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Abstract: In this paper, a comparison between conventional RST polynomial control
by poles placement and RST flatness-based control is proposed. These approaches
were developed, in discrete-time formalism by carrying out a generation of a refer-
ence starting from a flat output and by then analyzing the tracking error in closed-
loop. The case of the thermal system, that we applied an output disturbance, was
considered by simulation to study the effectiveness of given flatness-based robust
controller with the integration of an anti-windup device, in terms of tracking trajec-
tory and disturbance rejection.
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1 Introduction

The flatness property was introduced by M. Fliess, J. Lévine, P. Martin and P. Rouchon in 1992 to pro-
pose a new strategy to control continuous nonlinear systems with good performances in term of tracking
trajectory. At first, the use of this property consists in the definition of an output trajectory allowing the
determination of the variables of the flat system. Secondly, it concerns the elaboration of the control in
closed- loop allowing to obtain a stable system giving place to a tracking of a desired trajectory with an
error which tends asymptotically towards zero [1, 2, 5, 18, 19].

Several techniques of control resulting from the theory of control were established and applied to
real systems, especially the RST polynomial control. The exploitation of robust control with an argued
choice for its design satisfying the control objectives in term of the tracking trajectory of reference as
well as the regulation in the presence of disturbances, constitute the object of this paper.

A comparison between this well-known conventional RST polynomial control and a recent approach
of a RST controller design based on the property of flatness of the mono-variable linear and controllable
systems are carried out by considering the case of the thermal process control.

2 Conventional RST polynomial control

2.1 Structure of RST controller by poles placement

In the RST control approach it is possible to impose poles in closed-loop and to carry out in a separate
way the objectives of tracking and regulation. In a discrete formalism, the blocks of RST controller are
given by figure 1, [4, 9, 12].

Copyright © 2006-2009 by CCC Publications
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Figure 1: Conventional structure RST controller

H (q−) =
B(q−)

A(q−)
is the transfer function of the dynamic linear discrete system where the polyno-

mials A and B represent respectively the denominator and the numerator of the transfer function with
respective degrees nA and nB:

A
(

q−
)

= a +aq
− + ...+anAq

−nA (1)

B
(

q−
)

= b +bq
− + ...+bnBq

−nB (2)

The choice of the polynomials R, S and T allows to solve as well the problem of regulation as well
as of tracking. These polynomials are given by:

R
(

q−
)

= r + rq
− + ...+ rnRq

−nR (3)

S
(

q−
)

= s + sq
− + ...+ snSq

−nS (4)

T
(

q−
)

= t + tq
− + ...+ tnT q

−nT (5)

where nR = deg(R), nS = deg(S) and nT = deg(T ). The transfer function in closed-loop, in this case,
is given by:

HBF

(

q−
)

=
T (q−)B(q−)

A(q−)S (q−)+B(q−)R(q−)
(6)

The calculation of the polynomials R and S is carried out starting from the choice of the polynomial
P:

P(q−) = A(q−)S (q−)+B(q−)R(q−)

= p + pq
− + · · ·+ pnp

q−np
(7)

If deg(P) < deg(A)+ deg(B), this equation is regular and it can be written in the following matrix
form:
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where M ∈ ℜ(nA×nB) ×ℜ(nA×nB) is called Sylvester matrix. The coefficients of R(q−) and S (q−)

contained in vector x are given by:

x = M−MP (9)

For the determination of the coefficients of the polynomial T , in the case of the tracking of a desired
trajectory yck corresponding to a reference model:

Hm

(

q−
)

=
Bm (q−)

Am (q−)
(10)

we choose T (q−) = βB(q−), to obtain:

HBF

(

q−
)

= βB
(

q−
)

(11)

HBF

(

q−
)

= β
B(q−)Bm (q−)

Am (q−)
(12)

with taking β = 
B()

, a static gain in closed-loop equal to 1 is then imposed.

Figure 2: Detailed structure of RST regulator

2.2 Rejection of disturbances

Let us consider S (q−) the polynomial of the following form:

S
(

q−
)

=
(

−q−
)m

S ′ (q−
)

(13)

To reject a step disturbance, we can choose m =  with deg(S ′) = deg(S)−m.

2.3 Anti-saturation of the control

The direct implementation of RST controller often leads to a control signal whose amplitude can
be very important. In order to keep this amplitude in an acceptable interval [umin,umax], we add to the
structure of control an anti-windup device [4], d is the output disturbance and S∗ (q−) is a polynomial
defined from the relation bellow:

S
(

q−
)

= s +q−S∗
(

q−
)

(14)
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Figure 3: Conventional structure of RST controller with anti-windup device

3 Design of flatness-based controller

3.1 Determination of flat output

In this part, let us consider the discrete-time linear system Single Input Single Output (SISO), de-
scribed by the following equation:

A
(

q−
)

yk = B
(

q−
)

uk (15)

where yk and uk represent the output and the control signals respectively.

The flat output is a variable defined in continuous time; we consider the expressions of the polynomi-
als A(q−) and B(q−) in term of the operator q−, to be able to define thereafter the discrete flat output
of the system.

The system is considered as linear and controllable, consequently it is flat and its flat output zk is
given by [2]:

zk = N
(

q−
)

yk +D
(

q−
)

uk (16)

where N (q−) and D(q−) are polynomials which represent the solutions of the equation of Bezout:

A
(

q−
)

D
(

q−
)

+B
(

q−
)

N
(

q−
)

=  (17)

The flat output zk on which depend the output yk and the control uk, can be also seen as being the
partial state of a linear system [3]:

uk = A
(

q−
)

zk (18)

yk = B
(

q−
)

zk (19)

The knowledge of the flat output zk allows to determine the open loop control uk of the system.

3.2 Trajectories planning

The objective of the trajectories planning [17] is to determine an open-loop control ud (t), carrying
out the objective bringing a given system, of a certain initial state in a known final state:

ud (t) = B
(

zd (t) , ...,zd(α+) (t)
)

(20)

yd (t) = C
(

zd (t) , ...,zd(σ) (t)
)

(21)
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zd is the desired trajectory for the flat output that is sup(α +,σ) time continuously derivable.
If the objective is to reach two equilibrium points of balance:

(u(t) ,y(t) ,z(t)) and (u(t f ) ,y(t f ) ,z(t f )), where t and t f are the two times known in advance, it is
necessary to solve the problem of trajectory generation offline. A solution for the calculation of Zd(t),
vector of zd(t) and its successive derivatives, is given by the relation:

Zd (t) = M (t − t)c +M (t − t)c (22)

where M(t) and M(t) are the two following matrices:

M (t) =
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(n−)!
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. . . . . .
...
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(23)
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(24)

The vectors c and c can be defined from 20 and 21 by:

c = Zd (t) (25)

c = M−
 (t f − t)

(

Zd (t f )−M (t f − t)Z
d (t)

)

(26)

In the discrete-time formalism, the real output of system yk to be controlled, follows the desired
trajectory ydk expressed by:

ydk = B
(

q−
)

zdk (27)

The synoptic diagram of figure 5 summarizes the different steps as well as the necessary tools to
generate the desired trajectory ydk in a discrete-time formalism with considering the sampling period Te
[2, 5, 12].

Figure 4: Generation of the desired trajectory ydk

3.3 Flatness-based RST polynomial controller

The realization of flatness RST controller is carried out here by considering the method of direct
calculation of the state vector Zk =

(

zk zk+ · · · zk+n−

)T
, suggested in [2, 5].
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From the relations (20) and (21), we can determine the representation of state of the system in its
controllable form:

{
Zk+ = AZk +Buk,
yk = CZk,

(28)

with:

A=

















   · · · 


. . . 

. . .
...

...
. . . . . . . . . 

 · · ·   
−a −a · · · −an− −an−

















, B=












...













and

C=
(

b b · · · bn−

)

From this representation, we can write [5]:

Zk = O−
(A,C)

(

Yk −M(A,B,C)Uk

)

(29)

with the observability matrix is:

O(A,C) =











C
CA
...

CAn−











(30)

and the controllability matrix M(A,B,C) given by:

M(A,B,C) =



















 · · · · · · 

CB
. . .

...

CAB CB
. . .

...
...

. . . . . . 
CAn−B · · · CAB CB



















(31)

From [5], we obtain the flatness control law by the following relation [12]:

uk = K (q)zdk +(a− k)Zk (32)

where a and k are two constant vectors constituted by the ai and ki coefficients of the A(q−) and
K(q) polynomials given by: a =

(

a a ... an−

)

, k =
(

k k ... kn−

)

, where K(q) is a
polynomial containing the closed-loop poles. The realisable structure of RST controller by flatness with
q− operator can be then obtained by:

S
(

q−
)

uk = K (q)zdk +R
(

q−
)

yk (33)

where:
R

(

q−
)

= −(a− k)An−O−
(A,C)

Q (34)

S
(

q−
)

= +(a− k)
(

An−O−
(A,C)

M(A,B,C) −
(

An−B ... B
)

)

Q∗ (35)

and:
Q =

(

q−(n−) q−(n−) ... q− 
)T

, Q∗ =
(

q−(n−) q−(n−) ... q−
)T

.
The dynamics of the closed-loop is defined by the tracking polynomial K (q−) such as:
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A
(

q−
)

S
(

q−
)

+B
(

q−
)

R
(

q−
)

= K
(

q−
)

(36)

This relation represents the Bezout equation already defined in the traditional approach of RST con-
troller. The choice of poles must be well optimized in order to satisfy the desired performances. This
step appears the fundamental contribution of the exploitation of the flatness property in the design of
such controller.

Indeed, the choice of the closed-loop poles corresponds to this of the tracking model of a desired
trajectory and more precisely, to the poles of the K(q) polynomial.

4 Study of the robustness

4.1 Disturbances rejection and noises attenuation

By using the principle of the internal model, a deterministic disturbance can be rejected by consider-
ing in the transfer function of the direct chain an integrator. In fact, in order to obtain a robust controller,
the polynomial S (q−) must have a term in (−q−) which allows the rejection of static disturbance
present on the output signal. Moreover, to introduce a filtering effect into a certain zone of frequencies,
the principle of the blocking of the signal is often used by forcing the system to behave as an open loop
system at these frequencies; what is equivalent to impose of the zeros in polynomial R(q−). This led so
that polynomial R(q−) contains a term of (+q−) making it possible to ensure an attenuation of the
noises effect in high frequencies on the system input [4, 6].

Thus, the following polynomials HS (q−) and HR (q−) are introduced into the model of the system:

HS

(

q−
)

= −q− (37)

HR

(

q−
)

= +q− (38)

By taking in account of these pre-specified fixed parts, polynomials R̃(q−) and S̃ (q−) of new RST
controller can be expressed by:

R̃
(

q−
)

= HR

(

q−
)

R
(

q−
)

(39)

S̃
(

q−
)

= HS

(

q−
)

S
(

q−
)

(40)

In addition, the dynamics of the regulation is defined by the choice of the dominant and auxiliary
poles of polynomial K (q−) of the closed loop given by the relation:

A
(

q−
)

HS

(

q−
)

S
(

q−
)

+B
(

q−
)

HR

(

q−
)

R
(

q−
)

= K
(

q−
)

(41)

In order to take in account the pre-specified parts in the design of the new controller, it is enough to
consider the increased model governed by the following transfer function:

H̃
(

q−
)

=
B(q−)HR (q−)

A(q−)HS (q−)
(42)

Then, it is a question to redo the calculations of flatness-based RST controller using the method
presented previously.
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4.2 Analyze of the controller robustness

In order to maintain nominal performances in rejection of disturbances and in the presence of mod-
elling errors, the sensitivity functions defined below, are calibrated and recomputed so as to satisfy the
performances required. The sensitivity functions are given according to the type of disturbance to con-
sider. By considering the three types of following disturbances: output-input disturbances and noises of
measurement, we can thus deduce the output-input functions of sensitivity described in [4, 6]:

• Output disturbance: represented by the transfer function Syd (q−) between the output disturbance
d(t) and the system output y(t):

Syd
(

q−
)

=
A(q−) S̃ (q−)

A(q−) R̃(q−)+B(q−) S̃ (q−)
=

A(q−) S̃ (q−)

K (q−)
(43)

• Input disturbance: represented by the transfer function Sud (q−) between the output disturbance
d(t) and the input u(t):

Sud
(

q−
)

=
−A(q−) R̃(q−)

K (q−)
(44)

The study of the robustness of the developed RST controller is based on the frequencies analysis
of the modules of the various functions of sensitivity. Desirable templates for the sensitivity functions
will be defined through the constraints of imposed performances and tolerated robustness margins. The
purpose is to have the disturbance output sensitivity function inside the upper and lower templates as
shown further in figures 14 and 15. Also, input sensitivity function must have a decreasing shape meaning
that the controller is insensitive to noise.

5 Saturation effects

The additive static disturbances cause generally the increase in the amplitudes of the control signal
applied to the system exceeding certain limit values. This especially presents a problem in the control
of process by digital computers having thresholds in tension not to exceed on the level of their input-
outputs. Consequently, it is necessary to design a device of anti-saturation according to the technique
already developed in [4], where the law of control has the following forms:

uk = K (q)zdk − R̃
(

q−
)

yk − S̄
(

q−
)

uk− (45)

with:

S̃
(

q−
)

= +q−S̄
(

q−
)

(46)

In addition, by considering umin and umax respectively the lower and higher limits of the control
saturation, we obtain:

ūk =






uk i f umin ≤ uk ≤ umax

umax i f uk > umax

umin i f uk < umin

(47)

However, it is possible to impose certain dynamics when the system leaves the saturation. This is
illustrated in figure 5. The desired dynamics is defined by the polynomial PS (q−) given by equation
(48).

PS
(

q−
)

= − exp

(

Te

τsat

)

q− (48)
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where τsat indicates a time-constant of a system of first order. It is it should be noted that outside

of saturation, umin < uk < umax, this mechanism of anti-saturation is equivalent to block


S̃ (q−)
of RST

controller given by figure 5.

Figure 5: Diagram of flatness-based RST controller with taking in consideration of anti-saturation

Finally, the new control law of the flatness-based polynomial controller in the presence of saturation
(47) is given by the expression:

PS
(

q−
)

uk = K (q)zdk − R̃
(

q−
)

yk −

(

S̃
(

q−
)

+ exp

(

Te

τsat

))

ūk− (49)

In the following part, a comparative study between the two laws of RST polynomial controllers, RST
flatness-based control and conventional RST polynomial control, is carried out by digital simulation by
considering the case of the thermal process control.

6 Application to the control of a thermal system

6.1 Modelling of the thermal system

The thermal process whose simplified diagram is given by figure 6, is constituted of a tube of constant
volume V [m] and of a heating resistance Rc connected to a direct current power supply u(t) applied
to resistance for heating the air entering at a desired temperature by Joule effect 6, C [J.m−.◦K−] is
the specific heat constant of air, TE [◦K] the ambient temperature, f j [m

.s−] the air rate flow entering
according to the aperture of the valve j. The purpose of the control approach is to regulate the temperature
TS [◦K] of the outgoing air at the constant temperature, given that the air flows into the tube with an initial
temperature TE [◦K] and at the flow rate f j [m

.s−].

Figure 6: Simplified diagram of the thermal process

The flow rate signal is assumed piecewise constant and can be vary by changing the throttle position
j.

The model of the thermal process, dependent, primarily of the valve position, if it is admitted that the
temperature of the entering air remains constant, the transfer function of the model is given by [10, 16]:
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G(p) =
ke−τ p

+Tcp
(50)

where k is the delay, T is the time-constant of the process and p is the Laplace operator. For an
ambient temperature equal to C, the identified parameters of G(p) are: k = ., τ = .s and Tc =

.s [10, 11, 16].
The corresponding discrete-time transfer function is then given by:

G
(

q−
)

=
.q− +.q−

−.q−
(51)

Te is the sampling period selected equal to .s.

6.2 Determination of the desired trajectory

Let us consider thatB() = 0.7875 , we choose to generate the trajectory expressed in continuous
time zd (t) according to the following polynomial form:

zd (t) =






yd(t)

B()
, i f  ≤ t ≤ t

Poly(t) , i f t ≤ t ≤ t f
yd(t f )
B()

, i f t ≥ t f

(52)

By taking the transition times t = s and t f = s, and choosing the polynomial Poly(t), like
reference trajectory between these two moments:

Poly(t) =
(

  
)

(M (t − t)c +M (t − t)c) (53)

The desired trajectory zd calculated is represented on figure 7.
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Figure 7: Desired trajectory zd(t)

6.3 Conventional RST controller by poles placement

The tracking polynomial K(q) is obtained by discretizing of the continuous model as third order
system formed by the setting in cascade of two subsystems of which one is of second order, characterized
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by ωn = .rad.s− and ξ = ., and the other first order one having a time-constant τ = .s . It becomes
then:

K (q) = q −.q +.q−. (54)

Simulations were carried out by considering the following conventional RST controller polynomials:

R
(

q−
)

= .−3.216q− +1.015q− (55)

S
(

q−
)

= +0.1724q− −0.5306q− −0.6419q− (56)

T
(

q−
)

=
K (q−)

B()
= −0.09915+0.7326q− −1.575q−+1.27q− (57)

The simulation results show that the response of the thermal process presents an important tracking
error. The thermal process presenting one zero unstable it is thus with no minimum of phase that explain
the response of the system given in figure 8.
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Figure 8: Conventional RST control: y the real system output and yd the desired output
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Figure 9: Conventional RST control: Control signal
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Figure 10: Conventional RST control: Tracking error

6.4 Flatness-based RST controller

The tracking polynomial K(q) is selected starting from the discretization of the continuous tracking
model considered as third order system. Consequently, we deduce the flatness-based RST regulator
polynomials designed by flatness are bellow:

R
(

q−
)

= 0.6554−0.3274q− (58)

S
(

q−
)

= +0.2681q− +0.2069q− (59)

leading to the results of figures 11, 12 and 13.
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Figure 11: Flatness-based RST control: y the real system output and yd the desired output

The results in figures 11, 12 and 13 underline the importance of the implementation of flatness-based
controller in term of trajectory tracking. In fact, we notice in addition that the tracking error in the
case of first approach RST is significant compared with that obtained by flatness-based controller. Thus,
the flatness property is very interesting in terms of planning and tracking trajectory exploited for the
development of a closed-loop system with high performances.

The results of figures 14 and 15 show that the controller obtained is robust considering the sensitivity
functions which remain inside the specified templates of robustness [4]. In addition, we underline the
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Figure 12: Flatness-based RST control: Control signal
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Figure 13: Flatness-based RST control: Tracking error
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Figure 14: Output sensitivity function |Syd| case of output disturbance
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Figure 15: Input sensitivity function |Sud| case of input disturbance

robustness of such controller related to the static disturbance and the high frequency noises rejection is
clearly guaranteed. Moreover, the input sensitivity function presents attenuation in the high frequencies
which define an elimination of noises in the input.

7 Conclusion

In conclusion, the study of the thermal process control shows that flatness-based RST regulator ended
in a regulation of the robust and powerful type RST in term of tracking trajectories compared with such
obtained by the use of the conventional polynomial RST controller. The design of flatness-based RST
controller, depending on the choice of the poles of the tracking dynamic system and on the desired
trajectory, allowed the satisfaction of the templates imposed by the typical values of the robustness
margins.
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[2] M. Ayadi, Contribution ŕ la commande des systčmes linéaires plats de dimension finie, PhD Thesis,
Institut National Polytechnique de Toulouse, 2002.

[3] T. Kailath, Linear systems, Prentice Hall, 1980.

[4] I. Landau , R. Lozano and M. M’Saad, Adaptative control, Springer-Verlag, London, 1998.

[5] F. Rotella, F J. Carrillo and M. Ayadi, Polynomial controller design based on flatness, Kybernetica
Special Issue on System Structure and Control, Vol. 38, n°5, pp. 571-584.

[6] A. Oustaloup, La robustesse. Analyse et synthčse de commandes robustes, Hermčs, 1994.
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