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Abstract: In QSAR/QSPR studies, topological indices are utilized to predict the
bioactivity of chemical compounds. In this paper, the closed forms of different
Zagreb indices and atom—bond connectivity indices of regular dendrimers G[n]
and H[n] in terms of a given parameter n are determined by using the auto-
morphism group action. It was reported that these connectivity indices are
correlated with some physicochemical properties and are used to measure the
level of branching of the molecular carbon-atom skeleton.

Keywords: graph automorphism; orbits; dendrimer graphs; topological indices;
QSAR/QSPR; wreath product.

INTRODUCTION

In the last few decades, computational methods have been used extensively
in theoretical and physical chemistry for the prediction of molecular properties
and the testing of theory. Recently, studies of quantitative structure—activity
(QSAR) and structure—property (QSPR) relationships have been developing very
rapidly by using many mathematical methods to predict the biological activities
and properties of different chemical compounds with the help of topological
indices.

The molecular graph theory is a significant area of mathematical chemistry
with the help of which mathematical models of molecular structures can be
developed. The graph theory converts chemical structures into mathematical
invariants by associating mathematical object sets consisting of vertices that rep-
resents atoms and the edges that depicts covalent bonds between the atoms.
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1 52 AHMAD, AHMAD and YOUSAF

The topological index of a molecular graph G is the real number denoted by
Top(G) that describes the characteristics and the molecular topology of a chemical
compound. Although by representing the molecular structures with topological
indices (QSPR/QSAR study), there is substantial loss of information, but still
these indices provide comprehensive knowledge in predicting many molecular
properties and biological activities. Specifically, this study is helpful in pre-
dicting molecular properties that are either difficult to determine or may have
health risk or in the case when the chemical substance is not available.

Some of the oldest and the most studied molecular descriptors are the Zagreb
group indices. They found noteworthy applications in Chemistry. In 1972,1 Gut-
man and Trinajsti¢ introduced the Zagreb group indices, also known as the Zag-
reb group parameters. The level of branching of a molecular carbon-atom ske-
leton can be measured by these indices. Hence, they can be regarded as mole-
cular structure-descriptors. The details and a historical overview of the Zagreb
group indices are given in the Supplementary material to this paper.

Recently, Furtula et al.2 introduced the atom-bond connectivity index (4BC),
which has hitherto been applied to study the stability of alkanes and the strain
energy of cycloalkanes.

The ABC index has a vast number of applications in chemical thermodyn-
amics2-3 and in chemistry#~7. This index is defined as follows:

ABG(G)= Y % (1)
e=uve E(G) uxdy

where E(G) is the number of edges of any graph G, and d, and d, denote the
degree of vertex u and v, respectively.

my, +m, —2
ABG(G)= Y, = 2)
e=we E(G) VM X1y
where m,, is the number of vertices whose distance from vertex u is smaller than
to vertex v.

ABC,(G) = Z M (3)
e E@G) N SuXSy
where S, = > d, and Ng(u)={veV(G) uve E(G)} and
veNg(u)
ABC5(G) = Z wte =2 4)
e=uve E(G) €u X &

here €(u) is the eccentricity® of the vertex u, defined as:
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ABC AND ZAGREB INDICES OF REGULAR DENDRIMERS 1 5 3

€(u) = maxyey (G)dc (u,v)
and dg(u,v) is the distance between u and v.

The connectivity index and its modifications, such as the group of Zagreb
indices, ABC indices, efc., are used more often than any other topological indices
in QSPR/QSAR. The mathematical properties of these topological indices can be
found in some recent papers. The readers are encouraged to consult the litera-
ture®~15 for the historical background, computational techniques and mathemat-
ical properties of the Zagreb and ABC indices. Since these indices represent
mathematically attractive invariants, it is important to have some deeper studies
on these indices for the advancement of this part of mathematical chemistry.

Dendrimers are star-shaped and pronged macromolecules with nanometer-
-scale measurements. Dendrimers were first investigated by Vogtle et al.1¢ in
1978. They expand iteratively from a central core such that each succeeding
phase depicts a new generation of the dendrimer that nearly doubles the mole-
cular weight of the preceding generation. The heavily increasing growing struc-
ture of dendrimer leads to different shapes and sizes that protect the inner cores
and hence are the best choice in biological and material sciences. Moreover, it is
helpful in conjugating other chemical species to its surface, which acts like a det-
ecting agent, targeting components, imaging agents, or pharmaceutically active
compounds. The literature indicates that dendrimers have also been examined
due to their vast applications in nanotechnology, drug delivery, gene transfection,
catalysis, energy harvesting and other fields. The topological study of these
macromolecules is the aim of this article.

In this article, the notations are standard for the hyper-Zagreb index, HM,
and the augmented Zagreb index, AZI. In this paper, the closed form of first and
second Zagreb indices, related Zagreb polynomials, augmented Zagreb, hyper-
-Zagreb and ABC indices of some dendrimers are studied and formulated by
using group theoretical methods.!7-18

RESULTS AND DISCUSSION
Zagreb indices of dendrimer G[n] and H[n]

In this section, the exact formulae for the first and second Zagreb indices,
related Zagreb polynomials, augmented Zagreb index and hyper-Zagreb index of
a family of regular dendrimers G[n] and H[n] are computed by using the action
of an automorphism group of the graph on the vertices and edges of the dendri-
mer graphs.

Consider the molecular graphs of G[n] and H[r] of regular dendrimers with
exactly n generations with the core isomorphic to the path graph on 6 and 4 ver-
tices, respectively, as shown in Figs. 1 and 2.
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1 54 AHMAD, AHMAD and YOUSAF

Fig. 1. 2-Dimensional representation of the Dendrimer graph G[n] for n=6.

Veo

Fig.2. 2-Dimensional representation of the Dendrimer graph H[n] for n=5.

Since the degree of any vertex is invariant under any automorphism of the
graph, the first and second Zagreb indices, hyper-Zagreb and augmented Zagreb
indices can be re-written using Lemma 1.

Lemma 1. Let Aut(G) = ¢ act on the vertex set V(G) and the edge set E(G)
of a molecular graph. Suppose further orbits of the vertices under this action are
Ui, Uy, -+, Uy and orbits of the edges under this action are E1, £y, -+, Es. Then
the first and second Zagreb indices, Zagreb variable indices, hyper-Zagreb, aug-
mented Zagreb indices and ABC indices are given as follows:

k
M(G)=) ] Uj| (dy,)? (5)

i=1
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M3(G)=Y | Ej| (dx,_,dx,) (6)
Jj=1
_ k
Mi(G)= ), (dy+d)-D ] El(dy,  +dy)) (7
u,velV(G) i=1
My(G)= Y. (dydy) =D E;|(dx, dy,) (®)
uveV(G) Jj=1
k
UM(G) =) | Ui| (dy,)? ©)
i=l1
UMy (G)=D | Ej|(dy,  dx,)? (10)
j=1
k
HM(G)=Y | Ej| (dy, +dyx,,)? (11)
Jj=1
and
: dx.ifl dxj 3
AZI(G)—El Ej| ( v >) (12)

It is easy to see that G[n] can be split into three parts, A, B and C, where C is
the core as shown in the Fig. 3. It is noted that each of the sub-graphs A and B of
G[n] contains n+1 stages such that the first n stages consist of 4 levels and the
last stage contains only one level. Thus, the number of levels of A and B are
4n+1 each.

Let U; and U; be the set of vertices of i-th stage of A and B, respectively and
Uj; and U;, denote the #-th level of i-th stage in A and B, respectively. Then,

3 3
Ui =\ Uy and U; = JUj,
t=0 t=0

The automorphism group of G[#n] of vertices is isomorphic to Zy~V4, where
V4 acts on the set U1 (U0 LUjg), i.e., on 2(2"1 — 1) vertices and ~ is the
permutational wreath product. Label the vertices of the core as vgq, vg2, vo3 and
vo4 and let v;; and vj; be the first vertices of orbit Uj; and Uj,, as shown Fig. 1.
Now it is easy to see that the orbits /;;, Io; and Ipp under the action of auto-
morphism group of G[n] on vertices can be written as:

Ly ={Uj UU;I}
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1 5 6 AHMAD, AHMAD and YOUSAF

where 0 <¢r<3 for1 <i<n,andt=0 fori=n+l and Ip; = {vo1, vo3} and Ipy =
= {vo2, vo4}. Thus | I;; | = 2719, and | Iy; | = | Iop | = 2, where Jy is the Krone-
cker delta defined as:

I, i=],

o =

0, i#j,

Therefore:
n+l 3

v(G)=J L 0= 81y 0= o) o1 o2

i=11=0

Vo Vo2 Vs

Fig.3. Three sub-graphs A, B and C of G[n] for n =5.

Now the action of Aut (G[n]) on E(G) is considered. Let E; and E; be the set
of edges of i-th stages of A, B, respectively, and E;; and Ej, denote the set of
edges joining the ¢ and #1 levels of i-th stage in A and B, respectively. Fur-
thermore, F; and F; are the set of edges joining the 3rd level of the i-th stage and
0-th level of (i+1)-th stage of A and B, respectively. Let:

3 3
E; ={UE#,FZ} and ={UEZ;,F{}
t=1 t=1

Then, the orbits of the edges under this action are as follows:
1= {V01v105V10v04}>S2 = {V0201,V04v03},53 = {Vo2vo3}» M = {Ej U E}

and
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Ni={F; UF}
where 1 <7<3and 1 <i<n. Thus, |M;| =|Nj =21, |S1|=2=|Sy| and |S3| = 1.
Theorem I: The first and the second Zagreb indices of G[n] are:

MG =17x2m+2 =50 (13)
M,G=9x21t3 - 56 (14)
The first and second Zagreb polynomials of G[#] are:
Zg (G,x)=(3% 21+l — 6) x5 4 (2143 — 5)x4 + 201 53 (15)
Zg,(G,x)=(3x 21 —6)x6 + (273 —5)x4 4 21+1 52 (16)
The proof for Theorem 1 is given in the Supplementary material to this
paper.
Theorem 2: The first and second Zagreb coincides of G[n] are:
M (G[n]) =4096x 23" —8192x 22" +5388x 2" —1160 17
M, (G[n]) =4096x2%" —8192x2%" +5384x2" —1154 (18)

The proof for Theorem 2 is given in the Supplementary material.
Theorem 3: The first and second variable Zagreb indices of G[n] are:

Y M{(G[n]) = —2{4x 2%V +32V1 42" (1 4320 1 6% 2%V} (19)
VM7 (Gn])=—6X 60 —5x4V + 2113 6V + 4x 4V 4+ 20} (20)

The proof for Theorem 3 is given in the Supplementary material.

Similarly, the hyper-Zagreb and augmented Zagreb indices of G[x] can be
calculated as in the following Theorem 4.

Theorem 4: The hyper-Zagreb and augmented Zagreb indices of G[r] are:

HM (G[n]) =37x21+3 -230 2n
AZI(G[n])=2"+7 —88 (22)

The proof for Theorem 4 is given in the Supplementary material.

The automorphism group of H[#n] is isomorphic to Z> ~ V4. H[n] is shown in
Fig. 2. Now the orbits /;; and /o1 under the action of the automorphism group of
H[n] on vertices can be written as [;; = {U;; WU}}, where for 0 < t< 6 and
1<i<nand¢=0fori=n+land = {vo1, voa}. Thus |/;; | =21*1-9, and |/] =2.

Similarly, the orbits of edges under this action are as follows:

81 ={Mmosviovoz}»S2 = voavor} My = {Ei WE;} and  N;={F UF},
where 1 <¢<6and 1 <i<n. Thus, |M;|=|N;| =21, |S1| =2 and |Sy| = 1.

Theorem 5: The first and the second Zagreb indices of H[n] are:

M, (H[n])=29%x2"*+2 -106 (23)
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M, (H[n])=15x2"+3 -112 (24)

The first and second Zagreb polynomials of H[n] are:
Zg (H,x)=(3x2M1 —6)x3 +(5x272 —19)x4 + 27+ 3 (25)
Zg,(H,x)=(3X 21+ — 6)x0 + (5% 21+2 —19)x4 + 21+l 52 (26)

The proof for Theorem 5 is given in the Supplementary material.
Theorem 6: The first and second Zagreb co-indices of H|[n] are:

M\ (H[n])=21952% 23" —58016x 22" + 50984 x 27 —14894 27)
My (H[n]) =21952x231 — 58016 227 + 50980 x 2" — 14888 (28)

The proof for Theorem 6 is given in the Supplementary material.
Theorem 7: The first and second variable Zagreb indices of H[n] are:

UM, (H[n])=—-2{11x2% +3*"} + 2" {1+ 3* +12x2°"} (29)
"M ,(H[n])=-6Xx6"—19x4" +2""{3x 6" +10x4" +2"} (30)
The Proof for Theorem 7 is given in the Supplementary material.
Similarly, the hyper-Zagreb and augmented Zagreb indices of H[#] can be
calculated as in the following theorem:
Theorem 8: The hyper-Zagreb and augmented Zagreb indices of H[n] are:
HM (H[n]) =463x2" —404 (31)
AZI(H[n]) =7x2"+5 —200 (32)
The proof for Theorem 8 is given in the Supplementary material.

Atom—bond connectivity indices of G[n] and H[n]
Lemma 2. Let Aut(G) = @1 act on vertex set V(G) and edge set E(G) of a
molecular graph and if the orbits of the vertices under this action are U;, Uy,...,

Uy, and the orbits of the edges under this action are £1, E», ..., Eg, then the ABC
indices are given as follows:

k de +d,. =2
ABCr =Y | E; | /%, (33)
i=1 Xj-17X;

k
ABCy =) | E; |
i=1

k Sy +Sy.  —2
ABCy =Y | E;| /% (35)
i=1 Xj-1-X;

(34)

and
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where x;e U; and x;_1x; € E;.
Theorem 9: The first ABC index of G[n] is:

ABC(G[n)) =_T121+2n xl—\/%

The proof for Theorem 9 is given in the Supplementary material.
Theorem 10: The second ABC index of G[n] is:

2 2 1
+ + +
JB A3 B4
n 1 1
{ +
0 7 —16271)—64(21)+3 [y —80(2") + 4
1 1
" " 1
V7 +16(271)=96(27)+3 [y +32(2n1)—112(2")

ABCy(G[n])=oq]

+ +

159

(36)

(37

(38)

where a1 =(16x27 —12)05, B =64(227)—80(27)+21 and  j; =128(22n—i)—

—64(22n-21) 4+ 21,
The proof for Theorem 10 is given in the Supplementary material.
Theorem 11: The fourth ABC index of G[#] is:

ABC4(G[n]) ={\/%_6J%_6\/%}+
+21 {6\/%+6\/%+2\/%+2\E}

The proof for Theorem 11 is given in the Supplementary material.

Theorem 12: The fifth ABC index of G[n] is:

8n+7 s 8n+5 +\/8n+4
(4n+5)(4n+4) (4n+3)(4n+4)  4n+3

ABCs(G[n]) =2 \/

8n+8i+7 3\/ 8n+8i+20—2 }

n
2,2 . —+Y : :
P (An+4i+4)(4n+4i+5) S\ (@n+adi+t+1)(4n+4i+1)

The proof for Theorem 12 is given in the Supplementary material.
Similarly:
Theorem 13: The first ABC index of H[n] is:
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1 60 AHMAD, AHMAD and YOUSAF

ABCy(H[n]) = =2 + 2n x 28 (40)

V2 V2

The proof for Theorem 13 is given in the Supplementary material.
Theorem 14: The second ABC index of H[n] is:

2 1 L 1
)= + +2.1 ,
VB B+l Z‘ J72 —140(271) =196(27)
1 1
+ - + -
72 —112(27-1) = 224(27)+9  \[y, —84(271) = 252(27) +16
2 1
+ . + .
72 =56(2771)=280(2") + 21 \[y2 —28(271)-308(2") + 24
1
+
72 —336(2m) +25
where a = (28%27 —26)0:5, B =196(227) —336(2") +143 and
s =392(221-1) —196(221-2) +119 .

ABC, (H[n]

(41)

The proof for Theorem 14 is given in the Supplementary material.
Theorem 15: The fourth ABC index of H[n] is:

ABC4(H[n])=1-2 /5+12 /2—8 /ﬂ—lz /i -
63 49 V42 18
+21 48 E+6 £+12 i+2\/2
Ves N4z “\is 5

The proof for Theorem 15 is given in the Supplementary material.

Theorem 16: The fifth ABC index of H|[n] is

M4n+3 Jdn+2 .
(Tn+2)(7n+3) Tn+2

+Zn:2i+l{ 14n+14i+3 N @3)
P (Tn+7i+2)(Tn+7i+3)

6 ;
14n+14i+2t-11
> o L
SV (Tn+T7i+t=5)(Tn+7i+t-4)

ABCs(H[n])=2 \/

The proof for Theorem 16 is given in the Supplementary material.
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CONCLUSIONS

By using the definition of the Zagreb and atom—bond connectivity indices
and the action of the automorphism group of graphs on the edges, this distance
index was computed for regular dendrimer graphs G[n] and H[n]. Even though
the number of generations of such dendrimers was rather limited, the established
formulae have a valuable diagnostic value, particularly in establishing compo-
sition rules of a global (topological) property by local contributions of the struc-
tural repeat units/monomers. In this respect, the Zagreb and atom—bond connect-
ivity indices could be used both as a classifier of data downloaded from mole-
cular structure databases and molecular descriptor in quantitative structure—pro-
perty relationships.

SUPPLEMENTARY MATERIAL

Details about Zagreb group indices and proofs for theorems are available electronically
at the pages of journal website: http://www.shd.org.rs/JSCS/, or from the corresponding
author on request.

U3BOJ
HN3PAYYHABAIGE 3AI'PEE HHJIEKCA H MHIEKCA ITOBESBAHOCTH ATOM-BE3A
OOPEBEHHX ITOPOOUIA TEHIPUMEPA KOPUCTERH JEJIOBAILE I'PYIIE
AYTOMOPO®U3MA

UZMA AHMAD', SARFRAZ AHMAD? u RABIA YOUSAF"

'Department of Mathematics, University of the Punjab, New Campus, Lahore, Pakistan u “Department of
Mathematics, COMSATS Institute of Information Technology, Lahore, Pakistan

Y QSAR/QSPR crynujamMa KOpHUCTe Ce TOTOJOUIKM WHAEKCH 3a NpenBubame HM0aKTHUB-
HOCTH XEMUjCKHUX jeIumema. Y 0BOM pafy cy ogpeheHe saTtBopeHe opmMe pasnuuuTUX 3arped
WHJeKca ¥ MHIEeKca [MOBe3aHOCTH aTOM—Be3a MpaBWIHUX meHppumepa Gln] u H[n] y 3aBuc-
HOCTH O] JaTOT IlapameTpa n, kopulrheweM AejcTBa rpyne ayromopdusma. Haheno je ma cy
OBH HHJEKCH [TI0BE€3aHOCTH KOPEITUCAHH ca HeKUM (DU3NUYKO—XEMHjCKUM CBOjCTBUMA M KOPHLI-
heHu cy 3a Mepeme HHUBOA rpaHama MOJIEKYJICKOT CKeJleTa YI7beHUKOBUX aToMa.

(ITpummeno 18. jyna, pesugupano 17. centemdpa, npuxsaheno 21. centemdpa 2016)
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