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Abstract

One of the major problems faced in the management of pension funds and plan is how to allocate and control the future flow of contribution
likewise the proportion of portfolio value and investments in risky assets. This work considers the management of a pension plan by means of a
stochastic dynamic programming model based on Merton’s model. The model is analysed such that the conditions of optimal contribution and
investment in risky assets are determined and sensitized. The case study of Nigeria, Ghana, Kenya is considered for various periods in the model
simulation. Thus, the volatility condition obtained is used to estimate the efficiency of some important parameters of the model.
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1. Introduction

Pension is described as a sum of money paid regularly to
a person who has come to the end of his normal working life,
or an annuity paid regularly as a benefit due to his retirement
(who no longer work because of age, disablement etc.). A pen-
sion plan is a method for a prospective retiree to transfer part of
his or her current income stream towards a retirement income.
Pension plans are classified into two categories: The Defined
Benefit (DB) and Defined Contribution(DC) scheme. The DB
pension plan is mostly preferred by pension members due to
his ability to bear the risk to the pension fund manager, while
on the other hand DC pension fund plan on the other hand, is
more popularly preferred by the pension fund managers due to
its ability to transfer the risk to the pension fund members. The
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last payment (benefit) given to the retiree is based on how the
investment performed. In DC, the contributions are said to be
fixed and the benefits depend on profits generated on the ben-
efits of assets. The risk obtained from the fund management
is born by recipients. It is not at all like the defined bene-
fit plan whereby the benefits are typically identified with last
salary cadre and the risk associated with financing is supposed
by the sponsoring agent. The utilization of classical instruments
as portfolio theory is reviewed [1-3].

The World Bank has historically classified every economy
as low, middle, or high income. It now further specifies coun-
tries as having low-, lower middle-, upper-middle -, or high-
income economies. The world Bank uses Gross National In-
come (GNI) per capita, in current U.S. dollars converted by
the Atlas method of a three-year moving average of exchange
rates,as the basis for this classification. It views GNI as a broad
measure and the single best indicator of economic capacity and
progress. The World Bank used to refer to low-income and
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middle-income economies as developing economies; in 2016,
it chose to drop the term from its vocabulary, citing a lack of
specificity. Instead, they now refer to countries by their region,
income, and lending status.

The classification of countries is determined by two factors:
A country GNI per capita, which can change with economic
growth, inflation, exchange rates, and population. Revisions to
national accounts methods and data can also influence GNI per
capita. Classification threshold: The thresholds are adjusted
for inflation annually using the Special Drawing Right (SDR)
deflator. MICs have a combined population of five billion, or
over 70% of the world’s seven billion people, hosting 73% of
the world’s economically disadvantaged. Representing about
one-third of global GDP, Middle-Income Countries (MICs) are
a major engine of global economic growth. Three major Coun-
tries namely: Nigeria, Ghana and Kenya would furthermore be
considered as a case study.

Looking at the report which classifies Nigeria as a lower-
income country it says in Sub-Saharan Africa, Middle-Income
Countries (MICs) – with a Gross Domestic Income (GDI) per
capita between US$1,026 and US$12,475 – are divided into
upper-middle-income Countries (UMIs) and Lower Middle-Income
countries (LMICs). It is noted that Nigeria falls under lower-
middle-income countries. As a nation, Nigeria is a high-income
country and is very rich, However, when the earnings of its av-
erage citizens is considered, it could be seen as a low-income
one and this is because a large percentage of its population
is poor. Nigeria is indisputably a low-income country, The
larger percentage of citizenry and invariably the workforce earn
around 60$ per month at minimum which may not be sufficient
to cater for basic needs.

Ghana, at a per capita income of about $1,820, is an MIC,
but this classification masks wide gaps in infrastructural and
human development. Ghana’s position is at the lowest ebb of
the lower-middle-income countries, What this means is that
the country has only but transited by a small margin from a
low-income to a middle-income economy status. Many devel-
opment indicators are still in the state of a low-income coun-
try, yet to reflect Ghana’s new status as an MIC. While it is
agreed that the MICs are a very diverse group by size, popu-
lation, income and development levels, Ghana’s current posi-
tion is too precarious for comfort. Rather than becoming com-
placent, Government and Ghanaian at large must use Ghana’s
lower-middle-income status as launchpad to propel the econ-
omy to the next level. African countries like Angola, Gabon,
and Botswana have already risen to upper-middle-income sta-
tus and share membership with the likes of Malaysia and South
Africa. Such rising must be Ghana’s aspiration.

Kenya is the economic, financial, and transport hub of East
Africa. Kenya’s real GDP growth has averaged over 5% for
the last decade. Since 2014, Kenya has been ranked as a lower
middle-income country because its per capita GDP crossed a
World Bank threshold. While Kenya has a growing entrepreneurial
middle class and steady growth, its economic development has
been impaired by weak governance and corruption. Although
reliable numbers are hard to find, unemployment and under-

employment are extremely high, and could be near 40% of
the population. In 2013, the country adopted a devolved sys-
tem of government with the creation of 47 counties, and is in
the process of devolving state revenues and responsibilities to
the counties. Agriculture remains the backbone of the Kenyan
economy, contributing one-third of GDP. About 75% of Kenya’s
population of roughly 48.5 million work at least part-time in the
agricultural sector, including livestock and pastoral activities.
Over 75% of agricultural output is from small-scale, rain-fed
farming or livestock production. Tourism also holds a signif-
icant place in Kenya’s economy. In spite of political turmoil
throughout the second half of 2017, tourism was up 20%, show-
casing the strength of this sector. Inadequate infrastructure con-
tinues to hamper Kenya’s efforts to improve its annual growth
so that it can meaningfully address poverty and unemployment.
Kenya has also successfully raised capital in the global bond
market issuing its first sovereign bond offering in mid-2014,
with a second occurring in February 2018.

However, there is a need to consider the utilisation of pen-
sion funds allocation of these MICs on assets such that the
wealth of the countries can be optimized.

The dynamic model can be used to calculate optimal as-
set allocation as it also takes change in the climate investment
such as change in expected risk and returns, this model is also
important for managing pension fund asset.The theory of risk
and return is practically referred to as the income that was es-
tablished in addition to any change in the market price of the
investment. Carton articulated that returns are very core to any
pension funds since it was shared among several members to
the normal contributions [4].

Stochastic model is considered because it allows us to inves-
tigate fully the dynamics of the fund through time, The analysis
and control of pension fund dynamics are getting increasingly
important as members start to pay more attention to the secu-
rity of promised benefit and as sponsoring employers become
more concerned about the timing and stability of cash flows and
this method. Merton pioneered the stochastic optimal control
for solving continuous problems in asset management [2]. The
Hamilton-Jacobi-Bellman (HJB) equation is a common method
used by many kinds of research in solving problems from the
dynamic programming under the real-world probability mea-
sure, [5]. Several authors have laid down analysis related to the
stochastic control approach such as using stochastic dynamic
programming to analyse the financial risk in a defined contribu-
tion (DC) pension scheme under Gaussian interest rate models
by attempting is to find an optimal investment strategy, [6-11].
Likewise, several types of research have worked on utilising
the mathematical approach in solving problems associated with
Pension funds management, [11-14].

However, some experts have carried out researches on the
sensitivity analysis to ascertain the behaviour of parameters in
the formulation of the model such as in control problem of man-
agement of assets, transportation problems, pension schemes
and so on. [15-18]

Thus, We investigate herein the application of the dynamic
model for pension fund as optimization system that will en-
sure appropriate standard of living before and after retirement
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by discovering its explicit solutions using parameter sensitiv-
ity analysis and illustrating the solutions by utilizing a process
which is reformed to an asset-liability model (ALM) as in [3].

2. MODEL FORMULATION

The dynamic model for pension fund management is re-
viewed herein and analysed [3].

The following variables and parameters used represented in
Tables 1 - 2 are functions of time t. Parameters r, φ, σ, g, I ,µ
are constant.

Table 1: Definition of Variables

Variables Definition
Xt Wealth(portfolio market value)
Pt pension payments
Ct contributions
Ht investment in the risky asset
At market value of the risky asset.

Table 2: Definition of Parameters

µ contribution growth rate
φ risk premium (positive)
r risk free rate
g pension growth rate
σ volatility of the risky asset
I discount rate

Source: Nigeria, Ghana and Kenya National Pension Com-
mission (PenCom), 2016-2017 Annual Reports.

The two types of pension funds aggregated pension fund in
this work where their growth rate g and µ respectively we have:

dPt = gPt

dCt = µCt (1)

We consider a situation of two types of assets consisting: a risk-
free asset with return, r; and a risky asset with price At which
supports the Brownian motion, [3]. Risk-free rate is assumed
constant;

Considering (c∗,H∗) as the policy of optimal control and xm

to represent the maximum wealth, we shall look into the two
types of pension funds (benefit and contribution) of the financial
management that forms the aggregated pension fund

dAt/At = (φ + r)dt + σdWt (2)

where r > 0 and diffusion σ > 0 are constant, Wt represents
the standard Brownian motion defined. Suppose contributors
do not wish to settle for higher contributions either now or in
the nearest period which as its effect on their discount rate. We
dominated the psychological discount rate I, Under the above

conditions and assumptions, a reasoning pension fund manager
will be willing to minimize:

V =

∫ ∞

0
exp(−Is)C2

s ds (3)

But the optimal policy has to fulfil the given constraints:
-payments of pensionPt

-value of Xt

Then we try to obtain the policy (Ct,Ht) where E(V) is mini-
mized under the given constraints.
Given that Ct represents the contribution and Pt represents the
pensions paid per time (assuming continuous discounts). The
variable which is represented by X(t), t ≥ 0, is the adapted pro-
cess that represents the aggregate of the wealth or the value of
pension fund at time t. It is supposed that the activities start on
the pension fund at period where t = 0 with wealth X0 ≥ 0. The
wealth process is described by the equation:

dXt = HtXt
dAt

At
+ (1 + Ht)Xtrdt + (Ct − Pt)dt (4)

The first term of the equation on the right is due to the risky
asset and the second is due to the riskless asset and third rep-
resents the flow with respect to the balance of subscriptions
(contributions) and payment of pensions (benefit). The above
equation can be re-written by substituting equation (2) into (4)

dXt = [rXt + HtXt + CtPt]dt + HtXtdWt (5)

And assumption is made that

0 = in f
(
e−Itc2 + V ′t + (rx + φhx + c − p)V ′x + gpV ′p

+
1
2

V′′x,xx2h2σ2) (6)

Using the equations above we have:

2r − I − φ2/σ2 > 0 (7)

Suppose I = r. This assumption becomes

r − φ2/σ2 > 0 ≡ Ω (8)

By solving equation (1) - (5) we obtain a solution 2r − I −
φ2/σ2 > 0 , that is,by a sufficient high Porfolio volatility (σ >
φ/
√

r).
Suppose V(t,x,p) represents the value function of the formu-
lated problem, the with Bellman’s equation, we have

0 = in f
(
eItc2 + V ′t + (rx + φhx + cp)V ′x + gpV ′p

+
1
2

V ′′x,xx2h2σ2) (9)

x > 0 and h > 0 been a constraints, Since The polynomial func-
tion of h and c in the bracket is satisfied by the optimal policy
(h∗,c∗).

φxV ′x + V ′′x,xx2hσ2 = 0 (10)

2eItc + V ′x = 0 (11)
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Table 3: Numerical values relative with respective Countries

Country Period r φ σ g Ω

Nigeria 2016-2017 10.14 6.77 × 105 6.12 × 105 12.0 8.9163
Ghana 2016-2017 21.46 2.12 × 107 6.39 × 107 15.7 21.3499
Kenya 2016-2017 8.51 2.30 × 107 3.16 × 107 10.2 7.9802

Table 4: Risk free rate r vs volatility condition Ω

r Ω

5 3.7763
10 8.7763
15 13.7763
20 17.7763

That is to say

h∗ =
φV ′x

V ′′x,xxσ2 (12)

c∗ = −
V ′x

2e−it (13)

Substituting the (11) and (12) in equation (8) gives:

−
1
4

eI tV ′2x + V ′t + (rx − p)V ′x + gpV ′p −
φ2

2σ2

V ′2x

V ′′x,x
= 0 (14)

Suppose

V(t, x, p) = e−ItF(x, p) (15)

Thus, the equation that satisfies F becomes

−
1
4

F′2x + (rx − p)F′x + gpF′p −
φ2

2σ2

F′x2
F′′x,x

= 0 (16)

Equation (16) is homogeneous at variable y = x/p for F(y).
Let

F(x, p) = p2 f (x/p) (17)

then the differential equation satisfying f is given by

−
1
4

f ′2 + (2g − I) f + ((r − g)y − 1) f ′ −
φ2

2σ2

f ′2
f ′′

= 0 (18)

We derive the solution by solving problem of the form:

f (k) = Ak2 + Bk + C (19)

Identify A, B and C and find

f (k) = (2r − I −
φ2

σ2 )(y −
1

r − a
)2 (20)

we obtain the final value function by substituting equation (17)
into equation (15), i.e., F into V, and by conjecture :

V(t, x, p) = e−It
(
2r − I − φ2/σ2

)(
x − p/(r − g)

)2 (21)

Table 5: Risk premium φ vs the portfolio volatility condition Ω

φ Ω

1.0 × 105 10.1133
2.0 × 105 10.0332
3.0 × 105 9.8997
4.0 × 105 9.7128

Table 6: Volatility of the risky asset σ vs the portfolio volatility condition Ω

σ Ω

1.0 × 106 9.6817
2.0 × 106 10.0254
3.0 × 106 10.0890
4.0 × 106 10.1114

this domain xm ≤ x shows the optimal policy to be zero contri-
bution and there exists in the portfolio, no risky asset. By (10),
(11) and (18), an optimal policy expression is given:

h∗ =

{(2r−I−φ2/σ2
)
(xm−x)

0
ifx ≤ xmifxm ≤ x (22)

c∗ =

{(2r−β−λ2/σ2
)
(xm−x)

0
ifx ≤ xmifxm ≤ x (23)

The condition σ > φ
√

r attest the constraints ( They have been
applied, by [7] in the context of DC pension schemes) On h and
c to be satisfied.

3. Numerical Simulations

World Bank classifies Nigeria, Ghana and Kenya amongst
others as lower-middle-income countries in Africa. As a re-
sult, we select the three counties to utilise the pension data
for the model verification and analysis which was obtained via
MAPLE software.

We utilize the recent records of National Pension Commis-
sion(PENCOM) for each country such as their inflation, stock
market prices, and interest rates. We also consider the volatil-
ity of the risky asset, risk-free rate, pension growth rate, risk
premium and the volatility condition. Tables 3-6 represent the
computational results derived from the available data.

4. DISCUSSION

The portfolio volatility 2r - I - (φ/σ)2 > 0 need not to be
met, since the investments do not achieve a convincing return-
to-risk ratio.
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Figure 1: Graph of the volatility of risk-free rate r against volatility condition
Ω

Figure 2: Graph of risk premium φ against volatility condition Ω

Figure 3: Graph of the volatility of the risky asset σ against volatility condition
Ω

However, by using the Nigeria pension portfolio as a case
study, the behaviour of some parameters in the model formula-
tion is examined such that the effect of changes and estimation
on each parameter on the derived volatility condition is deter-
mined and represented in the Figures 1 - 3 below plotted using
Excel.

In this work, we applied a dynamic model of pension man-

agement to real-life situations where a volatility condition was
obtained alongside the optimal controls to determine the be-
haviours of the parameters of the model. The behaviour of
some parameters of the model such that the effect of changes
of the estimation of the values of each parameter on the derived
volatility condition is determined and represented using Tables
and Graphs. From Figure 1, we determined that the higher the
volatility of the risk-free rate r, the higher the volatility con-
dition Ω. Also from Figure 2, we determined that the lower
the risk premium φ, the higher the volatility condition Ω. From
Figure 3, we also determined that the higher the volatility of the
risky asset σ, the higher the volatility condition Ω.
Hence, we can verify that the volatility condition Ω implies that
the risk premium can be justified by high volatility. This justi-
fies some logical reasoning aiding decision making in pension
management.

5. CONCLUSION

In this work, we applied a dynamic model of pension man-
agement to real-life situations where a volatility condition was
obtained alongside the optimal controls to determine the be-
haviours of the parameters of the model. This justifies a logical
some logical reasoning aiding decision making in pension man-
agement.

In future works, stochastic analysis of such models can be
carried out considering a wider range of data depending on
countries from different continents. Likewise, a more analytic
approach of the sensitivity analysis can be considered using
more sophisticated software in solving and representing data
and graphs of the new results.
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