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In the paper the numerical model of thermal processes proceeding in
the system casting-mold is discussed — in particular, the solidification of
alloys is analyzed. The model is constructed using the composition of
the Ist and 2nd schemes of the BEM. The problem considered is treated
as a boundary-initial one and it is formulated on the basis of the one
domain method (fixed domain method) (cf Mochnacki and Suchy, 1995,
Voller, 1991).
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1. Governing equations

The energy equation describing the thermal processes in the domain of
solidifying alloy is the following

T(z,1
€D : c(T)a%—):div[/\(T)gradT(z,t)]+qv(:c,t) (1.1)
where
D - casting domain
e(T) — specific heat per unit of volume
A(T) — thermal conductivity

qv(z,t) — so-called source function.
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Additionally, it is assumed that the convective heat transfer in the domain
of molten metal can be neglected.

The source function ¢y (z,t) determines the evolution of latent heat
Ly [J/m?] and

vz, =~y B _ g 05l (1:2)

where fr(x,1)is a volumetric fraction of molten metal at the neighbourhood
of the considered point =z, at the same time fes(a.t) = 1 — fr(a,t). In the
case of solidification in an interval of temperature (e.g. solidification of typical
alloys) the values of fs(w.!)from the range (0, 1) correspond to a mushy zone
sub-domain.

The one domain model consists in the assumption that the volumetric
fraction of solid state fs(wx,!) in the mushy zone sub-domain is a certain
function of temperature fs = fs(7'). Since

dfs(x,t)  dfs(T)0T(x,1)
at dr at

T (2, 1)

:F(T)T (1.3)

therefore Eq (1.1) can be written in the form (cf Mochnacki and Suchy, 1995;
Voller 1991)

e [e(T) - LvF(TﬂQT(.(.j':"') = div[MT)gradT (z,1)] (1.4)
or N _
velD C’(T)d—FC,()'—;i—) = div[MT')gradl(x.1)] (1.5)
where
C(ry=c¢T)— LyvF(T) (1.6)

is the substitute thermal capacity of alloy considered.

One can notice that for liquid and solid state sub-domains the function
fsla, 1) is equal to 0 or 1, respectively, and F(T') = 0. So, the thermal
processes in a whole casting domain are described by Eq (1.5).

The function determining the substitute thermal capacity results from the
assumptions about the course of function fs(7"). In the literature (e.g. Moch-
nacki and Suchy, 1995; Borisov, 1961; Samoilovitch, 1977; Mochnacki, 1984)
one can find a lot of different hypotheses associated with the form of fs(T)
{or directly C{T)).

It should be pointed out that the energy equation (1.5) is strongly non-
linear, in particular, the parameter C(7') varies strongly with temperature.
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So, the basic BEM algorithm must be supplermiented by the additional proce-
dure linearizing (at the stage of numerical computations) the problem discus-
sed and in this paper the Temperature Field Correction Method (TFCM) (cf
Mochnacki, 1996: Majchrzak and Mochnacki. 1996) is applied.

The non-steady temperature field in the mold sub-domain is represented
by the following equation

v € D, (',,AT)%M = A divigradT,, (v t)] (1.7)

where ¢,,. Ay are the specific heat and thermal conducrivity ol the wold
material, respectively. On the contact surface between casting and mold the
continuity condition in the form

N . ~An-grad?(e.t) = =A,n-gradl,, (v, 1) X
vE L { Tlat) =Tylx.t) (-5)

s assumed, while on the outer surface of the system
x€ely o BT (x.t),n-gradl, (2, 1)) =0 (1.9)

where n-gradT is the normal derivative at the point » € [.
]'._(\OI~ 1= 0: T(CL, 0) = TU«, ’]ﬁ'm.('T‘,O) = TTH-U'

2. Temperature field correction method

The theoretical basis concerning the method discussed is presented in detail
in Majchrzak and Mochnacki (1996). Let us introduce the time grid defined
as follows

0=1"<t' <. <tV <. <t <x (2.1)
The idea of TFCM consists in correction of the local temperature values for
successive transitions t/~! — ¢/, The parameter C(T')is approximated by a
step function, i.e. for U, < T < Ugyy : C(T) = ¢. = const. The computations
are made for a homogeneous domain with the parameter ¢ (e.g. the molten
metal). The internal point wz; is considered and the following denotations are
introduced (cf Fig.1)

Ae = [Tt = Uepr]
J'+] = A+ Cc—-+l[[[e+l - Ue+‘2] (2.2)
~—\r,+2 - ~—\(3+1 + Cr:+'2[Ue+2 - [’r+3]
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From the physical point of view A, A, ; etc. are the changes of unit enthalpy
[J/m3] corresponding to the changes of temperature AT.. AT.,; etc. shown

in Fig.1.
U
T 0/
,,,,,,,,, - A_.]r, - T.,
4T, <{—= phase ¢
Ue sy
AT,
T, ) o ATern
B <—— phase e+1
Uess2
{—= phase e+2
Ue+3

Fig. 1. Temperature field correction method

The procedure of temperature field correction method at the point
the following (c¢f Majchrzak and Mochnacki, 1996).

If
Co[T(ﬂ;.l',Tf_l) - T(.’L‘i,t‘f” < Ae
then c
T(aot!) = T(aot! ™) = 2[T(2y, /7)) = T(a;,1))]
Ce
If
Ae < co[T(2;,t7 1) = T(a;, )] < Ay
then A
T(z;, /1) = Uepr1 + — — € [T(z;t7 71 = T(x,t0)]
Cetl Cet1
If
Acpr < co[T (24,771 = Tz t))] < Aups
then

Ae-}—l B co

T(x,tIY) = Uy + [T(ast! 1) = T, 1))

Cet2 Cet2

(2.7)

(2.8)

Similar formulas can be derived for further transitions, but in numerical rea-

lization such situations do not appear.
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3. Boundary element method for parabolic equations

In this paper we confine ourselves to the presentation of numerical algo-
rithms being a certain combination of the boundary element method for the
system of linear parabolic equations (non-homogeneous domain) with addi-
tional procedures which allows one to take into account the solidification and
cooling processes proceeding in casting volume.

The integral equation corresponding to the homogeneous domain D (or
D) limited by the boundary [ for which the normal heat flux ¢{a,t) o1
temperature T'(z,t)is given, can be written in the form (cf Majchrzak, 1991;
Brebbia et al., 1984)

lF
B(E)T(£,17) + %//T*({,.r,tF,t)q(l-,t)dfdt:
(VA
(3.1)

] tF
- %// (&, 2,151 T(:p,z)df‘dﬁ/T*(ésﬁfﬂtF‘O)T(x»O)dD
- 0 D

where T*(£ 2,11, 1) is the fundamental solution

. exp[— r? } (3.2)

T ,.,‘,'[F,'[): -
b [dma(tF — 1)) da(tF ~1))

q*(&,x,1%,1) is the heat flux resulting from the fundamental solution

* L F _ aT*(€>$1ZF’t) ;
&t ) = A= (3.3)
B(£) = 1 for an internal point £ € D, B(£) € (0,1) for a boundary point
e I'and
[0,2F] - considered interval of time
d — problem dimension
r — distance from the considered point z to the point £ where

a concentrated heat source is applied.

The numerical approximation of Eq (3.1) consists in discretization of the
considered interval of time [0,¢F], and the boundary limiting the area D.
If a non-zero initial condition is considered then the interior D must be
discretized, too.
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So. the boundary [I' is divided into N boundary elements [,
j = 1.2,...N and the interior D into L internal cells D;,, 1l =1,2..... L.

Here two approaches can be taken into account. The first of them is
called the 1st scheme of the BEM and its idea consists in the treatment of the
transition from t/7! to #/ as a certain separate problem with an adequate
pseudo-initial condition; i.e. numerical approximation of IEq (3.1) has of the
form

é)Tftf)Jr»Z// et t)gla,t) dlydt =

4= lrjtfl
N t
J= lF =1
+Z/T (& 2,1, )T (e, t/ ") dD,

= ID,

In case of the 2nd scheme of the BEM the integration process starts from
1 = 0 and then the knowledge of successive pseudo-initial conditions is
not required but temporary values of the boundary temperatures and heat
fluxes for t = 9. ¢t = t'. ..., t = t/=' must be registered. The numerical
approximation of Eq (3.1} for this scheme is as [ollows

BEVT(€,7) + Z Z/ / € at! Nqlent) dTdt =
j=1s=1 /.

N

:‘ZZ/ / g (€ et 0T (e t) dIdt + (3.5)

1=1s= 1F1~1

+Z/T (€1,2,17,0)T(,0) dD,

IIDI

It should be pointed out that for the initial condition T(2,0) = 0 the last
component of Eq (3.5) is equal to zero, and the integration over I can be
omitted. The same effect can be obtained in the case of initial condition of
the form 1'(z,0) = Tp = const (cf Majchrzak, 1991).

As an example of the discussed schemes the numerical algorithm for 2D
problem 2 = {zy,2,} is presented (the constant elements are assumed). The
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final form of resolving system in the case of the st schewe of the BEM is the
following (¢ =1,2...., V)

N
Zg”q oty = Z T, 1) +27),T L (3.6)
J=1
or
Gq/ = 7T/ + PT/! (3.7)
where (i,7=1,2,..,¥)
Lo[dy rh
Jy— 3= — | 2 oavp( - dr.
% / 4aJl 5 T 9y r? exp( 4aAt> J
FJ
1 rh i #
1= xp|—— 1D ;=< M A
pi 4rat / e\(p( 4-(1.J'['> e J { 3, — B 1=

and Ei(¢) is the expotential integral function, Ei({) = C —exp( () dC.
After computations of unknown boundary temperatures and heat fluxes
Eq (3.4) can be applied (for B(£) = 1) in order to determine the tem-
porary temperatures at an optional set of points from the interior D
(t=N+1,N+2,..,.N+1L)

N N L
T(E ) = 2Tl 1) = 3 gijgla? D)+ > paT (2 417" (3.8)
J=1

7=1 =1

The final {form of resolving system in the case of the 2nd scheme of the BEM
is the following (¢ =1,2.....N)

N N
S guqal ) =5 2 T ) +
=1

J=1
_ L
+Z 25T 70 = glq(a? ) + > paT(2f,10)
=1

or

J-1
GQ! = ZT/ + S (Z°T/~* - 6*Q/~*) + PT° (3.10)
s=1
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where
2 2
9 = 47% [Ei<4a(s]+”1)dt) - Ei(4ars”m)] 45
Iy
1,; % Y
b= 5 | oo (Cpmrnm) ~ee () 4
I

The philosophy of solidification process modelling (presented in this paper)
causes that for the casting domain only the 1st scheme of the BEM can be used.
It results from the need for the temperature field correction at each step of
time. The computations concerning the mold domain can be realized by means
of both schemes. It turned out, that the best results from the point of view
of solution accuracy one obtains by the combining of the 1st scheme for the
casting domain with the 2nd scheme for the mold domain. The composition
of two variants of BEM allow one to eliminate serious difficulties posed by
the necessity for a proper choice of the time step At allowing good accuracy
to be maintammed of the numerical solution for two domains, thermophysical
parameters of which differ essentially.

Fig. 2. Casting and mold sub-domains

For further considerations the following quantities are distinguished
(Fig.2):
o T/ q/ denote the boundary temperatures and heat fluxes on the outer

surface of the casting for ¢ = t/ and ch__l internal temperatures for
b=/t

o T/ q/, T/7! denote the same functions for the outer surface and interior
of the mold
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o T/ . ql., T/ .qf,. are the temperatures and heat fluxes on the contact
surface (as it was mentioned qf, = —q/,., in the case of ideal contact

T =TL.

As results from the considerations presented in Section 3 the resolving
system for casting is of the form Gq/ = ZT/ 4+ PT/~1. In order to distinguish
the part of the boundary for which the continuity condition is assumed, the
system of equations determining the boundary values for ¢ € [t/=1,¢/] is
written in the form

[ [q‘}f{ } = |z. z.,.] [TTff J +P.T/! (3.11)

while for the mold sub-domain

/
[ [ :f } = |2, Z..] [ TT# } +

(3.12)
J-1 f—s -5
+;([z; z,| HZ&S]_M G| [;‘QD

at the same time the initial condition for D, should be in an adequate way
rebuilt (a new reference level). Finally, one obtains the following resolving
system for D.U D,

T/
Z, -2, G.m 0 T/
0 _ch —G'mc+zmcR _Zm qf
T,

(3.13)
—ch{ + PcT({_l
—Gpal, + fg ([an z,] [ E’: } -6, G..] [ q"j”:j D

mc mc

At the last stage of algorithm the internal temperatures are calculated for
both sub-domains separately.

4. Example of numerical simulation

The hot spot shown in Fig.3 is considered. The casting is made of carbon
steel. The thermophysical parameters of sub-domains are assumed according

16 — Mecchanika Teoretyczna
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400 N

Fig. 3. Heterogeneous domain casting-mold-core

Fig. 4. Temperature field for times 10 and 20 minutes
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to [10]. The symmetrical fragment of casting domain is divided into 75 square
internal cells, the boundary is divided into 96 boundary elements.

In Fig.4 the temperature field and solid state sub-domain for times 10 and
20 minutes are shown.

Summing up, it should be pointed out that the method presented in this
paper allows for effective application of typical BEM algorithms to solving the
linear Fourier equation for numerical modelling of a large class of solidification
problems.
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Zastosowanie metody elementéw brzegowych do numerycznego
modelowania procesu krzepniecia. Czeéé 1 — Metoda jednego obszaru

Streszczenie

W pracy przedstawiono opis proceséw cieplnych zachodzacych w ukladzie
odlew-forma, w szczegdlnoscl rozwazono krzepniecie stopéw. Model numeryczny
zbudowano wykorzystujac tzw. I 1 II schemat metody elementéw brzegowych
Rozwazany problem potraktowano jako zadanie brzegowo-poczatkowe opisane réw-

naniami odpowiadajacymi metodzie jednego obszaru (por. Mochnacki i Suchy, 1995;
Voller, 1991).
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