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Implementacion MEF-DtN para un
material incompresible en un
dominio no acotado

Liliana Camargo ! y Jairo Duque 2

RESUMEN

En este trabajo presentamos la implementacion de un méto-
do de elementos finitos combinado con la aplicacién
Dirichlet-to-Neumann (DiN), obtenida en términos de series
de Fourier, para estudiar la existencia de soluciones de un
problema exterior que proviene de la teoria de elasticidad li-
neal incompresible bidimensional. Finalmente, se presenta un
método numérico que demuestra la precisiéon de nuestra apli-
cacién DiN, puesto que sélo se necesitan unos cuantos térmi-
nos de la serie de Fourier para obtener una buena aproxima-
cién de la solucién. Para la discretizacién del problema se
emplea el elemento estable Taylor-Hood.

Palabras clave: método de elementos finitos mixto, elemento
Taylor-Hood, técnica DN, elasticidad lineal, condicién inf-
sup.
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Introducciéon

En este trabajo se explica un procedimiento para estudiar la aproxi-
macién de Galerkin de un material incompresible en un dominio
exterior no acotado Q. El procedimiento emplea la aplicacién
Dirichlet-to-Neumann (DtN) (Han y Bao, 1997; Gatica, Gatica y Ste-
phan, 2003; Kako y Touda, 2004), que consiste en introducir una
frontera artificial dibujando en @ un circulo T en R? de radio R.
Entonces € se divide en la parte acotada €; y la no acotada Qg. Pa-
ra resolver el problema en el dominio acotado ©; se dan condicio-
nes de frontera exactas y aproximadas sobre la frontera artificial Ty
(Figura 1).
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ABSTRACT

This paper presents the implementation of the finite element
method combined with Dirichlet-to-Neumann (DiN) mapping
(derived in terms of an infinite Fourier series) for studying the
solvability of an exterior problem arising in linear incomepre-
ssible 2D-elasticity. A reliable numerical experiment is also
presented showing the accuracy of DIN mapping; only a few
Fourier series terms were needed to get a good approxima-
tion to the solution. The stable Taylor-Hood element was used
for finite element discretisation.
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Introduction

This article presents a procedure for studying the Galerkin
approximation to an incompressible material on unbounded exterior
domain Q. This procedure used Dirichlet-to-Neumann mapping
(DtN), (Han and Bao, 1997; Gatica, Gatica and Stephan, 2003; Ka-
ko and Touda, 2004), consisting of introducing an artificial boundary
by drawing circumference Ty in R? with radius R in domain Q; Q
was then divided in bounded part €; and unbounded part Q.
Exact and approximate boundary conditions were given on artificial
boundary I to solve the problem on bounded domain (Figure 1).
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Figura 1. Dominio = Q; U Qy y frontera artificial Tg.

Sea Q c R?* un dominio no acotado y simplemente conexo con
frontera Lipschitz continua I. Teniendo en cuenta las condiciones
de frontera tipo Dirichlet dadas sobre I se define el espacio
Hi={v:Q-> R:ve HY(Q), v|r =0}. Asi, el problema de
elasticidad lineal por resolver consiste en encontrar (u,p) €
[HE()]? x 12(Q) tal que:
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Figure 1. Domain Q = Q; U Qg and artificial boundary Ty

Q c R? was an unbounded and simply connected domain with
Lipschitz continuous boundary I'. Because of Dirichlet boundary
conditions on T, Hf ={r:Q—> R:ve HY(Q), v|p =0} space
was defined. Hence, the problem of linear elasticity consisted in fin-
ding (w,p) € [HE(Q)]? x L2(Q) so that:
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—2pdivew) + gradp=f, inQ,
div@w) =0, inQ €8]

Aqui u: Q - R representa el desplazamiento y p es la presién del
material en cada punto x := (x4,%,)7 € Q por el efecto de la fuer-
za externa f, u > 0 es la constante de Lamé y e(u) representa el

1(ou; , Ouj
tensor de esfuerzos de componentes &;;(u) ==(—+ - ara
p l]( ) 2 \0x; + ax; )’ p

i, j = 1,2. De este material suponemos vilida la relacién tensién-
esfuerzo para pequenas deformaciones, tal como se discute en
Necas (1986); véanse también Necas (1981) y Zeidler (1988). En es-
te trabajo suponemos que la fuerza f tiene soporte compacto y que
esta contenida en la regi6n €.

Sean X = [HE(Q)]? y M = L?(Q) espacios dotados con las normas
de L2(Q) y H'(Q), respectivamente. Entonces, siguiendo el procedi-
miento estandar de integracién por partes, se llega a la siguiente for-
mulacién variacional del problema (1):

Zufne(u):s(v) dx—fﬂp divv dx = fnf-vdx
fnqdivv dx = 0.

Nétese que este problema esta definido en el dominio no acotado
Q y Q es el dominio computacional para nuestro método de
elementos finitos, que se obtiene al introducir la frontera artificial I';.
Entonces es necesario deducir la formulacién variacional del proble-
ma (1) en €;; nuevamente mediante integracién por partes, y te-
niendo en cuenta que para el tensor distorsion o(u, p) := 2ue(u) —
pl, donde I es la matriz identidad de orden 2, se tiene que
- div (o(u, p)) = —2u dive(u) + grad p, y a partir de esto se obtie-
ne la formulacion débil:

Zufnie(u):e(v) dx — era(u,p) ‘v-fjds — fﬂip divv dx
=Jqof vdx (2)

fﬂiq divv dx = 0.

El analisis se concentra ahora en la integral de frontera, era(u, p)-

v-1jds. Nuestro objetivo es obtener una expresion para el tensor
o(u,p) a lo largo de la frontera artificial ;. Consideremos entonces
la siguiente descomposicion del desplazamiento u, en el dominio no

acotado Qp = {x = (xp,x)ir = x2 +x2 > R},

ow
uj = G] + (T'Z —Rz)a—xj,

j=12, 3)

siendo Gy, G, y W funciones arménicas que determinaremos mas a-
delante. En particular, las funciones G; satisfacen el siguiente proble-
ma de valores de frontera:

AG; =0, en (g,
Gilry = uj(RIG),
Gjes acotado, cuando r = +oo.

Nétese que los valores de G; y u; coinciden a lo largo de I'z. Usando
el método de separacion de variables obtenemos las siguientes re-
presentaciones de G; en términos de los coeficientes de Fourier:

G, = % + Z(an cos(nf) + b, sen(nd)) r"m,

n=1

¢
G, = ?0 + Z(cn cos(nb) + d, sen(nf)) r—m,

n=1

donde los coeficientes a,, by, ¢, y d;, estan dados por:

In English
—2udive(w) + gradp=f, inQ,
div(w) =0, inQ, (@]

Here u: Q - R was the displacement and p was the pressure of a

material subjected to some external force f, u > 0 was the Lamé

. . du; | o
constant and &(u) the strain tensor given by &;(u) = %(a—zl + a—z]_),
j i

for i, j = 1,2. It was assumed for this material that the stress-strain
ratio was valid for small deformations, as discussed in Necas (Necas
1986; Necas, 1981; Zeidler, 1988). It was supposed that force f had
compact support in this work and was defined inside region ;.

Next, notation X = [HE(Q)]?> and M = L2(Q) was adopted with
norms L?(Q) and H'(Q), respectively. Standard integration by parts
led to the following variational formulation of the problem (1)

2uf gew)e()dx — [pdivv dx = [ f -vdx
Joqdivv dx =0.

Notice that problem (1) defined on unbounded domain Q and Q;
was the computational domain for the finite element method used
here which was obtained by introducing artificial boundary Ty. The
variational formulation of problem (1) in Q; had to be deduced
next. Integration by parts was used, by virtue of stress tensor
o(u,p) :=2ue(u) — pl, where I was the identity matrix of R?*?,
this gave - div (o(u, p)) = —2u div e(w) + grad p, leading to weak
formulation:

Zufnis(u):s(v) dx — ero(u, p)-v-ijds — fﬂip divv dx
= o f vix @

fﬂiq divv dx = 0.

Boundary integral era(u, p) - v - 7j ds was then analyzed. The next

goal was to obtain one expression representing tensor ¢ (u, p) on ar-
tificial boundaryTy. The following decomposition of displacement u

on unbounded domain Qp = {x = (x, %) i = Jx2 +x2 > R},

ow

ul = G]+(T2—R2) axj,

j=12 3)

was then considered, where G,, G, and W were the harmonic func-
tions to be determined. In particular, function G; satisfied the follo-
wing boundary-value problem

AG; =0, inQp,
Gilrg = (R, 6),
Gj is bounded, when r — +oo0,

Notice that values for G; and u; coincided along I's. Using the sepa-
ration of variables method the following representations of G; were
obtained using Fourier series development

a
G, = 70 + Z (ay cos(nB) + b, sin(nB)) r—m,
n=1

C
G, = ?0 + Z(cn cos(nf) + d,, sin(n@)) r™,
n=1

where coefficients a,, b,, ¢, and d,, were given by:
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Rn
a, = 7eru1 (R, 6) cos(n8) do,
Rn
b, = ?erul (R,0) sen(no) do,
Rn
Cp = ?eruZ (R, 0) cos(nB) de,

Rn
d, = ?fFRuz (R,0) sen(nf) db.

Usando la condicién div (u) = 0 y la representacién (3) se obtiene

que —%div G = r‘;—V:, y de aqui

n
W =-— ZW [(an - dn) COS((Tl + 1)6)
n=
+ (b, — cp) sen((n + 1)6)].
Andlogamente, usando la ecuacién de balance en Qg, gradp =
2p div e(u), obtenemos grad p = grad(4ux - grad W) y de aqui se
deduce que p = 4,111’36—‘:/. Ahora estamos en condiciones de calcular

o(u,p) -7j a lo largo de I;. Recordando que los valores de u; y G;
coinciden sobre Ty, y que la presién p se conoce en términos de W
se obtiene:

fFRo(u,p) ‘v-fjds = erT(u) ‘vds,
donde

2u~ [ cos(n(p —0)) 0w(R,¢) .
T(u)j:<ﬁz‘fo ( . ) jaq) de|, j=12,
n=1

que s6lo depende de la variacién de u a lo largo de Ty. El operador
T(u) se conoce como aplicacion Dirichlet to Neumann. Obsérvese
que el problema variacional (2) es la formulacion débil del proble-
ma:

—2udive(uw) + gradp=f, enf,
div(u) =0, engQ;
ulp =0,
(-1 =T, (0 - 1)) = T(u),, sobre Ty.
Existencia y unicidad de soluciones

Consideremos las formas bilineales 4g: X X X - R, A: X XX - R,
B:X x M = Ry el funcional lineal F: X — R definidos mediante:

Ag(u,v) = _zn_“zz: i J:" JOZ” Cos(n(:t; -9) . auj;};,(p)

j=1n=1
dv;(R,0)
j ’
—qu
a6

A(u,v) =2u fnis(u): e(v) dx,

B(q,v) = —fniq -div v dx,

de,

y F(v) = fﬂif-vdx, respectivamente. Entonces el problema
variacional (2) consiste en encontrar (u,p) € X x M tal que
A(u,v) + Ag(w,v) + B(p,v) =F(v), VvE
X, (4)
B(u,q) =0, Y q€EM.

La demostracion de existencia y unicidad de este problema se basa
en el teorema de Brezzi, puesto que la forma A(u, v) + 4y (u, v) es

In English
Rn
a, = ?erul (R, 0) cos(nd) do,
Rn
b, = — f r U1 (R, 6) sin(nd) do,
RTl
Ch = Feruz (R, 0) cos(nb) de,

Rn
d, = ?fFRuz (R, 0) sin(nb) db.

Using condition div (u) = 0 and representation (3) the following
aw

o and so

equation was obtained — %div Gi=r

W= _;W [(a — dn) cos((n + 1)6)
+ (bp — ) sin((n + 1)6)].

Similarly, using the balanced equation in Qg, gradp = 2u div e(u),
grad p = grad(4ux - grad W) was obtained and hence p = 4yri—V:.
Next a(u, p) - 7j could be estimated along I'z. To this end, it was first
recalled that the values of u; and G; coincided on Ik, and pressure p
was known in terms of W, leading to

era(u,p) ‘v-ijds = erT(u) ‘vds,

where

_(2u - 2% cos(n(p — 6)) Ow;(R, ) o
T(u)j_(ﬁz:lfo . 0 de |, j=1,2

just depending on the variation of u along Iz. Operator T(u)
represented Dirichlet to Neumann mapping. It was stated that
variational formulation (2) was the weak formulation of the problem

—2udive(w) + gradp=f, inQ;
div(uw) =0, ingQ,
ulr =0,
(- =Ty,  (0°7); =TW, 0n .
Existence and uniqueness of solutions

Bilinear formsAy:X XX > R, A:X XX >R, B: XXM >R and
linear functional F: X — R defined by

Ao, v) = —%ii J:n J:" COS(n(Z - 9)) 'auj(gi ®)

j=1n=1

20
A(w,v) = 2u fﬂis(u):s(v) dx,

de de,

B(q,v) = —fniq -divvdx,
and F(v) = fﬂ.f-vdx, respectively, were considered. Variational
formulation of (2) would then read: Find (u,p) € X X M so that

A(u,v) + Ag(u,v) + B(p,v) =F(v), Vv
€X, 4)
B(u,q) =0, vV q€EM.

The proof of existence and uniqueness was based on Brezzi's
theorem, since the form A(u, v) + A,y (u, v) was continuous and
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continua y coerciva, y el operador B satisface la condicién inf-sup
(Han y Bao, 1997; Camargo, 2008).

Método de elementos finitos

El método de elementos finitos que presentamos en este trabajo no
aproxima la solucién del problema (4), sino la solucién del pro-
blema que se obtiene truncando la serie de Fourier, en términos de
la cual esta definido el operador T(u). Al reemplazar Y5, por
YN _1. para un valor entero de N, obtenemos el problema aproxima-
do: encontrar (uy,py) € X x M tal que

A(uy, v) + AY (uy,v) + B(py,v) = F(v), Vv
EX, (5)

B(uy,q) =0, YqeM,
donde AY(u,v) = —IFRTN(u) ‘vds,y

N
2u 8 [*™cos(n(p —8)) du;(R,p)
‘N =— — _J
17w 7R Z:l BGJO n o e,

con j = 1,2. El estudio de existencia y unicidad del problema (5) es
andlogo al del problema exacto (Han y Bao, 1997; Camargo, 2008).
Ademds, se tiene el siguiente estimativo para el error de la aproxima-
cion (uy, py)-
Teorema 1. Sean (u,p) € X X M y (uy,py) € X X M las soluciones
de los problemas variacionales (4) y (5), respectivamente. Ademds,
1

suponga u|r, € H™'2(I) con m € Z. Entonces el siguiente estima-
tivo del error se cumple:
c 1

(N +1)m

donde C es una constante independiente de N y m.

lle —unlly = llp —owlly < |u|m+%' re’

Ahora, sean X, € X y My, © M los espacios de elementos finitos co-
rrespondientes al elemento Taylor-Hood, (Brezzi, 1991), y denote-
mos por T, la particién regular del dominio €;, en elementos trian-
gulares curvilineos T de didmetro hy, donde h = supyeg, hr. Enton-
ces, el método de elementos finitos para aproximar el problema (5)
con-siste en encontrar (up, py) € X, X M, tal que

Alup, vp) + AY (up, vp) + B(pp,vp) = F(vy), YV
€ Xy, (6)

B(uy,qn) =0,

Nétese que el elemento Taylor-Hood satisface la condicién inf-sup
(Brezzi, 1991) y nuevamente por el teorema de Brezzi es inmediata
la existencia de una Gnica solucion (uy, q;) € X, X My, para (6).

th € Mh'

Teorema 2. Suponga que (u,p) € X X M es la solucion del proble-
ma (4) y (up, qn) € X X My, es la solucion del problema (6), asi
que el siguiente estimativo de error se cumple:

lu = upllx + llp = pallm

<Cjy inf |[u— inf |lp — }
< cf inf lu=vally+_inf Ip = qully

|u|m+%, r'r’

C———
BOENE
donde C es una constante independiente de h y N.

Demostracion. Sea (uy,py) € X X M la solucién del problema (5)
para cualquier entero N > 0 y consideremos los errores |luy — up|lx
y llpy — prlly; empleando la técnica estandar del método de ele-
mentos finitos mixto se sigue que existe C, € Z* independiente de
Ny el didmetro h de la triangulacién de Q; tal que:

In English

coercive, and operator B satisfied the inf-sup condition (Han and
Bao, 1997; Camargo, 2008).

Finite element method

The finite element method presented in this article did not approxi-
mate the solution of the problem (4), but provided the solution to
the problem obtained by truncating operator T(u) in the corres-
ponding Fourier series. If ¥, were replaced by Y:N_; for integer
value N, the variational formulation of the approximate problem
would read: Find (uy,py) € X X M so that

A(uy,v) + AY (uy,v) + B(py,v) = F(v), Vv
€X, (5)

B(uy,q) =0, VYqeM,
where A (u,v) = —erTN(u) -vds, and

N
2u d [*™cos(n(p —0)) 0u;(R, )
N = — — .
17w 7R 2—:1 a0 _fo n o e,

with j = 1, 2. The study of existence and uniqueness of the problem
(5) was similar to the exact problem (Han and Bao, 1997; Camargo,
2008). Furthermore, the following error estimate of the approxima-
tion (uy, py) held.

Theorem 1. (u,p) €X XM and (uy,py) EX XM were the
solutions to variational problems (4) and (5), respectively. In
1
addition, it was supposed that u|r, € H™2(I) with m € Z. Then
the following abstract error estimate would hold
c 1
(N+1)m

where C was a constant independent of N and m.

lle —unllxy = llp —owllm < |u|m+%, IR’

Next, X;, € X and M, € M were the spaces of finite element corres-
ponding to Taylor-Hood element (Brezzi, 1991). The regular parti-
tion of domain Q; was denoted by T;, using curved triangular ele-
ments T having diameter hy, where h = supreg, hy. Then, the finite
element method of (5) would read: Find (uy,, py) € X, X M, so that

Alup, vp) + AY (up, vy) + B(op, vp) = F(v), Yy
€ Xy, (6)

B(uh' qh) = 0,

Notice that the Taylor-Hood element satisfied the inf-sup condition
(Brezzi, 1991) and again, by Brezzi’s theorem, the unique solvability
of the variational formulation (6) was obtained.

VY qn € Mp,.

Theorem 2. (u,p) € X X M was the solution to problem (4) and
(un, qn) € Xy, X M, was the solution to problem (6), then the
following error estimate would hold

lu —upllx + llp — prllm

< i — i —
< c{,inf llu=vally+ inf 1p = aullu]

|u|m+%, r'r’

I CEDE
where C was a constant independent of h and N.

Proof. Let (uy,py) € X X M be the solution of problem (5) for any
integer N > 0 and consider errors |luy — uplly and llpy — prllm;
then according to the standard technique of mixed finite element
method, C, € Z* would exist independently of N and diameter h of
triangulation €; so that
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”‘LLN uh”X ”I;N Fh”M
0{ h h” N h”)(

+ inf - . 7
qhth”pN ph”M} @)

Ademas,

llu —uy +uy —uplly + llp — Py + P8y — Prllu
<

llu —unllx + lluw — unllx + 110 =l + lloy = Palli
y empleando (7) se sigue que
lu —upllx + llp — qnlln
< . _ . _
< Cof,inf lluw = vl + _inf llpw = aull}
+llu—uyllx + lp — pwllm
< . _ . _
< Cofinf lhu=vall+ inf 11p = anllu]}
+ (Co + Dlu — upllx + llp — palla),

lo que concluye la demostracién del teorema.

Implementacién de la técnica DN

Sea Q el dominio no acotado Q = {x € R?:1 < |x;| or 1 < |x,]}, Tk
la circunferencia de radioR = 2 y
u0 _1 (1 —x?)? B (2, — x1)? 3 |x — x©|
P\ x—x02 x—x'2 Jx—x1])
0 .=i (1 — %) Cep — x3) T x1) (o, — x3)
27 4y lx — %9 [x — x]? ’

1k -x) x -
Po =75 [x —x°2  |x—x1|2)
donde x0:= (O%) y xl:i= (0,—%). ul(x) =

T P . Lo
(W2 (), u3(x), po(x))" es la dnica solucién del siguiente problema
de valores de frontera:

Entonces,

—2pdive(uw) + gradp=0, enQ,
div(u) =0, enqQ,
ulp =ub,

u es acotado, p — 0 cuando |x| —» +oo.

Dadon €N, sea 0 =ty <t; < - <t, = 2m una particién unifor-
me de [0,2r[ = I y sea y:[0,2m[ — Iy la parametrizacién del cir-
culo definida por y(t) = R(cos(t),sen(t))”. Entonces denotamos
con  Qp la regién anular acotada por (cos(t),sen(t))l =
{1, x0): Ix;l =1, i = 1,2} y la linea poligonal cerrada I, con vér-
tices {y(t1), -,y (ty)}, y sea Tp, una triangulacién regular de Q, con
tridngulos T de didmetro hy tal que h = supreg; hr.

Ahora consideramos el tridngulo canénico con vértices P; = (0,0)7,
P, =(1,00" y P; = (0,1)T como un tridngulo de referencia T, e
introducimos la familia de transformaciones afines biyectivas
{Fr}res; tal que Fr(T) = T para todo T € ;. Es bien conocido que
Fr(®) =B+ dy, V%:=07+%)", donde BreR?>? vy
dr € R? depende de los vértices del tridngulo T. Ademds, dado un
entero 1 > 0 y un subconjunto S of R?, denotamos con P;(S) el
espacio de polinomios en dos variables definidos en S de grado total
alomas .

Con el fin de especificar X;, y M), tomamos

Po(T) :i={viv=00F;L, 9 € P,(T)}

In English
lluy — unllx + llon — Prllm
< Coj inf |luy —u
< Co inf lluy = nllx

+ inf - . 7
qhth”PN ph”M} 7

Therefore,
lu —uy +uy —wpllx +llp — v + v —Drlln <
llu —uyllx + lluy — upllx + llp — oully + oy — Prllms
and (7) would yield
lu —upllx + lIp — qrllm

< i — i —
< Cof inf luw = vl + _inf lIpy = ull}
+ llu —upllx + llp — pulln
< i — i —
< Cof inf llu=vall + _inf llp = qullu}

+(Co + D(llu —upllx + llp = pulla),

concluding the theorem proof.

Implementing the DiN technique

Let Q be unbounded domain Q = {x € R%:1 < |x;]| or 1 < |x;|}, Tk
the circumference with radius R = 2 and

o L(Ga=xD? Ga—x)? -]
P ap\ x—-x2 x—x12 Jx—x)
uo'—i (xl_x?)(xz_xé))_(xl_x%)(xz_x%)
27 4 |x — xO|? lx — x> '

1(x; —x0  x;—xf
Poi=75 |x —x°2  |x—x12)

where x0:= (0, %) and x1:= (0, —%) Then,

ul(x) = (u?(x),u‘z)(x),po(x))T would be the unique solution for
the following boundary value problem

—2pdive(uw) + gradp =0, inQ,
div(u) =0, inQ,
ulp =ud,

u is bounded, p = 0when |x| - +oo.

Givenn €N, let 0 =t;, < t; < -+ <t, = 2m a partition uniform of
[0,27[ - Ty and let y: [0,2[ — I be the parametrisation of a circle
defined by y(t) = R(cos(t), sin(t))". The annular region bounded
by T ={(xy,x2): Ix;] =1, i = 1,2} was then denoted by Q; and
closed polygonal line T}, with vertices {y(t;), -,y (t,)}, and T was
regular triangulation of Q with triangles T of diameter hy so that
h = supreg, hr.

Reference triangle T with vertices P; = (0,0)", P, = (1,0)7 and
P; = (0,1)" was then considered and the family of similar bijective
transformations {Fr}res;, introduced so that Fr(T) =T for all T €
Ty,. It is well-known that Fp(2) = Bp2 + dp, V2:i= (G +%3)7,
whe-re By € R?*? and d; € R? depend on the vertices of triangle
T. Therefore, given integer [ > 0 and subset S of R?, P,(S) denoted
the space of polynomials defined in S having two variables and great
degrees of freedom at most I.

Next,

Po(T):={v:v="00F;1,9 € P(T)}
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En espafiol
P(T):={q:q =G F;',q € P(T)}.
Entonces discretizamos X usando

Xy = Pip = {vy, € [HE( Q)% vyly € [P,(D]AVT € T3,

TS
y

P
Pz

N

S~
>

i

AP
D
S

A
2

SSH

XSS

Figura 2. Secuencia Ty, ... , T3, de mallas usadas en la implementacién.
y M con
My =P = {qn € L*: qulr € Py(T),VT € T, }.

Los espacios X;, y M}, constituyen los subespacios de elementos fini-
tos Hood y Taylor mas sencillos que satisfacen la condicién inf-sup.
En nuestra implementacién usamos varias triangulaciones. Nosotros
arrancamos la experimentacién numérica con la malla inicial 7,
con 26 elementos. Cada malla refinada uniformemente
Tins - » T3 s generd dividiendo cada tridngulo en cuatro mas pe-
quenos. El resultado se puede observar en la figura 2.

Tabla 1. Grados de libertad (Gdl) y norma L? de los errores cuando N = 7.

In English
P :={q:q=q°F;',q € P(T)}
was defined to specify X, and M}, and discretised X and M using
Xy = PZy = {vy, € [HHQ)]*: vpl7 € [P,(M]2VT € T},

e
BRNEK
K
K

i
SRS
A KRES
AV S

&

%

Figure 2. Sequence Ty, ... , Ty, of meshes used in the implementation

and
My =Py, = {qn € L*: qulr € PL(T), VT € T,}.

Spaces X;, and M, were Hood and Taylor finite element subspaces
satisfying inf-sup condition. Several triangulations were used in our
numerical experiment. Numerical experimentation was started with
initial mesh 75, which had 26 elements. Each uniformly refined
mesh T3 , ... , T3, was generated by dividing each triangle into four
smaller triangles. The result can be seen in Figure 2.

Table 1. Degrees of freedom and norm L? of errors when N = 7

Malla Ton Tin Ton Tan Mesh Ton Tin Ton Tan

(@] 102 438 1812 7368 Dof 102 438 1812 7368
[ — uh,,\,"0 20, | 0-0289022 | 0.0096389 0.0040739 0.0018375 [l = uny ”0.2,01 0.0289022 | 0.0096389 | 0.0040739 | 0.0018375
o = pnnlly,go, | 01138212 | 00463215 | 0.0170638 | 0.0102138 llp = punlly, o, | 01138212 | 0.0463215 | 0.0170638 | 00102138

La tabla 1 muestra la norma L? de los errores w —uyy, P — Puy
cuando N = 7 para las mallas 75 p,, ... , T35,

Tabla 2. Norma L? de los errores para T35, cuando N =0, 1,3,5,7.

Table 1 shows norm L? of errors u — up 5, p — puy When N = 7 for
meshes Ty 5, ... , T35

Table 2. Norm 12 of errors for 73, when N = 0,1,3,5,7

N 0 1 3 5 7 N 0 1 3 5 7
||u 0.395424 | 0.041714 | 0.007033 | 0.001908 | 0.001837 ||u 0.395424 0.041714 0.007033 0.001908 0.001837
—Unn|loz 7 9 0 1 5 —Unn oz 7 9 0 1 5
||p 0.500500 | 0.468616 | 0.043466 | 0.010623 | 0.010213 ||p 0.500500 | 0.468616 0.043466 0.010623 0.010213
— PrN|l02.0 8 5 8 8 8 ~ D029 8 5 8 8 8

La tabla 2 muestra la norma L? de los errores u — up y, p — ppy pa-
rala malla 73, cuando N = 0,1,3,5,7.

La figura 3 muestra los valores de |uy| y p, para todas las mallas y
N =7. Como muestra la figura, N = 7 produce buena aproxima-
cién y pocos términos se necesitan en la forma bilineal A, para obte-
ner resultados precisos.

Conclusiones

En este articulo se usa una aplicacion DtN para aproximar la solu-
cién de un problema exterior no acotado. Con este fin se introduce
una frontera artificial en el dominio computacional acotado, en el
que se aproxima la solucién usando el método de elementos finitos.

INGENIERIA E INVESTIGACION VOL. 30 No. 3, DECEMBER 2010 (124-130)

Table 2 shows norm L? of errors u — up y, p — ppy for mesh Ty,
when N =0,1,3,5,7.

Figure 3 shows wvalues of |u,] and p, for meshes
Ton, Tin Tz and N = 7. As Figure 3 shows, N = 7 produced a
good approximation and only a few terms were needed in bilinear
form 4, to obtain good results.

Conclusions

DtN mapping was used this paper to approximate the solution of an
unbounded exterior problem. An artificial boundary was introduced
into the domain to approximate the solution on a bounded compu-
tational domain by using a finite element method.
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En espafiol

Especificamente, se implementa el elemento Taylor-Hood, el cual se
define en términos de una serie de Fourier sobre la frontera artificial.
Los calculos numéricos muestran que truncando la serie en siete tér-
minos se logra una buena convergencia. Sin embargo, en nuestra a-
proximacién el operador de frontera tiene asociada una matriz de ri-
gidez densa y se usaron precondicionadores especiales para obtener
buena convergencia.

In English

The Taylor-Hood element defined in terms of a Fourier series on the
artificial domain was implemented in this work as finite element me-
thod. The numerical calculations showed that good convergence
had been obtained just by truncating the Fourier series to seven
terms. However, our discretisation produced a dense stiffness matrix,
corresponding to the boundary operator; special preconditioners ha-
ve to be used to obtain good convergence by very refined meshes.
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Figura 3. |uy| y p para las mallas Tyy, i1, y T3 cuando N = 7.
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