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A recursive formula for the evaluation of earth  
return impedance on buried cables

Una fórmula recursiva para la evaluación de la impedancia  
de retorno por tierra en cables subterráneos

R. Iracheta-Cortez1

ABSTRACT 

This paper presents an alternative solution based on infinite series for the accurate and efficient evaluation of cable earth return 
impedances. This method uses Wedepohl and Wilcox’s transformation to decompose Pollaczek’s integral in a set of Bessel functions 
and a definite integral. The main feature of Bessel functions is that they are easy to compute in modern mathematical software tools 
such as Matlab. The main contributions of this paper are the approximation of the definite integral by an infinite series, since it does 
not have analytical solution; and its numerical solution by means of a recursive formula. The accuracy and efficiency of this recursive 
formula is compared against the numerical integration method for a broad range of frequencies and cable configurations. Finally, the 
proposed method is used as a subroutine for cable parameter calculation in the inverse Numerical Laplace Transform (NLT) to obtain 
accurate transient responses in the time domain.

Keywords: Earth-return impedance, Pollaczek’s integral, Wedepohl’s integral, infinite series expansion, recursive formula, buried 
cables, Numerical Laplace Transform (NLT).

RESUMEN

En este artículo se presenta una solución alternativa basada en series infinitas para la evaluación precisa y eficiente de la impedancia 
de retorno por tierra en cables subterráneos. En este método se utiliza la transformación de Wedepohl y Wilcox para descomponer 
la integral impropia de Pollaczek en un conjunto de funciones de Bessel más una integral definida. La característica principal de las 
funciones de Bessel es que son fáciles de calcular con herramientas modernas de software matemático como Matlab. Las principales 
contribuciones de este artículo son la aproximación de la integral definida por una serie infinita, dado que no tiene solución ana-
lítica, y su evaluación numérica por medio de una fórmula recursiva. La precisión y eficiencia de la fórmula recursiva se compara 
contra el método de integración numérica para un amplio rango de frecuencias y configuraciones de cables subterráneos. Finalmen-
te, se utiliza el método propuesto como una subrutina de cálculo de parámetros de cables en la Transformada Numérica de Laplace 
(NLT) para obtener respuestas transitorias precisas en el dominio del tiempo.

Palabras clave: Impedancia de retorno por tierra, Integral de Pollaczek, Integral de Wedepohl, serie infinita, fórmula recursiva, 
cables subterráneos, Transformada Numérica de Laplace (NLT).
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Introduction
The accurate evaluation of the frequency-dependent earth 
return impedance is extremely important to perform reliable 
studies of electromagnetic transient on transmission lines 
and cables as well as to carry out analysis of electromagnetic 
interference. The most widely known and accepted 
expressions for the evaluation of this parameter were first 
published by Carson (1926), for being used with aerial lines, 
and then by Pollaczek (1926), for their use with buried cables 
and combinations of buried cables and overhead conductors. 
These expressions are given by a set of improper integrals that 
do not have an analytic closed form solution. Traditionally, 
numerical integration methods and approximate formulas 
have been widely discussed in the specialized literature to 
solve these improper integrals (Ametani, 1980; Deri et al., 
1981; Dubanton et al, 1969; Legrand et al., 2008; Nguyen, 
1998; Papagiannis et al., 2005; Saad et al., 1996; Uribe et 
al., 2004 and Zou et al., 2011). It has been demonstrated that 
both approaches can be implemented successfully for solving 

Carson’s integral, whose integrand behavior is non-oscillatory. 
Nevertheless, due to the fact that Pollaczek‘s integral is highly 
oscillatory, its solution with direct numerical integration 
methods in a conventional PC is very time-consuming. 
Moreover, approximate formulas published in the literature 
for buried cables are only valid for certain frequency ranges 
and cable configurations.

Apart from the aforementioned facts, the contribution of 
the earth-return impedance on buried cables is much more 
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significant than in aerial lines. First, the self and mutual 
earth return impedance constitutes more than two thirds 
of the series impedance matrix on buried cables. Second, 
the frequency-dependent earth-return impedance has 
to be evaluated at many discrete points to obtain a good 
resolution of the transient response in the time domain. It is 
therefore crucial to develop efficient and accurate tools for 
the evaluation of earth return impedances on buried cables.

In 1973, Wedepohl and Wilcox published an exhaustive 
analysis of Pollaczek’s integral, which has been largely 
ignored (Wedepohl and Wilcox, 1973). The main 
contribution of these authors has been the decomposition 
of Pollaczek’s integral in a set of improper integrals plus a 
definite integral. The improper integrals are approximated 
with Bessel functions, which are easy to compute in modern 
mathematical tools such as Matlab. These authors also 
derived an infinite series solution to the definite integral. To 
date, the main problem with such series solution is that it has 
been cumbersome to implement. 

Uribe and Ramirez have made some efforts to implement 
this series solution for a limited frequency range (Uribe and 
Ramírez, 2012). On the other hand, Theodoulidis (2012) has 
proposed the use of special functions such as ‘hypegeometric’ 
in Matlab to approximate the definite integral. However, 
the computation of built-in hypergeometric function in 
Matlab is generally slow, and this routine is also susceptible 
to failure for cases of extreme parameters. Thus, this paper 
uses Wedepohl and Wilcox’s decomposition for solving the 
definite integral with an alternative solution based on infinite 
series. The numerical implementation of this approach is 
done through a recursive formula that can be applicable for 
a broad range of frequencies and cable configurations. 

Earth return impedance on buried cables
In 1926, Pollaczek published a set of improper integrals to 
evaluate the electromagnetic coupling caused by an infinite 
thin filament in the presence of an imperfect conducting soil 
(Pollaczek, 1926; Dommel, 1986). The general expression 
derived by Pollaczek to evaluate the mutual impedance 
between two buried cables is given by:

	 ZT =
jωµ

0

2π

e
− h1+h2( ) β2+ 1/ p2( )

β + β2+ 1/ p2( )

+
e
−h1−h2 β

2+ 1/ p2( )
− e

−h1+h2 β
2+ 1/ p2( )

2 β2+ 1/ p2( )

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

−∞

∞

∫ e jβxdβ 	 (1)

Where ω is the angular frequency in rad/s, μ0 ( μ0 = 4π ×10-7 

Wb/(A∙m)) is the magnetic permeability of free space, β is 
the dummy variable, x is the horizontal distance between 
cables, h1 and h2 are the depths of cables 1 and 2 and 

p= ρsoil / jωµ0 is the complex depth with the ground 

resistivity ρsoil. This earth model assumes that μ0 =μground 
and the soil is a homogeneous medium whose flat surface 

divides the space into two semi-infinite regions: soil and 
air. The second term in Equation (1a) can be simplified by 
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where K0 is the modified Bessel function of second type and 
order zero. By replacing Equation (2a) and Equation (2b) in 
Equation (1a), ZT becomes:

	 ZT =
jωµ
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where d = x2+ h
1
− h

2( )2  is the distance between 

cables, p= ρsoil / jωµ0  is the complex depth, and 

D = x2+ h
1
− h

2( )2  is the distance between a real cable 

and the image from the other one. Physical variables h1, h2, 
x, D and d and their geometric relationships are depicted in 
Figure 1. The remaining term J is Pollaczek’s integral.
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It should also be noted that Equations (3a) and (3b) become 
the self-earth return impedance when x is the conductor 
radius R and h1 = h2. 

In 1973, Wedepohl and Wilcox introduced the following 
analytical decomposition for (3b):
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and where h = (h1+h2  ) / 2 and t = 2h / D.

The modified Bessel functions K0 and K1 in (3c) evaluate 
improper integrals via convergent series. These special 
functions become easy to compute in modern mathematical 
tools such as Matlab. The second term in Equation (3c) has 
an algebraic expression that does not present computational 
difficulties. The third term Iw in (3c) is named in this paper as 
the Wedepohl-Wilcox’s integral. This definite integral does 
not have an analytical solution, but can be easily computed 
with any numerical integration methods. Wedepohl and 
Wilcox (1973) have proposed an infinite series solution for 
Iw that to date is still awkward to implement for a broad 
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range of frequency ranges and cable configurations. Later 
these authors also proposed an approximate formula 
for calculating the earth return impedance ZT on buried 
cables. However, its range of application is limited for low 
frequency or a factor |D / p| ≤ 1/4.

Figure 1.	 System layout of buried cables: a) System layout of buried 
cables, b) Geometric relationships of physical variables.

Series solution and recursive formula
A recursive formula is developed from the Wedepohl-
Wilcox’s integral (Iw). For the analysis, let (3d) as
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The exponential term of these equations is replaced by
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which is absolutely convergent for all t and |D / p|. The 
dimensionless variable t is limited to 0 < t < 1. Thus, the 
infinite series solution for (4b) and (4c) is
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These infinite series can be solved via a recursive formula 
to reduce the computation time, and also to overcome 

overflows caused by computing large factorials and 
exponents. This method uses the integration by parts, which 
is described in the Appendix A, to compute integrals An and 
Bn in Equation (5a) and Equation (5b) over a finite range. 
After the implementation of this method, integrals Iw in 
Equation (4a), Iw1 in Equation (5a) and Iw2 in Equation (5b) 
are approximated by
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The initial constant terms, Sw1,0 and Sw2,0, are given by

	 Sw1,0 = A0 + DP
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and

	 Sw2,0 = B0 + DP
1( )B1, with DP

1
=−D / p 	 (6e)

where

	 A
0
= 1− t2 dt

2h/D

1

∫ =
1
2

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟
θ−

2h( )x
D2

⎛

⎝

⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟
	 (6f)

with ϴ = 0.5π − sin - (2h / D),
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Recursive terms Sw1,n and Sw2,n are defined by

	 Sw1,n = DP2nA2n + DP2n+1A2n+1+ Sw1,n−1, n=1,2,3, ..., 	(6j)

and

Sw2,n = DP2nB2n + DP2n+1B2n+1+ Sw2,n−1, n=1,2,3, ..., (6k)
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The stopping criterion of Equation (6b) and Equation (6c) is 
determined when

	
  F

1,n+1
=
DP

2nA2n + DP2n+1
A

2n+1

Sw1,n+1

<Tol   and

  F
2,n+1
=
DP

2nB2n + DP2n+1
B

2n+1

Sw2,n+1

<Tol

	 (7)

are defined for an absolute error tolerance (Tol). The 
application of this criterion allows the truncation of the 
infinite series expansion. The numerical computation of the 
recursive formula is illustrated in the flowchart shown in 
Figure 2.

Figure 2.	 Flowchart with the recursive formula for computing equa-
tion 6a.

Accuracy and convergence test
The recursive formula for Sw, described in the previous 
section as a function of physical and electrical variables 
(h, x, D, ω, σ and p), is now evaluated for a broad range of 
parameters to test its accuracy and convergence. To achieve 
this, the next dimensionless variables are introduced.

	 D / p, t = 2h / D, and η =
x
2h
. 	 (8)

Dimensionless variables relate physical and electrical 
variables. Table 1 provides the range of values for physical 
and electrical variables (Uribe et al., 2004). These data are 
used to establish the ranges of greater practical interest 

for dimensionless parameters in Equation (8), which are 
provided in Table 2.

As a first evaluation, the proposed recursive formula for Sw is 
computed at different values of |D / p| ≤ 60 and 10-3 ≤  η ≤ 103. 
The absolute error tolerance used to stop the computation 
of Sw is 10-15. The values used for σ = 0.05 S/m and the 
frequency range has been uniformly sampled from 1 Hz 
to 1 MHz. The numerical results obtained with the series 
solution are compared against the numerical integration 
method ‘quadl’ (Gander and Gautschi, 2000) of Iw through 
the absolute percent error (ε):

	 ε=100 ⋅ Sw− Iw 	 (9)

Here, the results obtained with the numerical integration 
are used as reference for doing the comparisons. The 
criterion used to analyze the general series convergence of 
Sw is determined by the ratio tests.

	 RC1= limn→∞

SW1,n+1
SW1,n

    and    RC2 = limn→∞

SW 2,n+1
SW 2,n

. 	 (10)

Table 3 provides some simulation results for t = 0.7. It can 
be observed in the second column of this table that the 
number of required iterations to reach a good precision is 
directly proportional to the value of factor |D / p|. The results 
computed with the numerical integration method ‘quadl’ 
are provided in the third column of this table. It is possible 
to see that its value decreases largely as |D / p| increases. 
Comparisons between this method and the series solution 
are provided in the fourth column in the form of maximum 
absolute percent errors (εmax). These values show that the 
series expansion method provides accurate computations 
for up to |D / p| ≤ 30. Oppositely, the series solution becomes 
very inaccurate for |D / p| > 30.  Based on these results the 
value |D / p| ≤ 30 is proposed as the practical limit to use 
the series solution for transient response calculations. The 
series solution of Sw is approximated to zero for |D / p| > 30 
due to the fact that Iw is very small.

The ratios RC1 and RC2 provided in the fifth column of Table 
3 become 1 when the number of iterations tends to N. So, 
it can be said that the series converges only if |t| < 1. This 
means that the convergence is guaranteed for the all values 
of the dimensionless variable t. 

Table 1.	 Physical variables.

0.1 ≤ h ≤ 102 [m]

2π ≤ ω ≤ 2π x 106 [rad/s]

10-4 ≤ σ ≤ 1 [S/m]

10-2 ≤ x ≤ 103 [m]

Table 2.	 Dimensionless parameters.

0.1 ≤  |D / p|  ≤ 102

2π ≤  η  ≤ 103

10-4 ≤  t  ≤ 1
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Table 3.	 Accuracy and convergence for TOL = 10-15 and t = 0.7

|D / p| N Iw (%εmax ) RC1 & RC2

0.1 5 -4.5492897171E-01 4.1084283308E-06 1

0.5 7 -3.1214274074E-01 2.7535489000E-06 1

1 9 -1.9509778380E-01 1.6701086791E-06 1

2 12 -7.6454758462E-03 6.1411911944E-07 1

5 18 -4.7308068983E-03 2.0558837792E-08 1

10 28 -5.1174800344E-05 2.9819263275E-08 1

15 34 -6.5147199660E-07 2.6051247635E-08 1

20 41 -9.9788540391E-09 4.4578943837E-07 1

30 55 -1.5122475379E-09 9.9911122079E-03 1

40 67 -7.4810471937E-13 4.9012327013E+02 1

50 76 -3.4613353869E-17 1.2793970813E+07 1

60 86 -1.9237960919E-21 1.7765611044E+11 1

A second evaluation to test the accuracy consists of 
comparing the broad range results between Sw and Iw 
through a contour map of percent relative error. Figures 3a 
and 3b provide these results in the form of 3D graphs for 
the real and imaginary components of Iw . The figures were 
generated by solving Iw 1000 times. The broad range solution 
of Sw was evaluated for |D / p| ≤ 30 and approximated to 
zero for |D / p| > 30. The computational times obtained for 
DOIng these tasks by an Intel® Core™ i7-3770 CPU @ 3.40 
GHz running MATLAB® V. 7.14 were 0.078 s with the series 
solution and 5.35 s with the numerical integration. 

The contour map depicted in Figure 3c shows the absolute 
percent errors obtained from the broad range simulation. It 
can be observed that magnitudes of these errors are always 
less than 0.01% for |D / p| ≤ 30 and less than 1% by making 
Sw ͌   0. The broad range solution shows that the numerical 
results provided in Table 3 with t = 0.7 for a particular 
cable configuration are general. Thus, the criterion of the 
practical limit to compute Sw can be extended to a broad 
range of applications.

(a)

(b)

(c)

Figure 3.	 Broad range solution of Iw for 0 ≤ η ≤ 100 and |D / p| ≤ 60. 
a) Real part of Iw, b) Imaginary part of Iw and c) Contour map of abso-
lute percent errors.

Case studies
In this section the self and mutual earth return impedances 
(ZT) are evaluated with three different methods: a) the 
recursive formula proposed in this paper, b) the numerical 
integration method “quadl” (Gander and Gautschi, 2000), 
and c) the approximated formula published by Saad et 
al. (1996). The validation test consists of comparing the 
frequency responses obtained with these three methods 
through the absolute percent error. It should be noted 
that the numerical integration method is applied for both 
Pollaczek’s integral Equation (3b) and Wedepohl’s integral 
Equation (3d). The latter is considered the reference case for 
DOIng these comparisons. 

Typical case of a power system of buried cables

A power system of three cables is used to perform the 
validation test. Physical variables for this system are 
depicted in the transversal layout of Figure 4. 
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Figures 5 and 6 show, respectively, the plots of self and 
mutual impedance (ZT) as a function of frequency in terms 
of its magnitude per unit of length (Ω/m) and the angle in 
degrees. The setting tolerance used to stop the recursive 
formula is 10-15 and the tolerance parameter given to the 
numerical integration is 10e-9. The accuracy of the results 
was measured with the criterion of absolute percent error. 
By comparing absolute errors in Figures 6 and 7, one can 
say that Saad et al (1996) formula gives significant errors, 
greater than 1%, at high frequency. Oppositely, the recursive 
formula and the numerical integration give accurate results, 
smaller than 0.1 % over the entire frequency range. The 
numerical integration is slightly more accurate than the 
series algorithm. 

Case of AC interference on oil  
and gas pipelines

There are practical cases in which oil, gas and water 
pipelines share the same right of way with power 
transmission systems of aerial lines and buried cables. 
These cases are a main concern for public utilities because 
high voltage in power lines and cables can cause AC 
interference on these pipelines.For instance, during normal 
operation conditions, power transmission systems induce 
voltages and currents among their conductors and any 
other surrounding conducting material in the vicinity. The 
magnitudes of induced voltages and currents may be greater 
during abnormal conditions caused by strike lighting and 
faults. 

Part of this energy can be captured by the pipelines and 
transported along their entire length to the gas stations 
or water supply valves, which can result in an electrical 
hazard for people touching the pipelines or metallic 
structures connected to the pipeline or simply standing 
nearby. Furthermore, the AC interference can also result 
in damage to the pipeline and its coating. To predict and 
mitigate these conditions, it is necessary for electrical 
engineers to count with tools for the accurate evaluation of 
earth return impedance.

Consider the power transmission of buried cables shown 
in Figure 7, which is electromagnetically coupled to a 
petroleum/gas pipeline. The ground resistivity is 20 Ω-m. 
For the calculation of mutual electromagnetic couplings 
among conductors 3 and 4, consider a horizontal distance 
of 30 meters and a depth of 0.50 m for both conductors.

Figure 4.	 System layout of buried cables.

Figure 5.	 Self ZT for a buried conductor. a) Magnitude of |ZT| (Ω/m), b) 
Angle of |ZT| (Deg.) and c) Absolute percent errors.

Figure 6.	 Mutual ZT for a buried conductor: a) Magnitude |ZT| (Ω/m), 
b) Angle of |ZT| (Deg.) and c) Absolute percent errors.

Figure 7.	 Transversal layout of a buried cable system with an oil gas 
pipe.

Figure 8 shows the plot of mutual impedance (ZT) plots as 
a function of frequency in terms of its magnitude per unit 
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of length (Ω/m) and the angle in degrees. For this case, the 
frequency range has been logarithmically spaced from 
10 Hz to 1 MHz by using 100 points per decade. Frequency 
responses for ZT have been calculated with the recursive 
formula, the numerical integration ‘quadl’ and the Saad et 
al. formula (1996). By comparing the three methods used 
one can say that the approximated formula gives significant 
errors in high frequency. In contrast, the recursive formula 
and the numerical integration ‘quadl’ give the same 
accuracy over the entire frequency range. However, the 
main advantage of the recursive formula over the numerical 
integration ‘quadl’ is its low computational demand. Table 4 
provides the computational time required for both methods 
with an Intel® Core™ i7-3770 CPU @ 3.40 GHz running 
MATLAB® V. 7.14. It can be observed that the recursive 
formula is faster than the numerical integration method.

Transient study
The inverse Numerical Laplace Transform (NLT) technique 
is used as a reference tool to calculate the open circuit 
transient response in the time domain (Uribe et al., 2002). 
The recursive formula and the numerical integration 
have been incorporated into the CABLE toolbox of the 
NLT technique for evaluating the frequency-dependent 
parameter ZT. The open circuit transient response is also 
calculated with the real-time platform RSCAD/RTDS®. 
The CABLE program of this platform has been adjusted to 
evaluate ZT with the numerical integration and the transient 
calculation with the frequency dependent model. The 
aim of this section is to compare the transient responses 
obtained with NLT and the commercial real-time platform 
RSCAD/RTDS®.

Open circuit test

Consider the three-phase buried cable system whose data is 
provided in Figure 4. A unit step voltage of 1 p.u. is applied 
at t = 0 s to the core of cable 1 as shown in Figure 9. At the 
sending end, the cores of cables 2 and 3 are left in open 
circuit while sheaths are short-circuited. At the receiving 
end, all conductors are left open. The time step to perform 
this simulation test is 10 µs, as this is the minimum allowed 
by RSCAD/RTDS® with the full frequency-dependent cable 
model. The NLT technique uses an observation time of 3 
ms with 1000 samples to match the simulation time-step.

The voltage transient response at the receiving end for the 
energized core of cable 1 is depicted in Figure 10a, while 
induced voltages for cores 2 and 3, and sheaths 1, 2 and 
3 are depicted in Figure 10b. The open circuit transient 
responses obtained through the inverse NLT technique with 
the recursive formula and the numerical integration match 
exactly the same behavior. Absolute errors between these 
waveforms are less than 10-4. However, voltage waveforms 
captured from the real-time simulation in RTDS present 
some small discrepancies with the NLT technique. These 
small differences are probably due to larger time-steps 
and do not represent the full frequency dependence of 
parameters. For instance, a time-step of 10 µs corresponds 

to an effective bandwidth of 15 kHz. To have a good 
resolution of the transient response in the time domain it is 
necessary to perform the simulation with time-steps smaller 
than 10 µs.

Figure 8.	 Mutual ZT for a buried conductor: a) Magnitude |ZT| (Ω/m), 
b) Angle of |ZT| (Deg.) and c) Absolute percent errors.

Figure 9.	 Cable system connection diagram.

Conclusions
An accurate, efficient and reliable methodology to 
evaluate the earth return impedance on buried cables for 
a broad range of frequencies and cable configurations 
has been presented in this paper. This methodology 
differs considerably from traditional methods, numerical 
integration and approximate formulas, because ZT is 
computed exclusively by means of infinite series through a 
recursive formula. The proposed method uses the analytical 
decomposition derived by Wedepohl and Wilcox (1973) to 
transform Pollaczek’s integral into a set of improper integrals 
plus a definite integral. The improper integrals are computed 
fast and easily in modern mathematical tools when they are 
approximated to an infinite series of Bessel functions. The 
main contribution of this paper has been the development 
of a recursive formula based on infinite series for computing 
the definite integral or Wedepohl-Wilcox’s integral. It has 
been demonstrated that the recursive formula provides 
enough accuracy for a broad range of frequencies and 
cable configurations. By comparing this method with the 
algorithms reported by Wedepohl and Wilcox (1973) and 
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by Uribe and Ramirez (2012), it can be said that the range 
of application has been extended. This is mainly because 
the recursive formula can provide accurate results for up to 
|D / p| ≤ 30. Furthermore, its execution in a conventional PC 
is always faster than the numerical integration method. This 
reliable method can be incorporated in CABLE routines 
of electromagnetic transients programs such as the NLT 
technique and the real-time platform RSCAD/RTDS®.

Table 4.	 Computational time

Method Tolerance Time (s)

Recursive Formula 10-15 0.0156

Quadl 10-9 0.7813

Figure 10.	Voltage transient responses at the receiving end: a) Energi-
zed core of cable 1, b) Induced conductors at cores 2, 3 and sheaths 
1, 2, 3.

Appendix A
The method of integration by parts is used to evaluate 
integrals An in Equation (5a) and Bn in Equation (5b). Its 
general formula is given by

	 u dv = uv− v du∫∫ . 	 (A.1)

The following variables are defined:

	 v = 1− t2 ; dv = t / 1− t2( )
1/2
dt; 	 (A.2)

	 u=−t
n−1( ) 1− t2( ) and du= − n−1( )t n−2( ) + n+1( )t n( )dt. 	(A.3)

By substituting these variables in Equation (A.1),

t n 1− t2 dt
2h/D

1

∫ = −t n−1( ) 1− t2( )3/2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥ t=2h/D

1

− n+1( ) t n 1− t2 dt
2h/D

1

∫

+ n−1( ) t n−2( ) 1− t2 dt.
2h/D

1

∫
	(A.4)

and by regrouping identical terms.

	

t n 1− t2 dt
2h/D

1

∫ =−
1

n+2( )
t n−1( ) 1− t2( )3/2⎡

⎣
⎢
⎢

⎤

⎦
⎥
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⎞

⎠
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n+2( )

t n−2( ) 1− t2 dt
2h/D

1

∫ .

	 (A.5) 

Then, by evaluating upper and lower integration limits

t n 1− t2 dt
2h/D

1

∫ =
2h( ) n−1( )

x
3

n+2( )⋅Dn+2
+
n−1( )
n+2( )

t n−2( ) 1− t2 dt
2h/D

1

∫ 	(A.6)

where |x|/D is defined by 1− t2  according to the geometric 
relations shown in Figure 1. The exponent n comes from the 
series expansion defined in (4d). Thus, this integral has to 
be evaluated N+1 times from n = 0 to n = N. The evaluation 
of Equation (A.6) can be handled recursively because it 
depends on its past values. In order to find the recursive 
series solution for Equation (A.6), the first two terms are 
computed. For n = 0,

	 1− t2 dt
2h/D

1

∫ =
1
2
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, 	 (A.7)

with ϴ = 0.5π−sin-(2h/D) and for n = 1
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. 	 (A.8)

The solution of Equations (A.7) and (A.8) corresponds to 
the initial constant terms of the series expansion. Now, the 
same procedure is done for Equation (5.b). The following 
variables are defined

	 v =1/ 1− t2 ; dv = t n−1( ) / 1− t2( )3/2 dt 	 (A.9)

u= t n−1( ) 1− t2( ) and du= n−1( )t n−2( )− n+2( )t n( )dt. 	(A.10)

By replacing Equations (A.9) and (A.10) in Equation (A.1),

t n

1− t22h/D

1

∫ = t n−1( ) 1− t2( )⎡
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⎤
⎦⎥ t=2h/D

1
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2h/D

1

∫
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2h/D

1

∫
(A.11)

By regrouping identical terms, Equation (A.11) becomes
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By evaluating upper and lower integration limits,

t n

1− t22h/D

1
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1
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1

∫ (A.13)

where |x|/D is defined by 1− t2 . Finally, by evaluating 
Equation (A.13) for n = 0 and n = 1

	
1

1−t 22h/D

1

∫ = θ 	 (A.14)
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Appendix B
This Appendix shows some critical cases to demonstrate the 
accuracy of the recursive formula proposed in this paper. 

Poor conducting soil

The mutual impedance ZT between cables 1 and 2 of the 
system layout depicted in Figure 5 is calculated with a soil 
resistivity of 1000 Ω-m. The simulation results are depicted 
in Figure 11. The absolute percent errors obtained with a 
high soil resistivity have the same magnitudes than those 
obtained with a good conducting soil (20 Ω-m). 

Worse case for the numerical integration

The mutual impedance ZT between cable 1 and conductor 
4 of the system layout depicted in Figure 7 is calculated 
with a soil resistivity of 1 Ω-m. The depth of the cable 
and the conductor is 0.05m and the horizontal distance 
between cable and conductor is 100 m. The simulation 
results are depicted in Figures 12 and 13. Opposite to 
Figure 8, it can be seen that the numerical integration fails 
considerably along the entire frequency range. Also, the 
approximated formula gives significant errors in the zone of 
low frequency. The computation of ZT with critical cases of 
buried cables may cause significant differences in the time 
domain transient response. For that reason, it is essential 
to count with a reliable methodology to calculate ZT for a 
broad range of frequencies and cable configurations. 
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Figure 11.	 Mutual ZT between buried conductors with ρsoil = 1000 Ω-m. a) 
Magnitude |ZT| (Ω/m), b) Angle of |ZT| (Deg.) and c) Absolute percent errors.

Figure 12.	Mutual ZT between buried conductors with ρsoil = 1 Ω-m, 
h = 0.05 m and x = 100 m. a) Magnitude |ZT| (Ω/m), b) Angle of |ZT| 
(Deg.) and c) Absolute percent errors.

Figure 13.	Transient response of induced voltage at conductor 4 with  
ρsoil = 1 Ω-m, h = 0.05 m and x = 100 m.
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