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Abstract: A variational approach for ab initio handling of the Renner—Teller
effect in six-atomic molecules with linear equilibrium geometry is elaborated.
A very simple model Hamiltonian suitable for the description of small-amp-
litude bending vibrations in IT electronic states of arbitrary spin multiplicity
was employed. The computer program developed within the framework of the
present study was tested on the example of the X211, state of Cs. The results
are compared with those generated in corresponding perturbative calculations.
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INTRODUCTION

For a long time, the Renner-Teller (R-T) effect! was investigated only in
triatomic molecules. The first theoretical study of this kind of vibronic coupling
in IT electronic states of molecules with linear equilibrium geometry was per-
formed by Petelin and Kiselev.2 A simple model for ab initio handling of the R-T
effect, accompanied by spin—orbit coupling in IT and A electronic species has
been developed and tested on a number of examples.3~13 In these studies, the
vibronic Schrédinger equation was solved using both variational and perturbative
approaches. Perturbative calculations of the vibronic spectra in five-14 and six-
-atomic!5:16 molecules were also realized. A method for handling the R—T effect
in molecules with an arbitrary number of nuclei was sketched and perturbative
formulae for several particular coupling schemes were derived.!7 For an exhaust-
ive literature survey of this topic, the reader is referred to the papers cited above.

In two recent studies,!3:18 it was explicitly shown that the vibronic coupling
in molecules with more than three nuclei could be understood as a combination
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440 MITIC et al.

of the classical R-T effect, arising as a consequence of the interaction between
two components of an electronic state spatially degenerate at the linear geometry
and split upon bending, and unavoidable (avoided) crossings of the correspond-
ing potential surfaces at non-linear nuclear arrangements, similar to those in the
classical Jahn-Teller effect.!® In the second of these papers,!8 a variational
method for calculating the vibronic spectrum in five-atomic molecules was elab-
orated and applied to calculate the low-energy vibronic spectrum in the X2II,
state of Cs~. In the present study, for the first time variational ab initio calcul-
ations of vibronic levels in a six-atomic molecule, namely in the X2II, state of
Cs~, were realized. This system was handled in a previous study using the
perturbative formulae derived therein. One of the aims of the present study is to
check the reliability of this second-order perturbative treatment and to cover the
coupling cases for which the perturbative formulae are not available.

THE MODEL HAMILTONIAN

The model Hamiltonian used herein for ab initio handling of the Renner—Teller effect
and spin—orbit coupling in IT electronic states of six-atomic molecules is subject to the follow-
ing restrictions:!® the equilibrium molecular geometry is linear; the harmonic approximation is
applied; the coupling between the bending and stretching vibrational modes is neglected; the
end-over-end rotations are not considered; the spin—orbit operator is assumed in the pheno-
menological form and the asymptotic (linear limit) electronic wave functions are used in mat-
rix representation of the kinetic energy operator. Thus, the model Hamiltonian has the form:

[:I:[:Ie‘l‘fb'f—l:lso (1)

where H, is the electronic Hamiltonian, T, is the kinetic energy operator for bending motions
of the nuclei, and Hy, is the electronic spin—orbit operator.

A six-atomic molecule with linear equilibrium geometry, whose nuclei have the masses
my, Mo,..., Mg, is considered in general. The equilibrium distances between the nuclei are
denoted by 7y, r,,..., rs. The z-axis was chosen to coincide with the molecular axis at the
equilibrium nuclear arrangement (see Fig. 1 of Ref. 17). Infinitesimal bending vibrations were
considered herein. To describe the four doubly degenerate bending modes, the Cartesian bend-
ing coordinates P, Prn P Pax and Py, Lo, P3ys Pay Were introduced.!>10 In terms of the
derivatives of these coordinates, the kinetic energy operator (in atomic units) for infinitesimal
bending vibrations is represented by a sum of x- and y- contributions:

fb Zfb(x)+fb(y) (2)

where
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and with a completely analogous form for fb (»). For the handling of symmetric six-atomic
molecule of the type ABCCBA, when my =m3, ms=m,, mg=my, it is convenient to intro-
duce the symmetrized Cartesian bending coordinates pciy, Pcax> Priv> Pr2x and pciy s

Pc2y s Priy» Pray . defined as:

1 1
Pcix =$(p4x +P1c)s Peas =$(P3x+/32x), w
1 1
Prix =$(P4x—/71x)a Prax Zﬁ(mx—/’m)
and analogously for the y-coordinates. The new coordinates describe two collective cis- and

two trans-bending vibrations in the planes xz and yz. A straightforward transformation of exp-
ression (3), as well as of its y-counterpart, results in:

s (e ) 1 @
Ly=Tc+Tr=- st |~ > T T
2uci\ 9Pé: PGy ) 2Mca\ 0PEar PGy

1 02 02 1 22 92
+ + - Tt |~ (5)
2ucia\ 9pcixPcrx PciyPcay ) 241\ 9PF Py

1 [ 92 02 1 02 02
Tt |t +
2612\ 9PFay  IPF2y ) 2Ur12\ 9PTIPT2:  9PTINPT2Y

where
m1m2m3r12r22 m2m3r22
Hcer = B > 5> Hea=———",
mymyr? + mymy (1 +1,)" +mymsrs my +m;
m 2 2,2
2311y mmyms3iry
Hep=—""—"7"", Hm = 5 3 > (6)
mati +m3 (1 +13) mymyr? +myms (1 +1,)" +mymsr:
mymyrif mymsnrir
Hr2 = > Mtz =

4[m2(r2 +7 /2)2 +m3(r3/2)2J 2myri (ry + 7,1 2)+myr (11 + 1)

The kinetic energy operator is equivalent to that derived in Ref. 15; the only difference is

that now the factors 1/+/2 were used in Egs. (4) instead of 1/2, having been employed before.
When the coupling of the two components of the I electronic state is neglected, the
potential energy part of the bending Hamiltonian in the harmonic approximation has the form:

1 1
V=Ve+Vr= EkCI (P%lx +/)(2:1y)+5kc2(/)(232x +,0(232y) +
1

ke (PetePeax + PeiyPeay) + Skn (P%bc + Pty ) + ™)

1
+5kT2 (P%zx +Piay ) + k12 (PetsPras + PriyPray)

Note that also the potential energy operator is separated (besides into a cis- and a trans-
-part) into x- and y-contributions.
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442 MITIC et al.

In the next step, the bending normal coordinates are introduced in a way presented in the
literature,'> and finally, the kinetic and potential energy are expressed in terms of the polar
components (g;,¢) of the dimensionless normal coordinates. In this way, relations (5) and
(7) are transformed into:

1< (a2 1 1 92
R A R T ®
2:5\9¢7  q; 9q; g7 O9;
where @; are the bending vibrational frequencies.
The potential energy part of the Hamiltonian becomes:
1 &
r =13 w0 ©)
23
The spin—orbit (S—O) operator in the phenomenological form is:
Hgo = 4soL.S; (10)

where Agg is the spin—orbit constant, and I; and 3‘2 are the components of the electronic
orbital and spin angular momentum along the molecular axis.

The model Hamiltonian (1) is represented in the two-dimensional electronic space span-
ned by the “diabatic” electronic eigenfunctions w* and =4 defined as:

1 . . _ 1 i e
'//Azﬁen(w'—i—ll// )’ '//Azﬁe z-(I,V—ll//) (11)

where y' and y" are the eigenfunctions of the electronic operator H, obtained within the
framework of the Born—Oppenheimer approximation (“adiabatic” electronic functions) for the
two components of the IT state, and 7 is an angle defined as:*

4 4
2D i\ 0004 5in (¢ + 87

7=—arctan{ - j4:1 (12)

4
> 2 €\ @@ 414,056, +¢;)
=t

—

with the quantities ¢; determined by the energy difference of the adiabatic potentials at planar
geometries. The sense of 7 is that it defines the plane with the property that one of the
adiabatic electronic wave functions (') is invariant when reflected on it, and the other (")
changes its sign upon the reflection. On this basis, the electronic operator has the matrix
elements:

<WA|19@ V/A>=%=<W*A|fle '//*A> (13)
<'//A|1_}e W7A>= v —2V e 2, <V/7A|[:Ie V/A>= v —2V Q2T (14)

where V' and V" are the eigenvalues of the electronic Hamiltonian corresponding to the
adiabatic wave functions ' and y", respectively. The off-diagonal matrix elements (14) are
responsible for the vibronic coupling of the components of the IT electronic state.
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The matrix of the nuclear kinetic energy operator can be computed by using the
asymptotic forms (corresponding to the linear molecular geometry) of the basis functions (11)
and then it is diagonal.* The matrix elements of the S—O operator (10) are

<l//1|ﬁlso|‘//1> = As0A2, <l//2|flso|l//2> =—4As042,
<¥/1|1;’so|¥/2>=0=<l//2|1;’so|%>

where A (= 1 in the present case of a IT electronic state) and X (= +£% for doublet states) are
the eigenvalues of the z-components of the spatial and spin electronic angular momentum,
respectively.

The electronic matrix elements act as operators onto vibrational basis functions. As com-
plete basis functions for the matrix representation of the Hamiltonian (1) were used:

(15)

4
1 .

vl voly vils, 2 A, XY = A | —=—€"% R, (g 16

[vily, valy,v3ls )=y g\/ﬁ i (47) (16)

where /; is the eigenvalue of the vibrational angular momentum R, =—id /d¢;, and Ry (q:) is

the solution of the radial equation for the i" two-dimensional harmonic oscillator.

For the quantum numbers /;, taking for a given bending quantum number v;, the values
-v;, =v;+2, ..., v; are subject to the constraint:

S=2
DY LtA=K 17
i=l1

where K is the eigenvalue of the z-component if the total angular momentum excludes spin,
N.. The quantum number P =K + 2, being the eigenvalue of the z-component of the total
angular momentum, J,, was also defined. The Hamiltonian (1) commutes with both N, and
J,, and thus K and P are good quantum numbers within the framework of the resent
model. For this reason, the vibronic levels and wave functions can be calculated for each K
and P (or X') separately. For more details, the reader is referred, e.g., to a recent study.!8

RESULTS AND DISCUSSION

In calculations of the low-energy part of the vibronic spectrum in the X2II,
state of Cq~, the set of parameters obtained by ab initio calculations in a previous
study!5 were used (Table I). These computations were realized by means of the
Gaussian program package?0 at the UB3LYP/aug-cc-pVTZ level of theory.2! It
was found that the equilibrium geometry of the molecule (as well as of the
neutral C4 and the positive ion C¢*") is linear.16 For the equilibrium bond lengths,
the values C1*C2 = C5*C6 = 1.267 A, C27C3 = C4 *CS =1.323 A, and C27C3 =
= 1.248 A were obtained. The harmonic vibrational frequencies (expressed in
wave numbers) for the two cis-bending modes were found to be 430.92 and
117.94 cm!, whereas their trans-counterparts are 543.50 and 259.29 cm!. The
parameters entering in the proposed model Hamiltonian were extracted from
adiabatic potential energy values for both components of the X2II, electronic
state, calculated at 13 planar geometries. For both pure C; and C, cis-bending
vibrations at planar nuclear arrangement the B; (A" in terms of the Cs point
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group irreducible representations), potential curve lies above its A; (A') counter-
part and thus, according to the convention assumed,!! the splitting parameters &c;
and ec, are negative. The third cis-splitting parameter, &cj,, was found to be nega-
tive, too. At one of the frans-bending modes, the A, (A" in the Cg nomenclature),
potential curve is above the B, (A') one, and at the other the ordering is reversed.
Note that the ¢ values presented in Eq. 71 of Ref. 15 are dimensionless — to
obtain the input parameters for the present program, they were multiplied by the
corresponding quadratic force constants and additionally by 1/2, due to the new
definition of the symmetrized bending coordinates. The spin—orbit constant was
computed using the MOLPRO 2006.1 program package?2 at the MRCI level of
sophistication. At the equilibrium molecular geometry, the value of 25.16 cm™!
was obtained.

TABLE 1. Low-lying part of the vibronic spectrum in the X2I1, state of Cs. E£©: bending
vibrational levels when the R-T and S—O coupling are neglected. Pert: results of second-order
perturbative calculations. Var.: results of variational calculations. In parentheses are given dis-
crepancies between variational and perturbative results

0 Pert. Var.

ViV, Ve, Ve K B — 7 o T——1/2 X-=1/2
0,0,0.0 lu 1352 1334 1359 1334 (0) 1359 (0)
1,0,0.0 2u 1895 1873 1898 1873 (0) 1898 (0)
Ou 1837 1837 1839 (+2) 1839 (+2)
1955 1955 1954 (-1) 1954 (~1)

0,1,0,0 2u 1611 1591 1617 1592 (+1) 1616 (~1)
Ou 1584 1584 1585 (+1) 1585 (+1)
1617 1617 1616 (-1) 1616 (-1)

0,0,1,0 2¢ 1783 1763 1789 1764 (+1) 1788 (1)
0g 1737 1737 1737 (0) 1737 (0)

1819 1819 1819 (0) 1819 (0)

0,0,0.1 2¢ 1470 1452 1477 1452 (0) 1477 (0)
0g 1452 1452 1452 (0) 1452 (0)

1478 1478 1478 (0) 1478 (0)
2,0,0,0 3 2439 2410 2435 2410 (0) 2434 (-1)
lu 2357 2359 2360 (+3) 2362 (+3)
2524 2522 2522(-2)  2520(-2)
0.2,0,0 3u 1870 1848 1874 1849 (+1) 1873 (-1)
lu 1837 1835 1839 (+2) 1837 (+2)
1875 1877 1872 (-3) 1875 (-2)
0,0,2,0 3 2213 2192 2217 2192(0) 2216 (-1)
lu 2152 2152 2152(0) 2153 (+1)
2265 2265 2266 (+1) 2264 (~1)

0,0,0.2 3u 1588 1570 1595 1570 (0) 1595 (0)
lu 1569 1569 1569 (0) 1569 (0)

1596 1596 1596 (0) 1596 (0)
1,1,0,0 3 2154 2128 2153 2128 (0) 2152 (~1)
lu 2095 2094 2098 (+3) 2097 (+3)
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TABLE I. Continued

0 Pert. Var.
vrVmsvenve K BY — 1 o1 S-—_1/2 X-=1/2
1,1,0.0 2122 2147 2123 (+1) 2144 (3)

2214 2216 211(-3) 2213 (-3)
1,0,1,0 3g 2326 2302 2327 2302 (0) 2327 (0)
lg 2254 2254 2255 (+1)  2256(0)
2307 2332 2307(0) 2331 (-1)
2396 2395 2395 (-1) 2394 (-1)
1,0,0,1 3g 2013 1991 2016 1991 (0) 2015 (-1)
lg 1955 1955 1956 (+1) 1956 (+1)
1991 2016 1991 (0) 2015 (-1)
2073 2073 2072 (-1) 2072 (-1)
0,1,1,0 3g 2042 2020 2046 2021 (+1) 2045 (-1)
lg 1991 1990 1992 (+1) 1991 (+1)
2017 2043 2018 (+1) 2042 (-1)
2075 2076 2074 (-1) 2075 (-1)
0,1,0,1 3g 1729 1709 1734 1709 (0) 1734 (0)
lg 1702 1701 1703 (+1) 1702 (+1)
1709 1734 1709 (0) 1732 (-2)
1736 1736 1734 (-2) 1735 (-1)
0,0,1,1 3u 1901 1881 1906 1881 (0) 1906 (0)
lu 1855 1855 1855 (0) 1855 (0)
1881 1906 1881 (0) 1906 (0)
1937 1937 1937 (0) 1937 (0)
11,10 4g 2585 2557 2582 2557(0) 2581 (-1)
2g 2514 2514 2514 (0) 2514 (0)
2550 2575 2551 (+1) 2574 (-1)
2564 2589 2565 (+1) 2589 (0)
2657 2657 2650 (+7) 2651 (-6)
0g 2510 2510
2519 2519
2555 2555
2584 2584
2648 2648
2652 2652
1,1,0,1 4 2272 2246 2271 2246 (0) 2270 (-1)
20 2213 2211 216 (+3) 2215 (+4)
2239 2265 2240 (+1) 2263 (-2)
2246 2271 2246 (0) 2270 (-1)
2332 2333 2329 (-3) 2330 (-3)
0g 2214 2214
2216 2216
2240 2240
2263 2263
2328 2328
2330 2330
1,0,1,1 4u 2444 2420 2445 2420 (0) 2444 (-1)
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TABLE I. Continued

0 Pert. Var.
vrVmsvenve K BY — 1 o1 S-—_1/2 X-=1/2
1.0.1.1 2u 2373 2373 2373 (0) 2374 (-1)

2419 2445 2420 (+1) 2444 (-1)
2425 2450 2425(0) 2449 (-1)
2515 2514 2513(-2)  2512(-2)
Ou 2371 2371
2376 2376
2424 2424
2450 2450
2510 2510
2514 2514
0,1,1,1 4u 2160 2138 2163 2138 (0) 2163 (0)
2u 2117 2117 2110 (=7) 2109 (-8)
2135 2160 2136 (+1) 2159 (-1)
2138 2163 2138 (0) 2163 (0)
2202 2203 2192 (-10) 2193 (~10)
Ou 2108 2108
2110 2110
2135 2135
2159 2159
2191 2191
2193 2193
L1,1,1 Su 2703 2675 2700 2675(0) 2699 (1)
3u 2629 2629 2631 (+2) 2632 (+3)
2668 2693 2669 (+1) 2691 (-2)
2675 2700 2675(0) 2699 (1)
2682 2707 2683 (+1) 2706 (1)
2772 2772 2768 (-4) 2769 (-3)
1u 2627 2627
2632 2632
2637 2637
2669 2673
2673 2691
2683 2701
2702 2707
2765 2766
2769 2768
2770 2771

The program for the variational treatment of the R-T effect in six-atomic
molecules is written in the Python programming language using the Numpy
package. The basis for the variational calculations consisted of the functions (16)
with ve1 = ver = v = vip < 8 and Iy = Iy = It = 12 < 8. The dimensions of the
constructed vibronic Hamiltonian matrices (for quantum number K= 0-5) were
~ 400000x400000. Diagonalization of a matrix of these dimensions takes about
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1.5 h on the available machine with an Intel Xeon processor E5-1620 v3 (10M
Cache, 3.50 GHz, 4 cores) when NumPy is linked against Intel MKL.

The levels obtained when both the vibronic- and spin—coupling were neg-
lected are given in column E(0) of Table I. The vibronic levels are labeled by the
subscript g or u. The electronic state is of u-symmetry, the trans-bending vib-
rational states are all gerade, and the cis-bending vibrational species corres-
ponding to odd vibrational quantum numbers are ungerade, whereas those for
even vibrational quantum numbers are gerade. Thus, a vibronic level is of g-sym-
metry when the sum of the quantum numbers vc; and v¢, is odd, and of u-sym-
metry if this sum is even.

In Table I are presented all vibronic levels with the sum of the vibrational
quantum number (vci, Vo, Vi1, vr2) < 3, and additionally the vibronic levels for
Vel = Vea =vr1 =vpp = 1. Many of them could be calculated by means of the
derived second-order perturbative formulae,!> but the number of levels that are
not covered by these formulae (blue colored levels in Table I), strongly increases
with increasing vibrational quantum numbers. As predicted in a previous study, !>
the discrepancy between the results of the variational and perturbative calcul-
ations is in the low-energy part of the vibronic spectrum, not larger than 10 cmL.
For a more detailed analysis, see the previous study.!5

CONCLUSIONS

Within the framework of this study, a variational ab initio approach for
handling the vibronic and spin—orbit structure in IT electronic states of six-atomic
molecules with linear equilibrium geometry was developed. The numerical
results for the X2II, state of Cs are in good agreement with those obtained
within the framework of the second-order perturbation theory. However, while
the perturbative approach covers only the cases with particular combinations of
vibrational quantum numbers, the present variational method ensures calculation
of all vibronic species. The model Hamiltonian employed in this study is
extremely simple, but it involves all the most important effects, when one is res-
tricted to the lowest-energy part of vibronic spectra. Handling of the R—T effect
in molecules with more than three nuclei would hardly be possible at a higher
level of sophistication. However, it is frequently the case that the vibronic spec-
trum of a molecule with larger number of nuclei reflects the excitation of only
one or two of the bending modes. In such a situation, the vibronic problem is
effectively reduced to that of a triatomic or tetraatomic species.

Acknowledgement. The financial support provided by the Ministry of Education, Science
and Technological Development of the Republic of Serbia (Contract No. 172040) is acknow-
ledged.
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HU3BO[
BAPUJALIMOHO PAUYHAKE BUBPOHCKOT CITEKTPA Y X 2I1, EJEKTPOHCKOM
CTABY Cq~

MAPKO MUTHUR', MUJIAH MMJIOBAHOBUR', PATOMHP PAHKOBHER', CTAHKA JEPOCUMHR'
¥ MUJbEHKO MTEPHR'?

It;baxyﬂmem 3a pusuuxy xemujy Ynueep3uiieiia y beoipagy u ZCpth;ca agagemuja Hayxa u yMetHoCIiu

PaspabeH je BapujalMoHK NOCTyNaK 3a ab initio TpeTupawe Penep—Teneposor edexra y
IIECTOATOMCKUM MOJIEKY/IMMa C JIMHEAapHOM PpaBHOTEXHOM reomerpujom. Kopuurher je
BEOMa jeHOCTaBaH MOJIEJIHA XaMHWJITOHMjaH, [TOTOZlaH 3a ONHCHBake caBrjajyhux subpanuja
Manux ammutyfa y Il elekTpoHCKMM  CTakbuMa C  IPOM3BOJBHOM  CIIMHCKOM
mynturieTHomwhy. PauyHapcku mporpaM paspaheH y OKBUPY OBOT pajia TecTHpaH je Ha
npumepy X 21, crama monekyna Cg™. PesynTaty cy ynopehenu ca oHEMa Koju ce 1odujajy y
ofgrosapajyhum neprypballuOHUM padyHamHUMa.

(ITpumsbeHo 29. HoBemOpa, peBUANpaHo U npuxsaheHo 4. neuemdpa 2017)
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