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In this paper, a novel fuzzy-integral-sliding controller (FISC) is designed for coupled nonli-
near two-input two-output (TITO) systems. Decomposing the original system into two sub-
systems, the coupling effects are modelled as uncertainties. In order to ensure the robustness
properties with respect to system uncertainties and external disturbances, the sliding mode
technique with a proportional integral (PI) sliding surface is adopted. On the other hand,
to avoid the chattering phenomenon, the Takagi-Sugeno fuzzy rules are incorporated into
the control algorithm, which forms a fuzzy sliding controller. The stability analysis is also
presented based on the Lyapunov stability theorem. The proposed FISC is then applied to
control the elevation and azimuth angles of Humusoft CE150, as a two degree of freedom
(DOF) laboratory helicopter model with highly cross-coupled dynamics. The simulation
results are also presented to demonstrate the performance of the proposed control scheme.
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1. Introduction

In many multi-input-multi-output (MIMO) systems, decentralized control is adopted instead of
multivariable centralized control, since it is simple to design and easy to tune, implement and
maintain (Chiu and Arkun, 1990). Besides, the centralized multi-loop controllers cannot be tuned
independently due to interactions. Removing such a drawback, the so-called detuning method
(Chien et al., 1999) suggests to design each loop, based on the corresponding diagonal element
and ignore the interactions from other loops. Then, the controllers are detuned considering the
interactions until some prescribed limit is attained. The detuning methods are simple, but the
closed loop stability is not necessarily ensured.

TITO systems are one of the main categories of multivariable systems, with non-negligible
input-output interactions (Jevtović and Mataušek, 2010; Tavakoli et al., 2006). Jevtović and
Mataušek (2010) presented a decentralized controller design method with an ideal decoupler.
Sliding-mode control (SMC) has been extensively used to ensure the robustness properties aga-
inst the system uncertainties (Huang et al., 2003; Utkin, 1992). Also, it has been applied to
reduce the sensitivities to parameter variations (Hung et al., 1993; Utkin, 1977). More recently,
fuzzy techniques together with the sliding-mode control have been applied to uncertain nonli-
near systems, which can overcome the chattering phenomenon (Glower and Munighan, 1997;
Kim and Lee, 1995). Such systems as robots, two-stage vibration isolation systems (Zhao et al.,
2007), TRMS, and CE150 helicopters are some benchmarks for evaluating the performance of
the previous works. The proportional-integral controller, using Q-learning and PSO algorithms,
has been used to control the azimuth and elevation angles of a helicopter, without taking the
coupling into account (Boubertakh et al., 2010, 2012). Removing such a drawback, fuzzy logic
together with PID controller has been adopted (Velagic and Osmic, 2010). However, it is not
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straightforward to form the fuzzy-rule base and the experts knowledge is the main design factor
(Sapiński, 2005; Zorić et al., 2013).
In this paper, a decentralized FISC is proposed for a class of uncertain interconnected TITO

systems. The mathematical model of TITO systems is first decoupled into two subsystems,
and the cross-coupling effects between subsystems are considered as system uncertainty. An
adaptive identifier is introduced for unknown parameter estimation. Then, in order to remove
the offset and ensure the asymptotic stability, a proportional integral (PI) sliding surface is
adopted for two subsystems, and Takagi-Sugeno fuzzy rules are incorporated into the control
algorithm to avoid the chattering phenomenon. The developed algorithm is applied to the CE150
helicopter as a highly cross-coupled two input-two output laboratory system (Humusoft, 1989).
The dynamical model is decoupled into a horizontal subsystem (HS) and a vertical subsystem
(VS). The cross-coupling effect between the main rotor and the tail rotor is considered as the
uncertainty. Simulation results illustrate the tracking performance in the presence of model
uncertainties and external disturbance. In general, compared with some previous works, the
proposed FISC technique for TITO systems has some benefits as (i) simplicity and universality,
(ii) removing the chattering phenomenon of conventional SMC, (iii) ensuring robustness against
uncertainties and disturbances.
This paper is organized as follows. The control problem of a TITO nonlinear coupled sys-

tem based on unknown parameter identification is described in Section 2. In Section 3, the
design procedure of fuzzy-integral-sliding controllers for subsystems and the stability analysis
are presented. Introducing the mathematical model of the CE150 helicopter, the proposed con-
trol algorithms are applied and the simulation results are demonstrated in Section 4. Finally,
the concluding remarks are given in Section 5.

2. Problem formulation

Consider a class of TITO nonlinear coupled systems, expressed as

Ẋ = f(X) + g(X)U + d(t) Y = CX (2.1)

where X = [x1, x2, . . . , xn]
T ∈ Rn denotes the state vector, U, Y ∈ R2 represent the control

input and system output respectively, f(X) and g(X) contain some nonlinear functions and
d(t) is the bounded external disturbance. To facilitate the designing of the controller, TITO
model (2.1) is pseudo-decomposed into an HS and a VS as

Ẋh = fh(Xh) + gh(X)U + d1 h = 1, 2, . . . , k

Ẋv = fv(Xv) + gv(X)U + d2 v = k + 1, k + 2, . . . , n

Y = [yh, yv]
T = [x1, xk+1]

T

(2.2)

where X = [Xh,Xv]
T. Using the Jacobian, system dynamics (2.2) can be interpreted as two

linear subsystems perturbed by model uncertainties ∆Fh, ∆Fv and disturbances d1 and d2, as

Ẋh = AhXh +Bhu1 +∆Fh + d1 Ẋv = AvXv +Bvu2 +∆Fv + d2 (2.3)

where

Ah =




∂f1
∂x1

· · ·
∂f1
∂xk

...
. . .

...
∂fk
∂x1

· · ·
∂fk
∂xk




Av =




∂fk+1
∂xk+1

· · ·
∂fk+1
∂xn

...
. . .

...
∂fn
∂xk+1

· · ·
∂fn
∂xn
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Bh =

[
∂g1
∂u1

, . . . ,
∂gk
∂u1

]⊤
Bv =

[
∂gk+1
∂u2

, . . . ,
∂gn
∂u2

]T

Two types of adaptive parameter identifiers, including the parallel model, and a series-
parallel model may be adopted to identify the unknown matrices of linear systems (Ioannou and
Sun, 1995). In this paper, the unknown parameters of Ah and Av are estimated, based on a
series-parallel model, defined as

˙̂
Xh = AmhX̂h + (Âh −Amh)Xh +Bhu1

˙̂
Xv = AmvX̂v + (Âv −Amv)Xv +Bvu2

(2.4)

where Âh and Âv are the estimates of Ah and Av, respectively, Amh and Amv are two
arbitrary stable matrices, and X̂h and X̂v denote respectively the estimates of Xh and Xv.

Define the estimation errors

eh = Xh − X̂h ev = Xv − X̂v (2.5)

whose dynamics are

ėh = Amheh − ÃhXh ėv = Amvev − ÃvXv (2.6)

where Ãh = Âh −Ah and Ãv = Âv −Av represent the matrix estimation errors. Ignoring the
index of the symbols, choose a Lyapunov function candidate as

V (e, Ã) = eTPe+ tr
(1
γ
ÃTPÃ

)
(2.7)

where γ is a positive constant and P = PT > 0 is chosen as a solution of

PAm +A
T
mP = −Q (2.8)

The time derivative of V is calculated as

V̇ = ėTPe+ eTPė+ tr
(1
γ
˙̃
A
T

PÃ+
1

γ
ÃTP

˙̃
A
)

(2.9)

By incorporating error dynamics (2.6) and equality (2.7), one obtains

V̇ = (eTATm −X
TÃT)Pe+ eTP(Ame− ÃX) + 2 tr

(1
γ
ÃTP

˙̃
A
)

= −eTQe+ 2 tr (
(1
γ
ÃTP

˙̃
A− ÃTPeXT

) (2.10)

In order to obtain V̇ = −eTQe < 0, choose
˙̃
A = γeXT. Hence, V̇ is negative definite, i.e., the

stability is ensured. This implies that the adaptation mechanisms for Âh and Âv are

˙̂
Ah = γhehX

T
h

˙̂
Av = γvevX

T
v (2.11)

where γh, γv > 0.

Now, equations in (2.3), with incorporating the estimations Âh and Âv, can be rewritten
as

Ẋh = ÂhXh +Bhu1 +∆Fh + d1 Ẋv = ÂvXv +Bvu2 +∆Fv + d2 (2.12)
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Letting the desired reference vectors of two subsystems be Xdh and Xdv, the error vectors are
defined as

Eh = Xh −Xdh Ev = Xv −Xdv (2.13)

which yields the error dynamics

Ėh = ÂhEh +Bhu1 − Ẋdh + ÂhXdh +∆Fh + d1

Ėv = ÂvEv +Bvu2 − Ẋdv + ÂvXdv +∆Fv + d2
(2.14)

Due to the presence of model uncertainties and disturbances in (2.14), the fuzzy integral sliding
surface controllers are designed to make the tracking error converge to zero.

3. Fuzzy sliding controller design

Both error dynamics in (2.14) can be described as

Ė = ÂE+Bu− Ẋd + ÂXd +∆F+ d (3.1)

In order to eliminate the steady state tracking error of the system, a PI sliding surface is
designed for each subsystem. To this end, take the switching surface as

σ = α1E+α2

∫
E dt (3.2)

whee α1,α2 are two constant vectors. Differentiating (3.2) along error trajectory (3.1), yields

σ̇ = α1(ÂE+Bu− Ẋd + ÂXd +∆F+ d) +α2E (3.3)

In order to derive a control law to ensure the closed loop robust stability, choose the Lyapunov
function

V (x) =
1

2
σ2 (3.4)

Taking the time derivative of (3.4) and incorporating (3.3), one can obtain

V̇ = σσ̇ = σ[α1(ÂE+Bu− Ẋd + ÂXd +∆F+ d) +α2E] (3.5)

To ensure the closed-loop stability, based on the Lyapunov stability theorem, the control
input is determined such that V̇ is negative definite, i.e.

V̇ ¬ −η|σ| (3.6)

where η is a positive constant. The control input u is chosen as

u = ueq − (α1B)
−1K sgn (σ) (3.7)

where α1B is non-singular, K is a positive parameter to be designed, sgn represents the sign
function and the equivalent control action ueq is obtained by solving σ̇ = 0 in (3.3), in the
absence of uncertainties and disturbances, i.e.

ueq ≡ −(α1B)
−1(α1ÂE+α2E−α1Ẋd +α1ÂXd) (3.8)
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Now, replace control input (3.7) into (3.5) to obtain

V̇ = σ[α1(∆F+ d)−K sgn (σ)] (3.9)

In order to satisfy (3.6), it is sufficient to choose K  |η+α1(∆F+d)|, but ∆F and d are
unknown. Moreover, the chattering phenomenon is inevitable due to the existence of the sign
function in control input u. Removing such drawbacks, the fuzzy switching mechanism ufs is
incorporated into (3.7) to form

u = −(α1B)
−1(α1ÂE+α2E−α1Ẋd +α1ÂXd − ufs) (3.10)

Letting σ and ufs be the input and the output variables of the FISC, respectively, the
instinctive rules can be written as

ufs > 0 if σ < 0

ufs = 0 if σ = 0

ufs < 0 if σ > 0

(3.11)

The input and output spaces are fuzzily partitioned into three fuzzy sets. The input and
output membership functions are shown in Fig. 1.

Fig. 1. Membership functions of FISC for (a) input, (b) output

The labels for the input and output membership functions are: N (negative), ZE (zero), and
P (positive), with Φ and W as two real constants. As summarized in Table 1, the i-th fuzzy
rule for the system takes form

Ri : IF σ is F
i
σ THEN ufs is F

i
ufs

i = 1, 2, 3 (3.12)

where F iσh and F
i
ufsh
are the corresponding fuzzy sets, defined based on (3.11).

Table 1. Fuzzy-rule base for FISC

(σ) input N ZE P

(ufs) output P ZE N

By using the centroid defuzzification technique, the switching input ufs is calculated. The
general framework of the TITO control system with the FISC is presented in Fig. 2.

Fig. 2. Decentralized FISC system
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4. Application of FISC to helicopter control

The schematic of a CE150 helicopter system is shown in Fig. 3.

Fig. 3. Helicopter configuration (Boubertakh et al., 2012)

4.1. Helicopter model

Humusoft CE150, as a 2 DOF laboratory helicopter (Humusoft, 1989) consists of a body with
two DC motors which drive the propellers. The axes of the body rotation are perpendicular
as well as the axes of the motors. The both body position angles, i.e. azimuth angle ψ in
the horizontal plane and elevation angle Φ in the vertical one are influenced by the rotating
propellers simultaneously. The mathematical model is formed with two manipulated inputs u1
and u2 and two measured outputs (Φ,ψ). The user of the simulator communicates with the
system via the data-processing interface, the entries u1 and u2 and the outputs, scaled in the
interval [−1,+1], where “1” is called the Machine Unit [MU]. The mathematical model of the
helicopter is given by a set of differential equations as (Dutka et al., 2003; Morbidi, 2006/2007)

ẋ1 = x2 ẋ2 =
1

Iψ
(− sin(x1)τg − x2bψ + a1(x3)

2 + b1x3 − kgyro cos(x1)x6u1)

ẋ3 = −
1

T1
x3 +

1

T1
x4 ẋ4 = −

1

T1
x4 +

1

T1
u1 ẋ5 = x6

ẋ6 =
1

Iϕ

(
−x6bϕ + a2(x7)

2 + b2x7 − x9 −
krtor
tpr

u1
)

ẋ7 = −
1

T2
x7 +

1

T2
x8

ẋ8 = −
1

T2
x8 +

1

T2
u2 ẋ9 = −

1

tpr
x9 +

( kr
tpr
−
krtor
t2pr

)
u1

(4.1)

where x1 = ψ, x2 = dψ/dt, x5 = ϕ, x6 = dϕ/dt, and x3, x4, x7, x8, x9 denote the state variables
which describe the dynamic of DC motors and the coupling effects, and yh = x1 and yv = x5 are
defined as the controlled outputs. The numerical values of physical parameters of the helicopter
are listed in Table 2.
State equations (4.1) can be decomposed in to two subsystems as introduced by (2.3) with

Xh = [x1, x2, x3, x4]
T and Xv = [x5, x6, x7, x8, x9]

T. Such a model description is specified by

Ah =




0 1 0 0

−
τg
Iψ
−
bψ
Iψ

b1
Iψ

0

0 0 −
1

T1

1

T1

0 0 0 −
1

T1




Av =




0 1 0 0 0

0 −
bϕ
Iϕ

b2
Iϕ

0 −
1

Iϕ

0 0 −
1

T2

1

T2
0

0 0 0 −
1

T2
0

0 0 0 0 −
1

tpr




(4.2)

Bh =
[
0, 0, 0,

1

T1

]T
Bv =

[
0, 0, 0,

1

T2
, 0
]T
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Table 2. Physical parameters of the helicopter (Morbidi, 2006/2007)

Parameter Value Units

τg 0.0383 [Nm]

a1 0.186 [Nm/(MU2)]

b1 −0.0445 [Nm/(MU)]

a2 0.033 [Nm/(MU2)]

b2 0.0294 [Nm/MU]

bψ 0.005 [Kg m2/s]

Iψ 0.00437 [Kgm2]

bϕ 0.00869 [Kgm2/s]

Iϕ 0.00414 [Kgm2]

T1 0.1 [s]

T2 0.25 [s]

kr −0.00891 [Nm/(MU)]

tor 2.7 [s]

tpr 0.75 [s]

kgyro 0.015 [Nm/s]

and the model uncertainties

∆Fh = [0,∆fh, 0, 0]
T

with ∆fh =
1

Iψ
[−(sin(x1)− x1)τg + a1(x3)

2 − kgyro cos(x1)x6u1]

∆Fv = [0,∆fv1, 0, 0,∆fv2]
T

with ∆fv1 =
1

Iϕ

(
a2(x7)

2 −
krtor
tpr

u1
)

∆fv2 =
( kr
tpr
−
krtor
t2pr

)
u1

5. Numerical simulation

The time constants T1 and T2 are commonly known for CE150, i.e., the vectors Bh and Bv
need not to be estimated. Using the parameter identification algorithm described in Section 2,
the elements of Ah and Av are estimated as illustrated in Figs. 4 and 5.

Now, the proposed FISC is applied to the CE150 helicopter and the performance of the
controlled system is studied using MATLAB software. Let the desired reference vector be
Xdh = [x1d, 0, 0, 0]

T, Xdv = [x2d, 0, 0, 0, 0]
T , so the tracking errors are defined as

Eh = Xh −Xdh = [e1h, e2h, e3h, e4h]
T Ev = Xv −Xdv = [e1v , e2v , e3v , e4v , e5v ]

T (5.1)

The sliding coefficients in the FISC are selected as α1h = [0.7, 0.14, 1, 1.8],
α2h = [0.7, 0.1, 0, 0], α1v = [0.05, 0.4, 0.1, 0.8, 1] and α2v = [0.85, 1.2, 0, 0, 0]. The parameters
used in the input fuzzy sets w = 1 and Φ = 0.09 are simply determined to equally partition the
suitable region.

Compared with the results by Boubertakh et al. (2010,2012) and from the Ziegler-Nichols
controller, the position control of the FISC-controlled CE150 helicopter has a better performan-
ce in the sense of less overshoot, faster time response and less oscillation around the desired
positions, as shown in Figs. 6 and 7. In addition, the control actions of the FISC indicate that
the chattering effect is eliminated.
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Fig. 4. Parameter convergence for (a) ah21, (b) ah22 and (c) ah23

Fig. 5. Time history of parameter estimation for (a) av22, (b) av23, (c) av25 and (d) av55

Fig. 6. Step response (a) elevation angle, (b) azimuth angle, (c) control input u1, (d) control input u2
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Fig. 7. Time response for tracking performance (a) elevation angle, (b) azimuth angle, (c) control
effort u1, (d) control effort u2

In order to study the robustness properties of the designed FISC, a general structure is
adopted for the external disturbance d(t) as

d(t) =

{
d1(t) 20 s ¬ t ¬ 30 s

0 otherwise

The performance is evaluated against the abrupt and periodic disturbances by choosing
d1(t) = 0.4 and d1(t) = 0.4 sin 6t respectively. The tracking performance and control efforts are
respectively demonstrated in Figs. 8 and 9.

Fig. 8. Step responses in the presence of an external disturbance, (a), (b) abrupt change,
(c), (d) sinusoidal disturbance
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Fig. 9. Control efforts in the presence of an external disturbance, (a), (b) abrupt change,
(c), (d) sinusoidal disturbance

6. Conclusion

In this paper, a FISC is proposed for the coupled non-linear TITO system. The cross coupling
between the subsystems is considered as uncertainty. The system parameters are need not to be
known exactly and may be estimated by an identification algorithm. A proportional plus integral
sliding surface is used to eliminate the offset and remove the steady state error. The chattering
phenomenon is alleviated by using only three Takagi-Sugeno fuzzy rules. The proposed method
is then used to control a 2DOF laboratory helicopter. The simulation results show that the
proposed FISC demonstrates robust tracking performance, despite the cross-coupling effects
and external disturbances.
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