ξi}i∈I ∈ l2(X ) we have

〈Rξ, {ξi}i∈I〉 = 〈{Tiξ}i∈I , {ξi}i∈I〉 =
∑
i∈I
〈Tiξ, ξi〉 =

∑
i∈I
〈ξ, T ∗i ξi〉 = 〈ξ,

∑
i∈I

T ∗i ξi〉.

Then R∗({ξi}i∈I) =
∑
i∈I T

∗
i ξi . Since R is injective, then the operator R∗ has closed range and

X = range(R∗), therefore S = R∗R is invertible
�
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Eur. J. Math. Anal. 10.28924/ada/ma.2.4 7Let K ∈ Hom∗A(X ), in the following theorem we constructed an ∗-K-operator frame by using an
∗-operator frame.
Theorem 3.7. Let {Ti}i∈I be an ∗-K-operator frame in X with bounds A, B and K ∈ Hom∗A(X ) be
an invertible element such that both are uniformly bounded. Then {TiK}i∈I is an ∗-K∗-operator
frame in X with bounds A, ‖K‖∞B. The frame operator of {TiK}i∈I is S′ = K∗SK, where S is
the frame operator of {Ti}i∈I .

Proof. From
A〈ξ, ξ〉A∗ ≤

∑
i∈I
〈Tiξ, Tiξ〉 ≤ B〈ξ, ξ〉B∗,∀ξ ∈ X .

We get for all ξ ∈ X ,
A〈Kξ,Kξ〉A∗ ≤

∑
i∈I
〈TiKξ, TiKξ〉 ≤ B〈Kξ,Kξ〉B∗ ≤ ‖K‖∞B〈ξ, ξ〉(‖K‖∞B)∗.

Then {TiK}i∈I is an ∗-K∗-operator frame in X with bounds A, ‖K‖∞B.By definition of S,we have SKξ =
∑
i∈I T

∗
i TiKξ. Then

K∗SK = K∗
∑
i∈I

T ∗i TiKξ =
∑
i∈I

K∗T ∗i TiKξ.

Hence S′ = K∗SK. �

Corollary 3.8. Let K ∈ Hom∗A(X ) and {Ti}i∈I be an ∗-operator frame. Then {TiS−1K}i∈I is an
∗-K∗-operator frame, where S is the frame operator of {Ti}i∈I .

Proof. Result of the Theorem 3.7 for the ∗-operator frame {TiS−1}i∈I . �

4. Tensor Product
We denote by A⊗B, the minimal or injective tensor product of the pro-C∗-algebras A and B, itis the completion of the algebraic tensor product A⊗alg B with respect to the topology determinedby a family of C∗-seminorms. Suppose that X is a Hilbert module over a pro-C∗-algebra A and

Y is a Hilbert module over a pro-C∗-algebra B. The algebraic tensor product X ⊗alg Y of X and
Y is a pre-Hilbert A⊗ B-module with the action of A⊗ B on X ⊗alg Y defined by

(ξ ⊗ η)(a ⊗ b) = ξa ⊗ ηb for all ξ ∈ X , η ∈ Y, a ∈ A and b ∈ B
and the inner product

〈·, ·〉 :
(
X ⊗alg Y)× (X ⊗alg Y)→ A⊗alg B. defined by
〈ξ1 ⊗ η1, ξ2 ⊗ η2〉 = 〈ξ1, ξ2〉 ⊗ 〈η1, η2〉And we know that for z =

∑n
i=1 ξi⊗ηi in X⊗algY we have 〈z, z〉A⊗B =

∑
i ,j〈ξi , ξj〉A⊗〈ηi , ηj〉B ≥ 0and 〈z, z〉A⊗B = 0 iff z = 0.
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Eur. J. Math. Anal. 10.28924/ada/ma.2.4 8The external tensor product of X and Y is the Hilbert module X ⊗Y over A⊗B obtained by thecompletion of the pre-Hilbert A⊗ B-module X ⊗alg Y .If P ∈ M(X ) and Q ∈ M(Y) then there is a unique adjointable module morphism P ⊗ Q :

A⊗B → X ⊗Y such that (P ⊗Q)(a⊗ b) = P (a)⊗Q(b) and (P ⊗Q)∗(a⊗ b) = P ∗(a)⊗Q∗(b)for all a ∈ A and for all b ∈ B (see, for example, cite The minimal or injective tensor product ofthe pro-C∗-algebras A and B, denoted by A⊗B, is the completion of the algebraic tensor product
A⊗alg B with respect to the topology determined by a family of C∗-seminorms. Suppose that Xis a Hilbert module over a pro-C∗-algebra A and Y is a Hilbert module over a pro-C∗-algebra B.The algebraic tensor product X ⊗alg Y of X and Y is a pre-Hilbert A⊗B-module with the actionof A⊗ B on X ⊗alg Y defined by

(ξ ⊗ η)(a ⊗ b) = ξa ⊗ ηb for all ξ ∈ X , η ∈ Y, a ∈ A and b ∈ B
and the inner product

〈·, ·〉 :
(
X ⊗alg Y)× (X ⊗alg Y)→ A⊗alg B. defined by
〈ξ1 ⊗ η1, ξ2 ⊗ η2〉 = 〈ξ1, ξ2〉 ⊗ 〈η1, η2〉

We also know that for z =
∑n
i=1 ξi⊗ηi in X⊗algY we have 〈z, z〉A⊗B =

∑
i ,j〈ξi , ξj〉A⊗〈ηi , ηj〉B ≥ 0and 〈z, z〉A⊗B = 0 iff z = 0.The external tensor product of X and Y is the Hilbert module X ⊗Y over A⊗B obtained by thecompletion of the pre-Hilbert A⊗ B-module X ⊗alg Y .If P ∈ M(X ) and Q ∈ M(Y) then there is a unique adjointable module morphism P ⊗ Q :

A⊗B → X ⊗Y such that (P ⊗Q)(a⊗ b) = P (a)⊗Q(b) and (P ⊗Q)∗(a⊗ b) = P ∗(a)⊗Q∗(b)for all a ∈ A and for all b ∈ B (see, for example, [9])Let I and J be countable index sets.
Theorem 4.1. Let X and Y be two Hilbert pro-C∗-modules over unitary pro-C∗-algebras A and
B, respectively. Let {Ti}i∈I ⊂ Hom∗A(X ) be an ∗-K-operator frame for X with bounds A and B
and frame operators ST and {Pj}j∈J ⊂ Hom∗B(Y) be an ∗-L-operator frame for K with bounds
C and D and frame operators SL. Then {Ti ⊗ Lj}i∈I,j∈J is an ∗-K⊗L-operator frame for Hibert
A⊗ B-module X ⊗ Y with frame operator ST ⊗ SP and bounds A⊗ C and B ⊗D.

Proof. The defintion of ∗-K-operator frame {Ti}i∈I and ∗-L-operator frame {Pj}j∈J gives
A〈K∗ξ,K∗ξ〉AA∗ ≤

∑
i∈I
〈Tiξ, Tiξ〉A ≤ B〈ξ, ξ〉AB∗,∀ξ ∈ X .

C〈L∗η, L∗η〉BC∗ ≤
∑
j∈J
〈Pjη, Pjη〉B ≤ D〈η, η〉BD∗,∀η ∈ Y.

https://doi.org/10.28924/ada/ma.2.4


Eur. J. Math. Anal. 10.28924/ada/ma.2.4 9Therefore
(A〈K∗ξ,K∗ξ〉AA∗)⊗ (C〈L∗η, L∗η〉BC∗)

≤
∑
i∈I
〈Tiξ, Tiξ〉A ⊗

∑
j∈J
〈Pjη, Pjη〉B

≤ (B〈ξ, ξ〉AB∗)⊗ (D〈η, η〉BD∗),∀ξ ∈ X ,∀η ∈ Y.Then
(A⊗ C)(〈K∗ξ,K∗ξ〉A ⊗ 〈L∗η, L∗η〉B)(A∗ ⊗ C∗)

≤
∑
i∈I,j∈J

〈Tiξ, Tiξ〉A ⊗ 〈Pjη, Pjη〉B

≤ (B ⊗D)(〈ξ, ξ〉A ⊗ 〈η, η〉B)(B∗ ⊗D∗),∀ξ ∈ X ,∀η ∈ Y.Consequently we have
(A⊗ C)〈K∗ξ ⊗ L∗η,K∗ξ ⊗ L∗η〉A⊗B(A⊗ C)∗

≤
∑
i∈I,j∈J

〈Tiξ ⊗ Pjη, Tiξ ⊗ Pjη〉A⊗B

≤ (B ⊗D)〈ξ ⊗ η, ξ ⊗ η〉A⊗B(B ⊗D)∗,∀ξ ∈ X ,∀η ∈ Y.

Then for all ξ ⊗ η in X ⊗ Y we have
(A⊗ C)〈(K ⊗ L)∗(ξ ⊗ η), (K ⊗ L)∗(ξ ⊗ η)〉A⊗B(A⊗ C)∗

≤
∑
i∈I,j∈J

〈(Ti ⊗ Pj)(ξ ⊗ η), (Ti ⊗ Pj)(ξ ⊗ η)〉A⊗B

≤ (B ⊗D)〈ξ ⊗ η, ξ ⊗ η〉A⊗B(B ⊗D)∗.

The last inequality is true for every finite sum of elements in X ⊗alg Y and then it’s true for all
z ∈ X ⊗K. It shows that {Ti ⊗ Pj}i∈I,j∈J is an ∗-K ⊗ L-operator frame for Hilbert A⊗B-module
X ⊗ Y with lower and upper bounds A⊗ C and B ⊗D, respectively.By the definition of frame operator ST and SP we have

ST ξ =
∑
i∈I

T ∗i Tiξ, ∀ξ ∈ X .

SPη =
∑
j∈J

P ∗j Pjη, ∀η ∈ Y.

Therefore
(ST ⊗ SP )(ξ ⊗ η) = ST ξ ⊗ SPη

=
∑
i∈I

T ∗i Tiξ ⊗
∑
j∈J

P ∗j Pjη

=
∑
i∈I,j∈J

T ∗i Tiξ ⊗ P ∗j Pjη

=
∑
i∈I,j∈J

(T ∗i ⊗ P ∗j )(Tiξ ⊗ Pjη)
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=
∑
i∈I,j∈J

(T ∗i ⊗ P ∗j )(Ti ⊗ Pj)(ξ ⊗ η)

=
∑
i∈I,j∈J

(Ti ⊗ Pj)∗(Ti ⊗ Pj)(ξ ⊗ η).

Then by the uniqueness of frame operator, the last expression is equal to ST⊗P (ξ⊗η). Consequentlywe have (ST ⊗SP )(ξ⊗η) = ST⊗P (ξ⊗η). The last equality is true for every finite sum of elementsin X ⊗alg Y and then it’s true for all z ∈ X ⊗ Y . It follows that (ST ⊗ SP )(z) = ST⊗P (z). Thus
ST⊗P = ST ⊗ SP . �
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