
 

 



 

 

{ } , 0 ,1, 2 , ...
k

x k 

0 1 2
0 ...  a n d  lim

k k k
x x x x x

 
      

0

1
[0 , ) , ( 0 , )  a n d  { }

k
R R R R x

  
     



 



 1,p   p  
p

L

1

pp
u u dx 

 

 , su p ( ) :p u ess u x x


    
 |N |=0 ,x R -N

in f sup ( )u x
 p

u  

 ( ) :
p p

L u u     

( )C  

 0
( ) ( ) : ( ) ( ) , 0,1, 2 , ..., lim ( ) ( ), ,

k
x x k k

P C y x y x C k y x y x x x
 

       

0
( ) ( )D C


  



 su p p  ( ) : ( ) 0f x x f x     .

w
D u


u

 
,

( ) ( ) : ( ) , | |
m p

p w p
W u L D L m


      

,2
( )

m m
W H 

,

0
( )

m p
W  ( )D  ( )

m
H 

,2

0 0
( ) ( )

m m
H W  

,
( )

m p
W  1 p  

1 p  



 

,k p p
k

u D u


 

 

1 ,
1 th e n  

p p

i np p

u u
k u u

x x

 
    

 

2

2

1,2

1
2

1 th e n

n

i i

u
k u

x


 




1

, .

n

i i

u
u v u v d x

x

  
   

  



n
R 2 an d 1n p   

1 ,

1 1 ,
( ) ( ) ,

1 1
1 if

p q

q p
W L u c u

p N
p q

   

  

 
1, 0

2 1,
( ) ( ) , m a x

p

p
m

W C L u c u


     

1 2
 a n d  c c

( ., .) :a H H R 

2
| ( , ) | | | ,a u u c u u H  u

( , )a u u



 

c
L

2
( )L   2

: 0, ( )
C

L v V v v L    

 
2

:| | , const ( ).
p

S x V x p p L     



i

i i

u v
v d x u vn d s u d x

x x
  

 
 

 
  

i
n

n
R 

1, p


1,

1,
on ( )

p

p
W 

1,

00 , 1 ,

00 ,

, ( )

, ( ) .

p

p p

n

u c u u W

u
u c u H

x


   


   





 

H ( , ) :a H H R   

:f H R

 u H ( , ) ( ),a u v f v u H  

 ( , )a   ( , ) 0 ,a u v v H  

:J H R
1

( ) : ( , ) ( )
2

J v a v v f v 

in f ( ) ( )
H

u J u J u


 

 

2

1

is  m e a su ra b le  in   fo r  a ll  ( )

: ,

c on tin u ou s  in  fo r  a lm ost a ll 
i

x L

A a x

x I







  







 

2
: ( , )A a x 

1

2

, 2 2

2

1

1 2 1 1 2 ( )

( , ) ( , )

* .
W L

v
a x a x

x x x

u
c c V

x




 
 

  


  


  

 
    

 
 

  0

0 1 0 1

( , ) ( , m a x )

 in   , , 0 ,1, 2 ,

, , ,

w ith  m ix e d  b o u n d a ry  c o n d itio n s  

0 o n , ( , ) , .

i

i i

k

i i k

i i i

i

u
a x u g x u

x x

f x x k

x I x u x x x x x

u
u a x y n h o n

x

  
   

   


    


     








         






( )u D 
0



(1) 



 

 

1
1 1

( , )

, .

i

i i

i

u v
a x u d x fv d x fg h v d s

x x

v I x u

   

 
  

 



   



( )u u x : ( 0 , ]
N

u x V

/
V  ,u A u    ( 0 , ]

N
x

/
( ) , ( ) , , ( ) , ( ) ,

d d v
A u v d s A u d s D u P C v V

d s d s




 

            

( , )u u x u

( )J v

 
(1 )

0

( ) ( )
( ) lim su p

h

J v h J v
D J V

h





 


 

c
L 0 

 0
, 0x  

0
x   0

,u x u 

 
0

x

 

0   0
, 0T T x  

0
x   0 0

,u x u N

0
x x T 

(2) 



 

 ( )T T 

  
/

0
: 0 o nV u P C u      

/ /
V P C  ( )P C 

1 ,2
( )W  ( )P C  

:A V V  b V 

( ) , ( , ) , , ( )

i i

u v
A u v a x u d x u V v D

x x


 
     

 


 1 2 3 4
, ,b v b b b b x v   

1 2 3
, , ,b fvd x b vg d x b fvd x

  

     4

1

.
i i

i

b v I



 

u V ( ), ,A u u b v v V   

1

,
i i i

b v fv d x fv fv d x v I

  

      

(3) 

(4) 

(5) 



 

2 2 2 2 2 2 2

2

1( ) ( ) ( ) ( ) ( ) ( ) ( )

( )

L L L L L L L

L

f v g v h v c v

c v

      



     



2 2 2 1( ) ( ) ( )
m a x , ,

L L L
c f g h c

  

  
 

'
:A V V

:A V V

0 

   
2

1 2 1 2 1 2
, 0 , ,A u A u u u u u V     

( )A u b b V

 ( ) ( )T u u A u b


  

0  T


   1 2 1 2 1 2
, ,T u T u u u u u V

 
   



 

        

         

       

 

22

1 2 1 2 1 2

1 2 1 2 1 2 1 2

22 2

1 2 1 2 1 2 1 2

2 2 2

1 2

,

2 ,

1 2 .

T u T u u u A u A u

u u A u A u u u A u A u

u u u u A u A u A u A u

u u M




 

 

 

    

      

      

   

A    
2

2 1 2 1
A u A u u u  

        2 1

1 2 2 1
, ,

i i i

i i i

u u
A u A u a x x a x u

x x x

    
    

    



 2 2 1 1
,

.
i

i i i i x i

a x u a u a u u u a u

x x x x x x x x x

       
   

        

    2 1

1 2

2 1

2 1

1 2

2

2

.

i

i

V

u u
A u A u L

x x

u u
L u u

x x

m u u

 
  

 

  
    

 
 

 

2 2 2
1 2 1 2 0m          

0 , 2 0 0
2


         m in 1,

2




 
  

 



 

T


( )T u u




( )

0

T u u A u b u

A u b


   

  

A

( )A u b

( , )a x u

 
1

*

1

( , ) ,

.

n

i

i i i

n

i i

i

u v
a u v a x u d x g v d x

x x

b fv d h v d s v I

 

 

 
 

 

  

 

 

1 1
( ) ( , )

2 2
i i

u v
J v a x u d v g v d x

x x
 

 
  

 
 



 

 
2

1 { , }

, , , , , .
n

n

i j i j i j i

i j m

a x m R x R      

 

   

u in f ( )
v V

u J v




*
( , )

i i

u v
a x u g vd x b

x x
 

 
  

 
 

2
( )b L 

0
: ( )a H H V H   

0
( )

m in ( )
v H

u J v
 



*1 1
( ) ( , ) .

2 2
i

i i i

u v
J v a x u g v d x b

x x
 

 
  

 
 

*
, , 0N m 

1
:H

   
1 ,

su p , an d sup , m ax
x u x u V

N a x u g x u
  

    

2 2

* 1
m in , .

2
L L

N u M v  
 



 

 0
, m in ( )

v V

u u x u J v


 

*1 1
( ) ( , ) .

2 2
i

i i i

u v
J v a x u d x g v d x b

x x


 
   

 
 

2 2

1 1

*

m in ( )

1 1
m in ( , )

2 2

1
m in .

2

v J

L L

u J v

u v
a x u d x g vd x

x x

N u M v 







  
   

  

   
 

 

 | |x 
*

  | ( , ) |u x u 

( , )u u x u

1
:H , 1, 2 , 3

i
k i 

*

1 2 1 3
| | , | |  a n d | |f k v h k v I k v  



 

1
:H

*1 1
( , )

2 2
i

i i i

u v
a x u d x g v d x b

x x


 
  

 
 

1

* *
.

i i

i

b fvd x h vd x v I




    

( ) 0 , ( ) ( ) a n d ( ) 0 ,
k k k

J v J x x J x D J v v V


      

{ } , 1, 2 , .. .
k

x k 

1 2
&H H

*

1

1
( ) ( , )

2
i

i i i

n

i i

i

u v
J v a x u g v d x

x x

fv d x h v d s v I

 

 

 
 

 

 
   

 

 

 

1
H

1

*

1

2 2 2

1 2 3
0 .

n

i i

i

i

fv d x h v d s v I

k v d x k v d s k v

 

 

 

    

 

 

2
H ( ) 0J v 

 

0

*

1

( ) ( )
( ) lim su p

1
2 2 0

2

h

J v h J v
D J v

h

g h d x I







 


      

*
0 , 0g h 



 

( , )u u x u

 2
: 0

C
L v L v   0 

0
u  0 

*
 

*


 

 

2

2
, m a x ( , ) , , 0 ,1, 2 , ...

0 o n

k

p k

x

k

u u
c g x u f x u x x k

x x

u e I x

u



 
     

 

 

 

 is  th e  th e rm a l h e a t c a p a c ity  o f  sy s te m
p

c 0 

( , ) , ( )
p

x u c x ku u     

( )u

Heat source 



 

2

1 1
( )

2 2

u u v
J v c k dx vg dx v f d x

x x x
  

   
     

   
  

1 22 2 2

m a x
( , m a x )  a n d  g ( , m a x )

1 1 m a x (m a x )

u x
g x u x u

x x u x u

 
 

  

2

2
 ( i)   0  in  

( )     0  in  

1
( )    0  in  

2

T h e n  ( ) 0  in  =   a n d  th e  te m p e ra tu re  u  is  su c h  th a t

p

u u
c k

x x

v
ii

x

iii g f

J v

 
   

 


 



  

   

22
( )  0 ( 1) , 1

2
( )  0 1

2 (1 )

iv u x f x

A n d

x
v u

x x f





   


  



*
0  in  .h  

J (v ) 0  in   a n d  h v d x = 0



   ( ) 0  in  J v  



 

2

1 m a x
0 .

2 2 (1 )

u
g f f

x


   



22
m a x ( 1)  fo r  1 .u x f x


  

22
0 m a x , th e re fo re  ( 1)u u u x


   

2 2

1
0

2 2 (1 m a x (m a x ) )

x
g f f

x u x u


   

 

 

 

2 2

2

2 2 m a x 2 (m a x )

2 2 2 .

x x u x u

x u x u f

    

   

2
 fo r  0 1,y y y y R


   

2
(m a x ) m a x  if  0 u m a x  u < 1u u  

2 -
 0 u m a x  u < < 1

2 (1 )

x

x x f


 


( ) 0  J v 

, 0 , 0 .f x  

+(1 )
h 0

*

( ) ( )
( ) l im

1
( )

2
i

i

J v h J v
D J v

h

g d x fd x h d s I x





  

 


       

*
0h   ,  a n d  

i
g f I

 ( ) ( ) .
k k k

J x x J x  
k

x

u





 



 


