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The locally resonant (LR) phononic crystal double panel structure made of a two-dimensional
periodic array of a two-component cylindrical LR pillar connected between the upper and
lower plates is proposed, and the bandgap properties of the structure are investigated theore-
tically in this paper. The band structures, displacement fields of eigenmodes and transmis-
sion power spectrums of the corresponding 8×8 finite structure are calculated by the finite
element method. Numerical results and further analysis demonstrate that a band gap with a
low starting frequency and a wide band width is opened by the coupling between dominant
vibrations of the pillars and plate modes of the upper and lower plates when the vibration
source and the receiver are considered on different sides of the structure. By comparing the
band structures and displacement fields of the double panel and those of the single plate
with the same parameters, many common characteristics are displayed. Then, the influence
of geometrical parameters on the band gap are studied and understood with the help of a
simple ‘spring-mass’ model.
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1. Introduction

Due to the advantageous sound-insulated property, double panels are extensively used as the
containment structures in many areas such as marine, transport, aerospace engineering and civil
construction projects (Carnael and Fuller, 2004; Pietrzko and Mao, 1992). As it is well-known,
vibrations are mostly propagated along containment structures from vibration sources, and
structural noises are produced by radiation of the vibrations. The proposition of the phononic
crystal concept provides a new idea for the investigation on theory about vibration insulation and
noise reduction. Over the past two decades, the propagation of elastic waves in phononic crystals
has attracted a lot of attention which mainly focuses on calculation methods and bandgap
properties, but the application researches particularly on the field of vibration insulation and
noise reduction are still immature. Brag scattering (Saindou et al., 2002; Sigalas and Economou,
1992; Vasseur etal, 2002; Zhang et al., 2003) and locally resonant (Goffaux et al., 2004; Hirsekorn
et al., 2004; Ho et al., 2003; Liu et al., 2000) are developed as the two main mechanisms for the
creation of band gaps, in which the frequency range of band gaps based on the first mechanism
is almost two orders of magnitude higher than that based on the second mechanism (Liu et al.,
20007). Hence, the studies on double panel structures with the design idea of locally resonant
phononic crystal introduced provide a new idea for restraining structural vibration and reducing
noise in the unmanageable low frequency region (Hsu, 2011; Oudich et al., 2011; Qian and Shi,
2017; Xiao et al., 2017) of some industrial products.
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For now, bandgap properties of double panel structures with the design idea of a locally
resonant phononic crystal introduced have rarely been studied. However, such an idea has been
widely implemented in single plates recently. By etching holes periodically in a solid matrix plate
and then filling them with scatters, the so-called filled-in system is formed. By stubbing resonant
units periodically onto free surfaces of the plate, a stubbed-on system is formed (Ma et al., 2014).
Hsu and Wu (2007) and Xiao et al. (2008) investigated vibration of band gaps of epoxy base
plates with filled-in rubber resonant units and filled-in rubber-coated heavy mass resonant units
by using the plane wave expansion method, respectively. Similarly, the three-component and
two-component stubbed-on systems constructed by periodically depositing rubber stubs with
and without Pb capped on the surface of the base plate were studied by using the finite element
method by Oudich et al. (2010). Besides, Xiao et al. (2012) researched flexural wave propagation
and vibration transmission in a locally resonant thin plate with a two-dimensional periodic array
of attached spring-mass resonators, which can be regarded as a simplified model of the stubbed-
on system. Zhao et al. (2016) proposed a double-vibrator (rubber-steel-rubber-steel layers) three-
component pillared PC plate on the basis of the traditional uni-vibrator (rubber-steel layers)
three-component pillared PC plate and studied propagation characteristics of band gaps of
flexural vibration and longitudinal vibration in the two-layer stubbed-on system. By revisiting
the filled-in and stubbed-on structures, Ma et al. (2014) proposed a new structure with three-
layered spherical resonant units, which opens a large sub-wavelength full band gap. By combining
the filled-in and stubbed-on units, Li et al. (2015) investigated propagation characteristics of
Lamb waves in a locally resonant phononic crystal single plate with the combined resonant unit.
Based on this, Li et al. (2016) further researched the expansion of locally resonant complete band
gaps in two-dimensional phononic crystals using a double-sided stubbed composite PC plate with
composite stubs. Recently, Qian and Shi (2016) investigated the propagation characteristics
of flexural waves in the locally resonant phononic crystal double panel structure made of a
two-dimensional periodic array of a spring-mass resonator surrounded by n springs connected
between the upper and lower plates.

In this paper, we investigate propagation characteristics of flexural vibration and longitudinal
vibration in a locally resonant double panel structure consisting of a two-layer uniform thin plate
with periodically attached cylindrical LR pillars in the cavity. At first, the band structures,
displacement fields of eigenmodes and transmission power spectrums of the corresponding finite
structure are calculated to study the formation mechanisms of the band gap. Then, a comparison
between the band structure of the double panel and that of the single plate with the same
parameters is displayed. Further, the influence of the geometrical parameters such as height of
the rubber layer in the pillar, height of the Pb layer, radius of the pillar, thickness of the base
plate and the lattice constant on the band gap of the proposed structure are discussed.

Fig. 1. (a) The LR phononic crystal double panel structure with periodically attached pillars, (b) its
unit cell (upper plate is ignored), a is the lattice constant, e is thickness of the base plates, r is radius of

the pillar, h1 is height of rubber layer in the pillar, and h2 is height of Pb layer in the pillar,
(c) meshing of the unit cell, (d) and the irreducible first Brillouin zone (1BZ)
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2. Model and method

As shown in Fig.1a, the studied system is constructed by periodically depositing the two-
-component cylindrical LR pillars squarely onto the surfaces of the upper and lower thin plates.
The material of the first and last layers in the pillar is rubber, and the materials of the plates
and the middle layer in the pillar are epoxy and Pb, respectively. The lattice constant, thickness
of the base plates, radius of the pillar, and heights of different layers in the pillar in a unit cell
are denoted by a, e, r, h1 and h2, which can be seen in Fig. 1b. Table 1 displays the material
parameters used in the calculation, and all materials are assumed to be elastically isotropic.

Table 1. Material parameters used in calculations

Material
Mass density Young’s modulus Poission’s
[kg/m3] [1010 N/m2] ratio

Epoxy 1180 0.435 0.368

Rubber 1300 1.175e-5 0.469

Pb 11600 4.08 0.37

The band structure of the proposed system is calculated by the finite element method (FEM),
which is implemented by adopting the commercial software, COMSOL Multiphysics. For the
mesh elements, the default tetrahedral mesh provided by the software is used and the meshing
of the unit cell is shown in Fig. 1c. From the figure, we can see only that one unit cell is taken
into consideration, which can be attributed to the periodicity of the structure. The stress-free
boundary conditions are applied to the free surfaces, and the periodic boundary conditions
according to the Bloch-Floquet theorem are used for the interfaces between the nearest unit
cells (Hsu and Wu, 2007; Xiao et al., 2008)

ui(x+ a, y + a) = ui(x, y)e
−i(kxa+kya) i = x, y, z (2.1)

where ui denotes the elastic displacement along the x-, y- and z-direction, respectively, when
i equals to x, y and z; kx and ky are components of the Bloch wave vector limited in the
irreducible first Brillouin zone (1BZ), as shown in Fig. 1d.

3. Numerical results and analyses

3.1. Band structures, eigenmodes and transmission power spectrums

In this Section, the band structure of the proposed double panel structure is calculated,
as shown in Fig. 2b. The parameters are as follows: a = 0.1m, e = 0.005m, r = 0.04m,
h1 = 0.01m, and h2 = 0.03m. To verify the accuracy of the calculated result, the transmission
power spectrums of the flexural vibration and the longitudinal vibration in the corresponding
finite system are displayed in Figs. 2a and 2c, separately. In this work, the finite double panel
structure is made of 8×8 unit cells and the excitation point is picked on one end of the lower
plate as well as the response point is picked on the other end of the upper plate, as shown in
Fig. 3.

From Fig. 2b, a narrow complete band gap is observed between 72Hz and 83Hz. But from
Figs. 2a and 2c, the frequency range of the attenuation in the transmission power spectrum is
very wide no matter the finite structure is vibrated flexurally or longitudinally, which should
have matched well with the frequency range of the band gap. To find more attenuation charac-
teristics, both the response point and the excitation point are picked on the lower plate, and
the transmission power spectrum of the longitudinal vibration is shown in Fig. 2d. From it,



1170 D. Qian, Z. Shi

Fig. 2. Band structure of the proposed double panel structure and transmission power spectrums of the
corresponding finite 8×8 system: (a) transmission power spectrum of flexural vibration when the

response point and excitation point are picked on different plates; (b) band structure; (c) transmission
power spectrum of longitudinal vibration when the response point and excitation point are picked on
different plates; (d) transmission power spectrum of longitudinal vibration when both the response and

excitation point are picked on the same plate

Fig. 3. Meshing of the finite locally resonant double panel structure made of 8×8 unit cells

hardly any frequency range of the attenuation can be observed. To reveal the mechanisms of
typical phenomena displayed in transmission power spectrums of the locally resonant double
panel structure, the displacement fields of the eigenmodes labeled in Fig. 2b are shown in Fig. 4.

For modes B3, B8 and B9, the dominant vibration translating along the z direction couples
with the out-of-plane plate mode of the upper and lower plates. In mode B3, the vibration
energy is concentrated in the pillar with two plates static. Both in modes B8 and B9, the
middle Pb layer of the pillar acts as a stationary layer. What is opposite, the two base plates
achieve dynamic balance in the inverse flexural vibration in mode B8 while the uniform flexural
vibration of the two plates achieve dynamic balance in mode B9, based on which, modes B8
and B9 are called as the symmetric flexural vibration mode and antisymmetric flexural vibration
mode, respectively. As a result of the coupling, a partial flexural vibration band gap between
B3 and B8 with a frequency interval 72Hz-230Hz is opened, which is why the big attenuation
exists in the transmission power spectrum of the flexural vibration, as shown in Fig. 2a.

For modes B1 and B2, the dominant vibration rotating in the xy plane couples with the out-
-of-plane shear deformation of the upper and lower plates. Both modes B1 and B2 concentrate
the vibration energy in the pillar with the two stationary plates. As for modes B4-B7, they
can be treated as the result of the coupling between the dominant vibration translating in the
xy plane and the in-plane shear deformation of the upper and lower plates. In all the four
modes, the middle Pb layer of the pillar keeps stationary. Meanwhile, the uniform longitudinal
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Fig. 4. The displacement fields of eigenmodes labeled in Fig. 2b

vibration of the lower and upper plates achieve dynamic balance in mode B4 and B5 while the
two plates achieve dynamic balance in the inverse longitudinal vibration in mode B6 and B7.
Similarly, modes B4-B5 and modes B6-B7 are called as the antisymmetric longitudinal vibration
mode and symmetric longitudinal vibration mode, respectively. As a result of the couplings, a
partial longitudinal vibration band gap with a frequency interval 66Hz-83Hz is opened. The
corresponding attenuations existing in the transmission power spectrums of the longitudinal
vibration shown in Figs. 2c and 2d are not obvious, which is consistent with the phenomenon
described in (Xiao et al., 2008).

What should be noted is that the vibration of the upper plate is weakened because the
vibration phases of the upper plate in the antisymmetric longitudinal vibration mode B4 and
the symmetric longitudinal vibration mode B6 are inverse, as well as in B5 and B7. Based on this,
the big attenuation displayed in the transmission spectrum of the longitudinal vibration shown in
Fig. 2c can be understood. Meanwhile, the attenuation is absent in Fig. 2d because the lower plate
vibrates strongly with the uniform phase. To further illustrate the attenuation characteristic,
Fig. 5 shows a view of the vibration mode of the frequency located inside the frequency range of
the attenuation. The calculation model is shown in Fig. 3. Here, the displacement excitation along
three directions is imposed on the excitation point and the frequency is chosen as f = 140Hz.
From Fig. 5, when both flexural and longitudinal excitations are imposed on the lower plate,
none of the flexural and longitudinal vibrations can be propagated along the upper plate while
only the longitudinal vibration can be propagated along the lower plate. In consequence, if the
vibration source and the response area are on different sides of the double panel structure,
the band gap with the starting frequency (higher frequency between B2 and B3) and cutoff
frequency B8 can be regarded as complete with the wide frequency range of attenuation in both
flexural and longitudinal vibrations of the corresponding finite structure.
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Fig. 5. The vibration mode of the frequency located inside the frequency range of attenuation
(f = 140Hz)

3.2. Comparison of double panel and single plate

When the upper plate and the upper rubber layer of the pillar are taken away in Fig. 1b,
the unit cell of the locally resonant single plate is formed. The band structure of the single plate
is shown in Fig. 6a, where the parameters are same as those in the example shown in Fig. 2.
To ease the comparison, the band structure of the locally resonant double panel, which is been
shown in Fig. 2b, is replotted in Fig. 6b. In addition, the displacement fields of the eigenmodes
labeled in Fig. 6a are shown in Fig. 7.

Fig. 6. Band structures of (a) the locally resonant single plate and (b) the locally resonant double panel
with the same parameters

Fig. 7. The displacement fields of eigenmodes labeled in Fig. 6a
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Similarly, the coupling between the dominant vibration translating along the z direction and
the out-of-plane plate mode of the base plate as shown in modes b3 and b6 opens a partial flexural
vibration band gap. Meanwhile, both the coupling between the dominant vibration rotating in
the xy plane and the out-of-plane shear deformation of base plate as shown in modes b1 and b2
and the coupling between the dominant vibration translating in the xy plane and the in-plane
shear deformation of the base plate as shown in modes b5 open a partial longitudinal vibration
band gap. As a result, a narrow complete band gap is opened in both flexural and longitudinal
vibrations.
For modes B1-B3 and b1-b3, the base plates in all of them remain still and the dominant

vibrations displayed in B1 and b1, dominant vibrations displayed in B2 and b2 as well as the
dominant vibrations displayed in B3 and b3 are consistent, respectively. Here, the mass-spring
models as shown in Fig. 8 are applied to help one to understand the vibration modes, which
(a) and (b) with eigen frequencies

√

k/m and
√

2k/m are regarded as simplified models of the
vibrations in modes b1-b3 and B1-B3, respectively. According to such an analysis, the frequencies
of modes B1-B3 should be

√
2 times larger than those of modes b1-b3. From Fig. 6, the frequencies

of modes B1-B3 are 65.3 Hz, 65.6 Hz and 72Hz, and the frequencies of modes b1-b3 are 46.9 Hz,
47.2 Hz and 51Hz, which matches very well with fB1−B3 =

√
2fb1−b3 .

Fig. 8. The simplified mass-spring models applied to help understanding the vibration modes in
(a) the single plate and (b) double panel

For modes B4-B9 and b4-b6, the middle Pb layer of the pillar in all of them stays stationary
and the vibration modes displayed in B4, B6 and b4, vibration modes displayed in B5, B7 and b5
as well as vibration modes displayed in B8, B9 and b6 are consistent, respectively. For each set
of the corresponding vibration modes, the lower plate vibrates in the same direction as shown
in the displacement fields. What should be noted is that the two vibration modes of the double
panel are corresponding to each vibration mode of the single plate, which can be attributed
to the effect of the upper plate. Besides, the vibration directions of the upper plate in the two
different vibration modes of the double panel are opposite. Similarly, the mass-spring models
shown in Fig. 8 can also be used to help understanding the vibration modes. Here, the mass m
is static and both the vibrations of the two base plates M shown in Fig. 8b can be treated as
vibration of the single plate shown in Fig. 8a. Therefore, both the eigenfrequencies of the two
models are the same

√

k/M . From Fig. 6, the highest frequencies of the bands traveling modes
B4-B9 are 280Hz, 280Hz, 281Hz, 281Hz, 282Hz, 285Hz and the highest frequencies of the
bands traveling modes b4-b6 are 281Hz, 281Hz and 284Hz, which matches quite well with the
analysis above. But in the low frequency range of the bands, traveling modes B4-B9, the middle
Pb layer in the pillar cannot remain absolute still like in the high frequency range. The vibration
amplitudes of the upper and lower plates have slight differences and the two vibration modes
in the double panel corresponding to that of the single plate are not entirely same as shown
in Fig. 4, so the bands traveling B4-B5, B6-B7 and B8-B9 are all divided unlike in the high
frequency range, which can be understood as the division of the bands traveling b4, b5 and b6 in
the single plate, respectively.
In general, the band structures of the double panel and the single plate have much in common,

and the overall trends between them displayed in Fig. 6 are similar. In addition, some pairs of
the bands in the double panel structure can be treated as the division of the corresponding
bands in the single plate. But the particular property displayed in the band structure of the
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double panel that a wide complete band gap is opened when the excitation and response areas
are on different sides of the structure is incomparable.

3.3. Influence of parameters on the band gap

As is well known, the vibration source and the receiver are on the opposite sides of the
double panel commonly. Thus, the band gap formed by B2, B3 and B8 is considered and in-
vestigated below. To get the band gap with a low starting frequency and a wide band width,
some geometrical parameters are picked to analyze the influences on the band gap. Here, the
height of the rubber layer in the pillar h1, height of the Pb layer in the pillar h2, radius of the
pillar r, thickness of the base plate e and the lattice constant a are chosen as the influencing
parameters. During the study, the rest parameters are same as those in the example shown in
Fig. 2a while considering the influence of one parameter on the starting frequency fs (B2 or B3),
cutoff frequency fc (B8) and band width fw.

Figure 9 shows the influence of height of the rubber layer h1 on f2, f3, f8 and fw. In the
figure, fw equals to the difference between f8 and f3 as f2 is always located under f3. In addition,
both f3 and f8 decrease with an increase in h1, which can be understood by the model shown in
Fig. 8b. In the model, the rubber layers are simplified as springs and f3 and f8 can be described
by
√

2k/m and
√

k/M qualitatively. Because the equivalent spring stiffness k decreases with an
increase in h1, f3 and f8 decrease with an increase in height of the rubber layer. In addition,
the equivalent mass of the Pb layer m is larger than the equivalent mass of the base plate M
obviously, so the slope of f3 is smaller than that of f8 from

√

2k/m and
√

k/M as shown in
Fig. 9, which leads fw to decrease with an increase in h1 as shown in Fig. 9.

Fig. 9. The influence of the height of the rubber layer in the pillar h1 on f2, f3, f8 and fw

Figure 10 shows the influence of the height of the Pb layer h2 on f2, f3, f8 and fw. In the
figure, fw also equals to the difference between f8 and f3. Moreover, both f2 and f3 decrease
with an increase in h2 because the equivalent mass of the Pb layer m in the simplified model
shown in Fig. 8b is proportional to h2. f8 keeps nearly constant because the Pb layer is static in
the vibration mode shown in Fig. 4. The variation trends of f3 and f8 lead to an increase in fw
with an increase in h2 as shown in the figure.

Figure 11 shows the influence of the radius of the pillar r on f2, f3, f8 and fw. In the figure,
fw is obtained by the difference between f8 and f3 as f2 is always under f3. Both f2 and f3
increase slowly with an increase in r, which can be attributed to an increase in the equivalent
spring stiffness k and the equivalent mass m with an increase in r, and the larger slope of k than
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Fig. 10. The influences of the height of the Pb layer in the pillar h2 on f2, f3, f8 and fw

Fig. 11. The influences of the radius of the pillar r on f2, f3, f8 and fw

that of m. Besides, f8 increases rapidly with an increase in r because the Pb layer is static here
and only an increase in k makes the slope of f8 large. Hence, the rapid increase of f8 and slow
increase of f3 lead fw to increase with an increase in r.

Figure 12 shows the influence of the thickness of the base plates e on f2, f3, f8 and fw. fw is
obtained by the difference between f8 and the maximum of f2 and f3. From the figure, f2 is
larger when e is less than 3.42 ·10−3 m and f3 is larger when e is greater than 3.42 ·10

−3 m. Both
f2 and f3 increase with an increase in e, which can be understood well with the help of Fig. 13.
Figure 13 shows the displacement fields of modesB2 andB3 when e takes the value of 0.003m and
0.007m, respectively. From the figure, the base plates are vibrated but not absolutely static, and
the vibration mode of the base plate is more easily displayed when e equals to 0.003m because
of the smaller stiffness. Hence, the equivalent spring stiffness k in the simplified model shown
in Fig. 8b can be treated as a combined effect of both the base plates and the rubber layer in
the pillar. Because the stiffness of the base plate increases with an increase in e, the equivalent
spring stiffness k increases, which results in an increase in f2 and f3. In addition, f8 decreases
with an increase in e because the equivalent mass of the base plate M increases with an increase
in e. As a result, the decrease of f8 and the increase of f2 and f3 lead fw to decrease with an
increase in e.
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Fig. 12. The influences of the thickness of the base plates e on f2, f3, f8 and fw

Fig. 13. The displacement fields of modes B2 and B3 when e takes the value of 0.003m and 0.007m,
respectively

Figure 14 shows the influence of the lattice constant a on f2, f3, f8 and fw. fw is obtained
by the difference between f8 and the maximum of f2 and f3. From the figure, f3 is larger
when a is less than 0.132m and f2 is larger when a is greater than 0.132m. f2 keeps almost
constant and f3 decreases with an increase in a, which can also be understood with the help
of the displacement fields of modes B2 and B3 when a takes the value of 0.085m and 0.2m,
respectively, as shown in Fig. 15. From the figure, what can be concluded is that the stiffness of
the base plate decreases with an increase in a. Besides, the variation of the stiffness of the base
plate in mode B2 is not big by comparing the displacement fields of modes B2 when a equals to
0.085m and 0.2m separately. Hence, the variation trends of f2 and f3 are explained. In addition,
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f8 decreases with an increase in a because the equivalent mass of the base plate M increases
with an increase in e. As a result, the rapid decrease of f8 and the slow decrease of f2 and f3
shown in Fig. 14 lead fw to decrease with an increase in a.

Fig. 14. The influences of the lattice constant a on f2, f3, f8 and fw

Fig. 15. The displacement fields of modes B2 and B3 when a takes the value of 0.08 5m and 0.2m,
respectively

4. Conclusions

In this paper, we propose a three-component pillared phononic crystal double panel structure
and study the bandgap properties of the structure by applying the finite element method. A
complete band gap with a low starting frequency and a wide band width is opened according
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to the band structure and the transmission power spectrums when the vibration source and
the receiver are on different sides of the structure, and the formation mechanisms of the band
gap is revealed according to the displacement fields of the eigenmodes. By comparing the band
structure of the double panel and that of the single plate, the bands of the double panel can be
treated as the division of the corresponding bands of the single plate by the effect of the upper
and lower plates. Besides, the influence of height of the rubber layer in the pillar, height of the
Pb layer in the pillar, radius of the pillar, thickness of the base plate and the lattice constant
on the band gap are studied and understood. In general, by increasing the height of the Pb
layer or decreasing the thickness of the base plate, the starting frequency and band width of the
band gap gets lower and wider. By decreasing the height of the rubber layer, the band width of
the band gap gets wider, but increases the starting frequency. By increasing the radius of the
pillar or decreasing the lattice constant, the band width of the band gap also gets wider, and
the change in the starting frequency is not big. All the results of the investigation provide a
new idea for restraining the vibration and reducing the noise of the low frequency region in the
double panel structure.
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