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Abstract 
 

Unlike most other subjects, mathematical activity resides almost entirely within the 

cognitive processes of a mathematics practitioner and is therefore difficult to characterise. 

Despite recent interest, the nature of advanced mathematical activity remains something 

of a black box to educational researchers. In addition, the production of advanced 

mathematical texts, such as theses or journal articles, is often divorced from 

mathematicians’ experiences of creating mathematics which can lead them to a sense of 

personal alienation from their work. This article proposes four practical techniques for 

capturing advanced mathematical activity. The timing of the use of these techniques is 

compared against a model of mathematical creativity and the writing process. The 

establishment of a new genre for communicating advanced mathematics is proposed 

which combines the product of the activity with the process of creating it. 

 

Keywords: mathematical creativity; advanced mathematical activity; mathematical writing; 

data capturing techniques; mathematical activity corpus. 

 

 

Introduction 
 

Creating mathematics can be an alienating experience for mathematicians. This is 

because the product of mathematical activity can be far removed from the process by 

which it is created. Marx (1974, p. 64) described alienation from product as: 

 

 The worker is related to the product of his labour as to an alien object. For on this 

 premise it is clear that the more the worker spends himself, the more powerful the 

 alien objective world becomes which he creates over against himself – his inner 

 world – becomes, the less belongs to himself as his own. 
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Rowan (1981) applied Marx’s theory of alienation to the traditional paradigm of research in 

the human sciences. I claim that it is even more applicable to mathematics research. 

 

The four stage model of the creative process is widely attributed to Poincaré (1908) who 

described a four stage process for his own mathematical creativity: preparation, 

incubation, illumination, and verification. According to Lubart (2001), by 1950 there 

was considerable agreement that this model describes the creative process in general 

(Guilford, 1950). Crowley (1977) suggested the application of this model to describing the 

writing process with writing replacing illumination and revision replacing verification. 

Other writing process researchers have reclassified preparation and incubation as pre-
writing, writing as drafting and have added editing after revision. Whilst the four stage 

model has been criticised for lacking psychological depth by Guilford (1950) in its 

application to general creativity, and by Flower and Hayes (1981) in its application to the 

writing process, it remains an important initial model for understanding the sequence of 

psychological processes in these activities. 

 

Providing accurate data on the process of creating advanced mathematics has proved 

notoriously difficult. Mathematicians are generally private individuals with a large cultural 

gap between their logical research paradigm and the paradigms of educational research 

(Nardi and Iannone, 2004). Apart from introspective reports like Poincaré’s (1908) perhaps 

the most noteworthy example of an account of actual advanced mathematical activity is 

that of Tall (1980) who was in the almost unique position of being a mathematician as well 

as a mathematics educator. Tall’s approach could be described as analytical 
autoethnography in that he was ‘a full member in the research group or setting, visible as 

such a member in the researcher’s published texts, and committed to an analytic research 

agenda focused on improving theoretical understandings of broader social phenomena’ 

(Anderson, 2006, p.375). The lack of any similar papers to Tall’s since its publication, apart 

from Chick’s (1998) deconstruction of her own thought processes in advanced 

mathematics, indicates that such an approach is difficult for mathematicians to emulate as 

they generally lack the ability to qualitatively reflect on and interpret the significance of 

their actions. 

 

Rather than expecting mathematicians to qualitatively reflect on their own experiences or 

mathematics educators to capture advanced mathematical activity as it occurs, I propose 

that a more practical solution is to develop techniques by which mathematicians can 
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capture their process of creating mathematics without distracting their concentration but 

not necessarily expect them to analyse it themselves. In this paper I present four 

techniques which I have used in the process of creating and writing up advanced 

mathematics. These techniques can be mapped onto different stages in the mathematics 

and writing creativity process, which I view as generally sequential, as shown in Table 1. 

Finally, I argue that the way mathematics research is communicated in journals should 

provide a means for mathematicians to present their process data as well as the product of 

their research which could then be analysed by mathematics educators or cognitive 

psychologists. 

 
Table 1. Data capturing techniques for advanced mathematics and their relationship 
with the different stages of the mathematical creativity and writing processes. 
 

Process Stage Data capture technique Reference 
Preparation Proof plan (Wolska et al., 2004) 

Incubation Concept map (Bolte, 1999; Lavigne et 
al., 2008) 

Illumination Activity transcript (Tall, 1980) 

Mathematical 
creativity 

Verification   
Preparation   
Incubation Concept map (Margerum-Leys, 1999) 
Writing   Writing 

Revision Annotated draft and 
transcript (Eliot, 1971) 

 

 

The data capturing techniques 
 

The four data capturing techniques are described in the order that they might be used in 

the production of a mathematical research article. Each technique has been illustrated by 

an example from my own PhD research work. Apart from illustrating these techniques, the 

second and fourth examples were chosen because their content appeared to be 

interesting from more than a mathematical perspective: the former contains an account of 

making a mistake, getting stuck and then overcoming it; the latter indicates my emotional 

state when reviewing my research writing and my struggles to remember something I had 

done in the past. 
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Proof planning 
This first data capture technique proposed is proof planning. This term was probably 

originally used by Wallen (1983) in computational mathematics to describe automated 

theorem proving techniques and is now commonly used in this field. However, little 

research has been carried out to compare computational proof planning with the actual 

proving methods of mathematicians (although, see Wolska et al., 2004). It is used here to 

describe the process of creating an informal plan for a proof. An example of its use in 

advanced mathematics is provided in Figure 1. I created this plan in preparation for a 

meeting with my PhD supervisor. It is likely that this technique will be motivated by some 

kind of social interaction for the plan to be written down. In this case, the structure of the 

actual final proof was remarkably similar to the plan. 

 
Figure 1. Part of plan for a proof that a one dimensional unsteady wave equation is 
an example of a cusp catastrophe. 
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Bolte (1999) has proposed the use of concept maps for assessment in undergraduate 

mathematics courses. They have also been used as a research tool by Lavigne and others 

(2008) for exploring students’ understanding of undergraduate statistics. Margerum-Leys 

(1999) promotes their use as an aid to understanding in the pre-writing stage of the writing 

process. Figure 2 provides a concept map for a chapter of one of my mathematics 

research reports (Samuels, 1989) on the method of characteristics applied to unsteady 

wave equations. 

 

 Graphical tools for organizing and representing knowledge. They include concepts, 

 usually enclosed in circles or boxes of some type, and relationships between 

 concepts indicated by a connecting line linking two concepts. Words on the line, 

referred to as linking words or linking phrases, specify the relationship between the 

 two concepts. (Novak and Cañas, 2008, p.1) 

  

Concept maps are: 
Concept maps 
 

 

An activity transcript is an account of an episode of mathematical activity. It combines 

notes from the mathematical activity with a journal style account. Journal writing has been 

suggested for undergraduate mathematics classes (Rosenthal, 1995) but is unusual in 

more advanced mathematics research. An example of an activity transcript for advanced 

mathematics is given in Table 2. It is divided into four parts: a background to the 

mathematical activity (written eight days after it took place), notes from the activity itself, a 

written-up version of these notes (also written after eight days) and reflections on the 

activity (written after three weeks and written up after two and a half months). The time 

delay in writing up a mathematical activity appears to be important but an appropriate 

length of time may depend upon the writer’s context and personal preferences. This 

approach is similar to Tall’s (1980) article but it records a single mathematical activity in 

more detail and does not include qualitative analysis of the significance of the experience. 

It is therefore more practical for a mathematician to use if they wish to write up a single 

episode of mathematical activity which may include mistakes, such as the one shown in 

Table 2. 

Activity transcripts 
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Table 2. Four extracts from an example activity. 
 
My general aim had been to explicitly characterise regions to the solution of 
the one-dimensional unsteady wave equation by the number of solutions the 
wave equation has for each point in terms of derivatives of the initial wave 
speed. The standard solution technique is to plot lines on which the solution is 
constant whose slope is related to the wave speed, known as characteristic 
curves. The generally accepted result is that when the initial wave speed has 
an inflection point, is decreasing with respect to the base line and has positive 
third derivative then a breaking point will occur at which the solution surface 
initially starts to overturn. After this point, it is possible to locally obtain two 
curves called caustics which mark the boundary to the region in which the 
solution is triple-valued. Outside this region the solution locally remains single-
valued. 

 

 



Samuels Capturing and communicating advanced mathematical activity 
 
Figure 2. Concept map of the method of characteristics applied to unsteady wave 
equations (produced using Inspiration® – see http://www.inspiration.com/). 
 

 
 

Annotated draft and transcript 
The final data capturing technique proposed here is an annotated draft and transcript. It 
is similar to the approach used by Valerie Eliot to represent the annotated draft of her late 

husband’s poem, The Waste Land (Eliot, 1971). I developed this technique as a means to 

capture my ‘thinking aloud’ as I re-read my internally published research reports. An 

example of an annotated draft of an extract from Samuels (1989) with its transcription is 

given in Figures 3 and 4. 
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Figure 3. Facsimile of a research report with ‘thinking aloud’ comments. 
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Figure 4. Transcript of the ‘thinking aloud’ comments on the extract in Figure 3.  
 

Note: 

1. ‘Top’ refers to the top of the page – this is a list of variables defined on this page 

which indicates the short term memory load for the reader. 

2. ‘Ln’ refers to line number n. 

3. Text to the left of the colon in bold is a positional descriptor for an action or an 

annotation. 

4. Words in italics describe an action. 

5. Words in normal font are an annotation. 
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Discussion 
 

In this discussion paper I have presented four data capturing techniques for advanced 

mathematical activities with examples of each from my own research. I have not attempted 

to analyse the data provided through these techniques as I believe this would be done 

more appropriately and objectively by another educational or cognitive psychologist 

researcher. However, as explained above, there was an additional non-mathematical 

motivation behind including the second and fourth examples. Rather, they exemplify how a 

mathematician might present content laden data, with each technique potentially 

providing insight into their thought processes when carrying out advanced mathematics 

research as well as conveying their mathematical meaning. These techniques are easy to 

learn and are not time consuming to use. Their use may actually enhance mathematical 

activity and the process of writing it up rather than detract from it, overcoming 

mathematicians’ sense of alienation from the production of mathematics research. 

 

I propose the establishment of a corpus of advanced mathematical process data, similar to 

the Digital Variants corpus (Björk, 1998, see http://www.digitalvariants.org/) where 

mathematicians are able to supply their content laden data of different stages of the 

mathematics creativity process and the process of writing it up, and other researchers are 

able to analyse their thought processes. Alternatively, this could partially be achieved by 

using the additional online resources facility available with some journals. 
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