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SOME INTEGRAL INEQUALITIES USING QUANTUM CALCULUS APPROACH

MUHAMMAD UZAIR AWAN1,∗, MUHAMMAD ASLAM NOOR2,3 AND KHALIDA INAYAT

NOOR3

Abstract. The aim of this paper is to introduce a new class of preinvex functions which is called

as generalized beta preinvex functions. We show that this class includes some other new classes of

preinvex functions. We derive some new integral inequalities using the approach of quantum calculus.
These integral inequalities involve generalized preinvex functions and q-Euler-Beta functions. Our

results can be viewed as new quantum estimates for trapezoidal like inequalities. Some new special

cases are also discussed which can be deduced from the main results of the paper.

1. Introduction and Preliminaries

The property of convexity of a function has attracted several researchers over the years and conse-
quently this property has been generalized in different dimensions according to need, for some useful
details, interested readers are referred to [3,4,6,9,14,15,17,18,24,25,28,34] and the references therein.
Varošanec [33] introduced the notion of h-convex functions which not only generalizes the class of clas-
sical convex function but also generalizes several other classes of convex functions, such as Breckner
type of s-convex functions, Godunova-Levin-Dragomir type of s-convex functions, Godunova-Levin
functions and P -functions. So naturally the class of h-convex functions is quite unifying one. In re-
cent years several authors have investigated the class of h-convex functions with respect to integral
inequalities. Recently Tunç et al. [32] introduced the notion of so-called tgs-convex functions as:

Definition 1.1 ( [32]). Let f : I ⊂ R → R be a non-negative function. We say that f is tgs-convex
function on I, if

f((1− t)u+ tv) ≤ t(1− t)[f(u) + f(v)], ∀u, v ∈ I, t ∈]0, 1[. (1.1)

Note that f is tgs-concave function if −f is tgs-convex function. Also if t = 0, 1, then, according to
the hypothesis the function is equal to zero.

Remark 1.1. It has been noticed that the class of tgs-convex functions is also contained in the class
of h-convex functions by taking suitable choice of the function h(·).

Hanson [9] introduced the notion of invex functions while studying mathematical programming.
Ben Israel and Mond introduced the class of the invex sets and then using invex sets as domain they
defined the notion of preinvex functions. They have shown that the differentiable preinvex functions
imply invex functions. Under certain suitable conditions, one can show that these two classes of are
equivalent. Noor [17] had shown that the minimum of the differentiable preinvex functions on the
invex sets can be characterized by a class of variational inequalities, which is known as variational-like
inequalities. Recently Noor et al. [25] extended the classes of preinvex functions and h-convex functions
and introduced the notion of h-preinvex functions. This class not only contains the classes of preinvex
functions and h-convex functions but also other classes of convex functions.
Inequalities play pivotal role in mathematical analysis. Convexity property of functions has also a
close relationship with theory of inequalities. This relationship has attracted several authors and
resultantly numerous new inequalities have been obtained via convex functions and also for its other
generalizations. For some more information, see [2, 5, 6, 8, 10,14,16,20–22,24,27].
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In this paper, we define a new class of preinvex functions which is called as generalized preinvex
functions. We obtain some new quantum bounds which involve primarily the property of generalized
preinvexity. Some special cases are also discussed which can be deduced from the main results of the
paper. It is expected that interested readers may find some novel applications of generalized preinvex
functions and its related inequalities in other fields of pure and applied sciences. This is the main
motivation of this paper.

2. Preliminaries

Let Kη be a nonempty closed set in Rn. Let f : Kη → R be a continuous function and let η(., .) :
Kη ×Kη → Rn be a continuous bifunction. First of all, we recall some known results and concepts.

Definition 2.1 ( [1]). A set Kη is said to be invex set with respect to η(., .), if

u+ tη(v, u) ∈ Kη, ∀u, v ∈ Kη, t ∈ [0, 1]. (2.1)

The invex set Kη is also called η-connected set. If η(v, u) = v − u, then we have classical convex set
(1− t)u+ tv ∈ K .

Definition 2.2 ( [34]). A function f : Kη → R is said to be preinvex with respect to arbitrary
bifunction η(., .), if

f(u+ tη(v, u)) ≤ (1− t)f(u) + tf(v), ∀u, v ∈ Kη, t ∈ [0, 1]. (2.2)

For η(v, u) = v − u in (2.2), the preinvex functions reduces to classical convex functions.

Definition 2.3. A function f : K → R is said to be convex in the classical sense, if

f(u+ t(v − u)) ≤ (1− t)f(u) + tf(v), ∀u, v ∈ Kη, t ∈ [0, 1].

Noor et al. [25] have defined the class of h-preinvex functions as:

Definition 2.4 ( [25]). Let h : J → R where (0, 1) ⊆ J be an interval in R, and let Kη be an invex
set with respect to η(., .). A function f : Kη → R is called h-preinvex with respect to η(., .), if

f(u+ tη(v, u)) ≤ h(1− t)f(u) + h(t)f(v), u, v ∈ Kη, t ∈ (0, 1).

If above inequality is reversed, then f is said to be h-preincave with respect to bifunction η(., .). Noor
et al. [25] have shown that the class of h-preinvex functions includes several other classes of preinvex
functions as special cases.

Remark 2.1. In this paper function η(., .) : R× R→ R is supposed to have the following property:

η(v + t1η(u, v), v + t2η(u, v)) = (t1 − t2)η(u, v), ∀t1, t2 ∈ [0, 1], t1 ≤ t2. (2.3)

In this case the following consequences hold:

(1) If t1 = t2 = 0 then (2.3) implies that η(v, v) = 0 for all v ∈ R.
(2) If t1 = 0 and t2 = t > 0 then η(v, v + tη(u, v)) = −tη(u, v) for all u, v ∈ R. This is the first

requirement of Condition C introduced in [13].
(3) If η(u, v) > 0 for some (u, v) ∈ R then η(v, v + tη(u, v)) ≤ 0 for all t ∈ [0, 1]. It means that

property (2.3) implies that function η has not constant sign on R× R.

Now we define the class of so-called generalized beta preinvex functions.

Definition 2.5. Let Kη be an invex set with respect to bifunction η(., .) and g, h : (0, 1) → R be real
functions. A function f : Kη → R is said to be generalized beta preinvex with respect to bifunction
η(., .), if

f(u+ tη(v, u)) ≤ g(t)h(1− t)f(u) + g(1− t)h(t)f(v), ∀u, v ∈ Kη, t ∈]0, 1[.

We now discuss some special cases of Definition 2.5.
I. If we take g(t) = tα and h(t) = tγ , where α, γ ∈ [0, 1], then we have following definition of (α, γ)-
preinvex functions.
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Definition 2.6. Let Kη be an invex set with respect to bifunction η(., .). A function f : Kη → R is
said to be (α, γ)-preinvex with respect to bifunction η(., .), if

f(u+ tη(v, u)) ≤ tα(1− t)γf(u) + (1− t)αtγf(v), ∀u, v ∈ Kη, t ∈]0, 1[, α, γ ∈ [0, 1].

II. If we take g(t) = tα and h(t) = tα, where α ∈ [0, 1], then we have following definition of α-preinvex
functions.

Definition 2.7. Let Kη be an invex set with respect to bifunction η(., .). A function f : Kη → R is
said to be α-preinvex with respect to bifunction η(., .), if

f(u+ tη(v, u)) ≤ [tα(1− t)α][f(u) + f(v)], ∀u, v ∈ Kη, t ∈]0, 1[, α ∈ [0, 1].

III. If we take g(t) ≡ 1, then Definition 2.5 reduces to the definition of h-preinvex functions [25].

We now define another new class of generalized preinvex functions. This class is not included in the
class of generalized beta preinvex functions.

Definition 2.8. Let Kη be an invex set with respect to bifunction η(., .). A function f : Kη → R is
said to be generalized preinvex with respect to bifunction η(., .), if

f(u+ tη(v, u)) ≤ [tα(1− t)γ ][f(u) + f(v)], ∀u, v ∈ Kη, t ∈]0, 1[, α, γ ∈ [0, 1].

Note that the class of generalized preinvex functions is included in the class of h-preinvex functions.
Also if η(v, u) = v − u and α = 1 = γ, then we have classical tgs-convex functions.

We now recall some previously known concepts and results of quantum calculus. These results
will be helpful in the development of our main results. These results are mainly due to Tariboon et
al. [30, 31].

Let J = [a, b] ⊆ R be an interval and 0 < q < 1 be a constant. The q-derivative of a function
f : J → R at a point x ∈ J on [a, b] is defined as follows.

Definition 2.9. Let f : J → R be a continuous function and let x ∈ J . Then q-derivative of f on J
at x is defined as

Dqf(x) =
f(x)− f(qx+ (1− q)a)

(1− q)(x− a)
, x 6= a. (2.4)

A function f is q-differentiable on J if Dqf(x) exists for all x ∈ J .

Definition 2.10. Let f : J → R is a continuous function. A second-order q-derivative on J , which is
denoted as D2

q f , provided Dqf is q-differentiable on J is defined as D2
q f = Dq(Dqf) : J → R. Similarly

higher order q-derivative on J is defined by Dn
q f := J → R.

Lemma 2.1. Let α ∈ R, then

Dq(x− a)α =
(1− qα

1− q

)
(x− a)α−1.

Tariboon et al. [30, 31] defined the q-integral as:

Definition 2.11. Let f : I ⊂ R→ R be a continuous function. Then q-integral on I is defined as

x∫
a

f(t)dqt = (1− q)(x− a)

∞∑
n=0

qnf(qnx+ (1− qn)a), (2.5)

for x ∈ J .
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These integrals can be viewed as Riemann-type q-integral. Moreover, if c ∈ (a, x), then the definite
q-integral on J is defined by

x∫
c

f(t)dqt =

x∫
a

f(t)dqt−
c∫
a

f(t)dqt

= (1− q)(x− a)

∞∑
n=0

qnf(qnx+ (1− qn)a)

− (1− q)(c− a)

∞∑
n=0

qnf(qnc+ (1− qn)a).

Theorem 2.1. Let f : I → R be a continuous function, then

(1) Dq

x∫
a

f(t) dqt = f(x)

(2)
x∫
c

Dqf(t)dqt = f(x)− f(c) for x ∈ (c, x).

Theorem 2.2. Let f, g : I → R be a continuous functions, α ∈ R, then x ∈ J

(1)
x∫
a

[f(t) + g(t)] dqt =
x∫
a

f(t) dqt+
x∫
a

g(t) dqt

(2)
x∫
a

(αf(t))(t) dqt = α
x∫
a

f(t) dqt

(3)
x∫
a

f(t) aDqg(t) dqt

= (fg)|xc −
x∫
c

g(qt+ (1− q)a)Dqf(t)dqt for c ∈ (a, x).

Lemma 2.2. Let α ∈ R \ {−1}, then
x∫
a

(t− a)αdqt =
( 1− q

1− qα+1

)
(x− a)α+1.

We now recall the definitions of q-gamma (Γq(.)) and q-beta (Bq(., .)) functions.

Definition 2.12 ( [12]). For α > 0, the Γq(.) function is defined as:

Γq(α) =

1
1−q∫
0

tα−1E−qtq dqt,

where Exq is one of the following q-analogues of the exponential function:

Etq :=

∞∑
n=0

q
n(n−1)

2
tn

[n]!
= (1 + (1− q)t)∞q =

∞∏
j=0

(1 + qj(1− q)t);

etq :=

∞∑
n=0

tn

[n]!
=

1

(1− (1− q)t)∞q
=

1
∞∏
j=0

(1− qj(1− q)t)
.

Definition 2.13 ( [12]). For α > 0, γ > 0, the Bq(., .) function is defined as:

Bq(α, γ) =

1∫
0

tα−1(1− qt)γ−1q dqt,

where

(1− qt)γ−1q =
(1− qt)∞q
(1− qγt)∞q

.
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q-Gamma and q-beta functions are related by the following relation:

Bq(α, γ) =
Γq(α)Γq(γ)

Γq(α+ γ)
.

Also we have
(1− t)γ ≤ (1− qt)γ ≤ (1− qt)γq ,

for 0 ≤ t ≤ 1, γ > 0 and 0 < q < 1. For more details one can consult [12].

Noor et al. [23] established a new quantum integral identity for first order q-differentiable functions,
which reads as follows:

Lemma 2.3. Let f : Iη → R be a continuous function and 0 < q < 1. If aDqf is an integrable function
on I0η , then

R
′

f (a, a+ η(b, a); q; η)

=
qη(b, a)

1 + q

1∫
0

(1− (1 + q)t) aDqf(a+ tη(b, a)) 0dqt,

where

R
′

f (a, a+ η(b, a); q; η) =
1

η(b, a)

a+η(b,a)∫
a

f(x) adqx−
qf(a) + f(a+ η(b, a))

1 + q

Noor et al. [19] also established the following integral identity for twice q-differentiable functions.

Lemma 2.4. Let f : Iη → R be a twice q-differentiable function on I◦η such that D2
q f be continuous

and integrable on Iη where 0 < q < 1, then

R
′′

f (a, a+ η(b, a); q; η) =
q2η2(b, a)

1 + q

1∫
0

t(1− qt)D2
q f(a+ tη(b, a))dqt,

where

R
′′

f (a, a+ η(b, a); q; η) =
qf(a) + f(a+ η(b, a))

1 + q
− 1

η(b, a)

a+η(b,a)∫
a

f(x)dqx.

For some useful information on quantum calculus interested readers are referred to [7, 11,12,29].
From now onwards I = [a, a+ η(b, a)] will be the interval unless otherwise specified.

3. Some q-Hermite-Hadamard type inequalities via generalized preinvex functions

In this section, we discuss our main results.

Theorem 3.1. Let f : I ⊂ R → R be generalized preinvex function, where η(b, a) > 0 and moreover
η(., .) satisfies Condition C, then

2α+γ−1f

(
a+ η(b, a)

2

)
≤ 1

η(b, a)

a+η(b,a)∫
a

f(x)dqx ≤ Bq(α+ 1, γ + 1)[f(a) + f(b)].

Proof. Since it is given that f is a generalized preinvex function and η(., .) satisfies Condition C, then

f

(
2a+ η(b, a)

2

)
≤ 1

2α+γ
[f(a+ (1− t)η(b, a)) + f(a+ tη(b, a))].

q-integrating above inequality with respect to t on [0, 1], we have

2α+γ−1f

(
2a+ η(b, a)

2

)
≤ 1

η(b, a)

a+η(b,a)∫
a

f(x)dqx. (3.1)
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Also

f(a+ tη(b, a)) ≤ tα(1− t)γ [f(a) + f(b)].

q-integrating above inequality with respect to t on [0, 1], we have

1

η(b, a)

b∫
a

f(x)dqx ≤ Bq(α+ 1, γ + 1)[f(a) + f(b)]. (3.2)

On summation of inequalities (3.1) and (3.2), we get the required result. �

If q → 1, α = γ = 1 and η(b, a) = b− a in Theorem 3.1, we get Theorem 2.1 [32].
If q → 1 and α = γ = 1 in Theorem 3.1, we have following new result for generalized preinvex functions

Corollary 3.1. Under the assumptions of Theorem 3.1, if q → 1 and α = γ = 1, then we have

2f

(
a+ η(b, a)

2

)
≤ 1

η(b, a)

a+η(b,a)∫
a

f(x)dx ≤ f(a) + f(b)

6
.

If α = γ = 1 in Theorem 3.1, we have following new result for tgs-preinvex functions

Corollary 3.2. Under the assumptions of Theorem 3.1, if α = γ = 1, then we have

2f

(
a+ η(b, a)

2

)
≤ 1

η(b, a)

a+η(b,a)∫
a

f(x)dqx ≤
(

1

1 + q
− 1

1 + q + q2

)
[f(a) + f(b)].

Our next result is q-Hermite-Hadamard’s inequality via product of two generalized preinvex func-
tions.

Theorem 3.2. Let f, g : I ⊂ R → R be two generalized preinvex functions. Moreover η(., .) satisfies
Condition C and η(b, a) > 0, then
I. The left side of the inequality reads as:

22(α+γ)−1f

(
2a+ η(b, a)

2

)
g

(
2a+ η(b, a)

2

)
− Bq(α+ γ + 1, α+ γ + 1)[M(a, b) +N(a, b)]

≤ 1

η(b, a)

a+η(b,a)∫
a

f(x)g(x)dqx,

II. The right side of the inequality reads as:

1

η(b, a)

a+η(b,a)∫
a

f(x)g(x)dqx ≤ [M(a, b) +N(a, b)]Bq(α+ γ + 1, α+ γ + 1),

where

M(a, b) = f(a)g(a) + f(b)g(b); (3.3)

N(a, b) = f(a)g(b) + f(b)g(a). (3.4)

Proof. I. Since it is given that f and g are generalized preinvex functions, then

f

(
2a+ η(b, a)

2

)
g

(
2a+ η(b, a)

2

)
≤ 1

22(α+γ)
[f(a+ (1− t)η(b, a)) + f(a+ tη(b, a))][g(a+ (1− t)η(b, a)) + g(a+ tη(b, a))]

=
1

22(α+γ)
{f(a+ (1− t)η(b, a))g(a+ (1− t)η(b, a)) + f(a+ tη(b, a))g(a+ tη(b, a))

+f(a+ tη(b, a))g(a+ (1− t)η(b, a)) + f(a+ (1− t)η(b, a))g(a+ tη(b, a))} .
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q-integrating both sides of above inequality with respect to t on [0, 1], we have

f

(
2a+ η(b, a)

2

)
g

(
2a+ η(b, a)

2

)

≤ 1

22(α+γ)


1∫

0

f(a+ (1− t)η(b, a))g(a+ (1− t)η(b, a))dqt

+

1∫
0

f(a+ tη(b, a))g(a+ tη(b, a))dqt

+

1∫
0

f(a+ tη(b, a))g(a+ (1− t)η(b, a))dqt+

1∫
0

f(a+ (1− t)η(b, a))g(a+ tη(b, a))dqt


=

1

22(α+γ)

 2

η(b, a)

a+η(b,a)∫
a

f(x)g(x)dqx+ 2

1∫
0

tα+γ(1− t)α+γ [f(a) + f(b)][g(a) + g(b)]dqt


=

1

22(α+γ)−1

{
1

η(b, a)

a+η(b,a)∫
a

f(x)g(x)dqx+ Bq(α+ γ + 1, α+ γ + 1)

× [f(a) + f(b)][g(a) + g(b)]

}

=
1

22(α+γ)−1

{
1

η(b, a)

a+η(b,a)∫
a

f(x)g(x)dqx+ Bq(α+ γ + 1, α+ γ + 1)[M(a, b) +N(a, b)]

}
.

This completes the proof of first part.
II. Now we prove second part of the theorem. Using the hypothesis of the theorem that f and g are
generalized preinvex functions, we have

f(a+ tη(b, a))g(a+ tη(b, a)) ≤ tα+γ(1− t)α+γ [f(a) + f(b)][g(a) + g(b)].

q-integrating both sides of above inequality with respect to t on [0, 1], we have

1

η(b, a)

a+η(b,a)∫
a

f(x)g(x)dqx =

1∫
0

f(a+ tη(b, a))g(a+ tη(b, a))dqt

≤ [f(a) + f(b)][g(a) + g(b)]

1∫
0

tα+γ(1− t)α+γdqt

= [M(a, b) +N(a, b)]Bq(α+ γ + 1, α+ γ + 1).

This completes the proof of second part. �

Note that when q → 1, α = γ = 1 and η(b, a) = b − a Theorem 3.2 reduces to previously known
results, see [32].
When q → 1 and α = γ = 1 Theorem 3.2 reduces to new result for tgs-preinvexity.

Corollary 3.3. Under the assumptions of Theorem 3.2, if q → 1 and α = γ = 1, then, we have

I. 8f
(

2a+η(b,a)
2

)
g
(

2a+η(b,a)
2

)
− 1

30 [M(a, b) +N(a, b)] ≤ 1
η(b,a)

a+η(b,a)∫
a

f(x)g(x)dx,

II. 1
η(b,a)

a+η(b,a)∫
a

f(x)g(x)dx ≤ 1
30 [M(a, b) +N(a, b)],

where M(a, b) and N(a, b) are given by (3.3) and (3.4) respectively.
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When α = γ = 1 Theorem 3.2 reduces to new result for tgs-preinvexity.

Corollary 3.4. Under the assumptions of Theorem 3.2, if α = γ = 1, then, we have

I. 8f
(

2a+η(b,a)
2

)
g
(

2a+η(b,a)
2

)
− ψ1(q)[M(a, b) +N(a, b)] ≤ 1

η(b,a)

a+η(b,a)∫
a

f(x)g(x)dqx,

II. 1
η(b,a)

a+η(b,a)∫
a

f(x)g(x)dqx ≤ ψ1(q)[M(a, b) +N(a, b)],

where M(a, b) and N(a, b) are given by (3.3), (3.4) and

ψ1(q) :=
1

1 + q + q2
+

1

1 + q + q2 + q3 + q4
− 2

1 + q + q2 + q3
, (3.5)

respectively.

Theorem 3.3. Let f, g : I ⊂ R→ R be two generalized preinvex functions, then

1

2η2(b, a)Bq(α+ γ + 1, α+ γ + 1)

a+η(b,a)∫
a

a+η(b,a)∫
a

1∫
0

f(a+ tη(b, a))g(a+ tη(b, a))dqtdqydqx

≤ 1

η(b, a)

a+η(b,a)∫
a

f(x)g(x)dqx+ B2
q(α+ 1, γ + 1)[M(a, b) +N(a, b)],

where M(a, b) and N(a, b) are given by (3.3) and (3.4) respectively.

Proof. Since it is given that f and g are generalized preinvex functions, then

f(x+ tη(y, x))g(x+ tη(y, x)) ≤ tα+γ(1− t)α+γ [f(x) + f(y)][g(x) + g(y)].

q-integrating both sides of above inequality with respect to t on the interval [0, 1], we have

1∫
0

f(x+ tη(y, x))g(x+ tη(y, x))dqt

≤
1∫

0

tα+γ(1− t)α+γ [f(x) + f(y)][g(x) + g(y)]dqt

= Bq(α+ γ + 1, α+ γ + 1)[f(x) + f(y)][g(x) + g(y)].
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Now again q-integrating both sides of above inequality on [a, a+ η(b, a)]× [a, a+ η(b, a)], we have

a+η(b,a)∫
a

a+η(b,a)∫
a

1∫
0

f(x+ tη(y, x))g(x+ tη(y, x))dqtdqydqx

≤ Bq(α+ γ + 1, α+ γ + 1)

a+η(b,a)∫
a

a+η(b,a)∫
a

[f(x) + f(y)][g(x) + g(y)]dqydqx

= Bq(α+ γ + 1, α+ γ + 1)

×
a+η(b,a)∫
a

a+η(b,a)∫
a

[f(x)g(x) + f(y)g(y) + f(x)g(y) + f(y)g(x)]dqydqx

= Bq(α+ γ + 1, α+ γ + 1)

×

 a+η(b,a)∫
a

a+η(b,a)∫
a

[f(x)g(x) + f(y)g(y)]dqydqx

+

a+η(b,a)∫
a

f(x)dqx

a+η(b,a)∫
a

g(y)dqy +

a+η(b,a)∫
a

f(y)dqy

a+η(b,a)∫
a

g(x)dqx

 .
Using Theorem 3.1, we have

a+η(b,a)∫
a

a+η(b,a)∫
a

1∫
0

f(x+ tη(y, x))g(x+ tη(y, x))dqtdqydqx

≤ Bq(α+ γ + 1, α+ γ + 1)

×

2η(b, a)

a+η(b,a)∫
a

f(x)g(x)dqx+ 2η2(b, a)B2
q(α+ 1, γ + 1)[M(a, b) +N(a, b)]


= 2Bq(α+ γ + 1, α+ γ + 1)

×

η(b, a)

a+η(b,a)∫
a

f(x)g(x)dqx+ η2(b, a)B2
q(α+ 1, γ + 1)[M(a, b) +N(a, b)]

 .
Multiplying both sides of of above inequality by 1

η2(b,a) completes the proof. �

Note that when q → 1, α = γ = 1 and η(b, a) = b− a in Theorem 3.3, we get Theorem 2.4 [32].
If we take q → 1 and α = γ = 1 in Theorem 3.3, we get a new result for tgs-preinvexity.

Corollary 3.5. Under the assumptions of Theorem 3.3, if q → 1 and α = γ = 1, then, we have

15

η2(b, a)

a+η(b,a)∫
a

a+η(b,a)∫
a

1∫
0

f(a+ tη(b, a))g(a+ tη(b, a))dtdydx

≤ 1

η(b, a)

a+η(b,a)∫
a

f(x)g(x)dx+
1

36
[M(a, b) +N(a, b)],

where M(a, b), N(a, b) are given by (3.3) and (3.4), respectively.

If we take α = γ = 1 in Theorem 3.3, we get a new result for tgs-preinvexity.
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Corollary 3.6. Under the assumptions of Theorem 3.3, if α = γ = 1, then, we have

ψ−11 (q)

2η2(b, a)

a+η(b,a)∫
a

a+η(b,a)∫
a

1∫
0

f(a+ tη(b, a))g(a+ tη(b, a))dqtdqydqx

≤ 1

η(b, a)

a+η(b,a)∫
a

f(x)g(x)dqx+

(
1

1 + q
− 1

1 + q + q2

)
[M(a, b) +N(a, b)],

where M(a, b), N(a, b) and ψ1(q) are given by (3.3), (3.4) and (3.5), respectively.

Now we prove some q-Hermite-Hadamard type inequalities via q-differentiable generalized preinvex
functions.

Theorem 3.4. Let f : I = [a, a+η(b, a)] ⊂ R→ R be a q-differentiable function on I◦ (the interior of
I) with Dq be continuous and integrable on I where 0 < q < 1. If |Dq|r, r ≥ 1 is generalized preinvex
function, then

∣∣R′f (a, a+ η(b, a); q; η)
∣∣ ≤ qη(b, a)

1 + q

(
2q

(1 + q)2

)1− 1
r

(ψ2(q){|Dqf(a)|r + |Dqf(b)|r})
1
r ,

where

ψ2(q) = Bq(α+ 1, γ + 1)− (1 + q)Bq(α+ 2, γ + 1). (3.6)

Proof. Utilizing Lemma 2.3, property of modulus, power mean inequality and the hypothesis of the
theorem, we have∣∣R′f (a, a+ η(b, a); q; η

∣∣
=

∣∣∣∣∣∣qη(b, a)

1 + q

1∫
0

(1− (1 + q)t)Dqf(a+ tη(b, a)) dqt

∣∣∣∣∣∣
≤ qη(b, a)

1 + q

 1∫
0

|1− (1 + q)t|dq

1− 1
r
 1∫

0

(1− (1 + q)t)|Dqf(a+ η(b, a))|rdqt


1
r

≤ qη(b, a)

1 + q

(
2q

(1 + q)2

)1− 1
r

 1∫
0

(1− (1 + q)t)[tα(1− t)γ{|Dqf(a)|r + |Dqf(b)|r}]dqt


1
r

=
qη(b, a)

1 + q

(
2q

(1 + q)2

)1− 1
r

{[Bq(α+ 1, γ + 1)− (1 + q)Bq(α+ 2, γ + 1)] {|Dqf(a)|r + |Dqf(b)|r}}
1
r

=
qη(b, a)

1 + q

(
2q

(1 + q)2

)1− 1
r

(ψ2(q){|Dqf(a)|r + |Dqf(b)|r})
1
r .

This completes the proof. �

Now using Lemma 2.4, we drive some more quantum estimates for Hermite-Hadamard type inequal-
ities via twice q-differentiable generalized preinvex functions.

Theorem 3.5. Let f : Iη → R be a twice q-differentiable function on I◦η such that D2
q f be continuous

and integrable on Iη where 0 < q < 1. If |D2
q f(x)| is generalized preinvex function, then∣∣R′′f (a, a+ η(b, a); q; η)

∣∣ ≤ q2η2(b, a)

1 + q
Ωq(α, γ){|D2

q f(a)|+ |D2
q f(b)|},

where

Ωq(α, γ) := Bq(α+ 2, γ + 1)− qBq(α+ 3, γ + 1). (3.7)
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Proof. Using Lemma 2.4, property of modulus and the fact that |D2
q f(x)| is generalized preinvex

function, we have∣∣R′′f (a, a+ η(b, a); q; η)
∣∣

=

∣∣∣∣∣∣q
2η2(b, a)

1 + q

1∫
0

t(1− qt)D2
q f(a+ tη(b, a))dqt

∣∣∣∣∣∣
≤ q2η2(b, a)

1 + q

1∫
0

t(1− qt)|D2
q f(a+ tη(b, a))|dqt

≤ q2η2(b, a)

1 + q

1∫
0

t(1− qt)[tα(1− t)γ{|D2
q f(a)|+ |D2

q f(b)|}]dqt

=
q2η2(b, a)

1 + q
(Bq(α+ 2, γ + 1)− qBq(α+ 3, γ + 1)) {|D2

q f(a)|+ |D2
q f(b)|}.

This completes the proof. �

Theorem 3.6. Let f : Iη → R be a twice q-differentiable function on I◦η such that D2
q f be continuous

and integrable on Iη where 0 < q < 1. If |D2
q f(x)|r is generalized preinvex function, then, for 1

p+ 1
r = 1,

r > 1, we have∣∣R′′f (a, a+ η(b, a); q; η)
∣∣ ≤ q2η2(b, a)

1 + q
Φ

1
p (α, q)

[
Bq(α+ 1, γ + 1){|D2

q f(a)|r + |D2
q f(b)|r}

] 1
r ,

where

Φ(α, q) = (1− q)
∞∑
n=0

(qn)p+1(1− qn+1)p. (3.8)

Proof. Using Lemma 2.4, Holder’s inequality and the fact that |D2
q f(x)|r is generalized preinvex func-

tion, we have∣∣R′′f (a, a+ η(b, a); q; η)
∣∣

=

∣∣∣∣∣∣q
2η2(b, a)

1 + q

1∫
0

t(1− qt)D2
q f(a+ tη(b, a))dqt

∣∣∣∣∣∣
≤ q2η2(b, a)

1 + q

1∫
0

t(1− qt)|D2
q f(a+ tη(b, a))|dqt

≤ q2η2(b, a)

1 + q

 1∫
0

(t− qt2)pdqt


1
p
{|D2

q f(a)|r + |D2
q f(b)|r}

1∫
0

tα(1− t)γdqt


1
r

=
q2η2(b, a)

1 + q

(
(1− q)

∞∑
n=0

(qn)p+1(1− qn+1)p

) 1
p [

Bq(α+ 1, γ + 1){|D2
q f(a)|r + |D2

q f(b)|r}
] 1

r .

This completes the proof. �

Theorem 3.7. Let f : Iη → R be a twice q-differentiable function on I◦η such that D2
q f be continuous

and integrable on Iη where 0 < q < 1. If |D2
q f(x)|r is generalized preinvex function, then, for r ≥ 1,

we have ∣∣R′′f (a, a+ η(b, a); q; η)
∣∣ ≤ q2η2(b, a)

1 + q
Θ

1− 1
r

q Ω
1
r
q (α, γ)

[
|D2
q f(a)|r + |D2

q f(b)|r
] 1

r ,
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where Ωq(α, γ) is given by (3.7) and

Θq =
1

(1 + q)(1 + q + q2)
. (3.9)

respectively.

Proof. Using Lemma 2.4, power means inequality, and the fact that |D2
q f(x)|r is generalized preinvex

function, we have∣∣R′′f (a, a+ η(b, a); q; η)
∣∣

=

∣∣∣∣∣∣q
2η2(b, a)

1 + q

1∫
0

t(1− qt)D2
q f(a+ tη(b, a))dqt

∣∣∣∣∣∣
≤ q2η2(b, a)

1 + q

 1∫
0

t(1− qt)dqt

1− 1
r
 1∫

0

t(1− qt)|D2
q f(a+ tη(b, a))|rdqt


1
r

≤ q2η2(b, a)

1 + q

(
1

(1 + q)(1 + q + q2)

)1− 1
r

×

 1∫
0

tα+1(1− qt)(1− t)γ [|D2
q f(a)|r + |D2

q f(b)|r]dqt


1
r

=
q2η2(b, a)

1 + q

(
1

(1 + q)(1 + q + q2)

)1− 1
r [

Ωq(α, γ){|D2
q f(a)|r + |D2

q f(b)|r}
] 1

r .

This completes the proof. �

Acknowledgements

The authors are thankful to anonymous referees for their helpful comments and suggestions. Au-
thors are pleased to acknowledge the support of ”the support of Distinguished Scientist Fellowship
Program(DSFP), King Saud University, Riyadh, Saudi Arabia”.

References

[1] A. Ben-Israel, B. Mond, What is invexity? J. Austral. Math. Soc. Ser., B, 28 (1986) 1-9.
[2] A. Barani, A. G. Ghazanfari, S. S. Dragomir, Hermite-Hadamard inequality for functions whose derivatives absolute

values are preinvex, J. Inequal. Appl. (2012) (2012), Art. ID. 247.
[3] G. Cristescu, L. Lupsa, Non-connected Convexities and Applications, Kluwer Academic Publishers, Dordrecht,

Holland, 2002.

[4] G. Cristescu, M. A. Noor, M. U. Awan, Bounds of the second degree cumulative frontier gaps of functions with
generalized convexity, Carpath. J. Math, 31(2) (2015), 173-180.

[5] S. S. Dragomir, R. P. Agarwal, Two inequalities for differentiable mappings and applications to special means of

real numbers and to trapezoidal formula, Appl. Math. Lett. 11(5), 91–95, (1998).
[6] S. S. Dragomir, C. E. M. Pearce, Selected Topics on Hermite-Hadamard Inequalities and Applications, Victoria

University Australia, (2000).
[7] T. Ernst, A Comprehensive Treatment of q-Calculus, Springer Basel Heidelberg New York Dordrecht London (2014).
[8] H. Gauchman, Integral inequalities in q-calculus. Comput. Math. Appl. 47 (2004), 281-300.

[9] M. A. Hanson, On sufficiency of the Kuhn-Tucker conditions, J. Math. Anal. Appl., 80 (1981), 545-550.

[10] D. A. Ion, Some estimates on the Hermite-Hadamard inequality through quasi-convex functions, Annals of University
of Craiova, Math. Comp. Sci. Ser., 34 (2007), 82–87.

[11] F. H. Jackson, On a q-definite integrals, Q. J. Pure Appl. Math. 41 (1910), 193-203.
[12] V. Kac, P. Cheung, Quantum Calculus. Springer, New York (2002).

[13] S. R. Mohan, S. K. Neogy, On invex sets and preinvex functions, J. Math. Anal. Appl. 189 (1995), 901-908.

[14] B. B.-Mohsin, M. U. Awan, M. A. Noor, K. I. Noor, S. Iftikhar, A. G. Khan, Generalized beta-convex functions
and integral inequalities, Int. J. Anal. Appl., 14 (2) (2017), 180-192.

[15] C. P. Niculescu, L.-E. Persson , Convex Functions and their Applications. A Contemporary Approach, CMS Books

in Mathematics vol. 23, Springer-Verlag, New York, (2006).
[16] M. A. Noor, Hermite-Hadamard integral inequalities for log-preinvex functions, J. Math. Anal. Approx. Theory, 2

(2007), 126-131.



QUANTUM CALCULUS 137

[17] M. A. Noor, Invex equilibrium problems, J. Math. Anal. Appl, 302 (2005) 463-475.
[18] M. A. Noor, Advanced Convex Analysis, Lecture Notes, COMSATS Institute of Information Technology, Islamabad,

Pakistan, 2008-2015.

[19] M. A. Noor, M. U. Awan, K. I. Noor, New quantum estimates of integral inequalities via generalized preinvex
functions, MAGNT Research Report, 4(1) (2016), 1-23.

[20] M. A. Noor, M. U. Awan, K. I. Noor Some new q-estimates for certain integral inequalities, Facta universitatis

(NIS) Ser. Math. Inform. 31(4) (2016), 801-813.
[21] M. A. Noor, M. U. Awan, K. I. Noor, Quantum Ostrowski inequalities for q-differentiable convex functions, J. Math.

Inequal., 10(4) (2016), 1013-1018.

[22] M. A. Noor, K. I. Noor, M. U. Awan, Some Quantum estimates for Hermite-Hadamard inequalities, Appl. Math.
Comput. 251 (2015), 675-679.

[23] M. A. Noor, K. I. Noor, M. U. Awan, Some quantum integral inequalities via preinvex functions, Appl. Math.

Comput., 269 (2015), 242-251.
[24] M. A. Noor, K. I. Noor, M. U. Awan, Quantum analogues of Hermite-Hadamard type inequalities for generalized

convexity, in: N. Daras and M.T. Rassias (Ed.), Computation, Cryptography and Network Security (2015).
[25] M. A. Noor, K. I. Noor, M. U. Awan, J. Li, On Hermite-Hadamard inequalities for h-preinvex functions, Filomat,

28(7), (2014), 1463-1474.

[26] Ozdemir M. E., On Iyengar-type inequalities via quasi-convexity and quasi-concavity, arXiv:1209.2574v1 [math.FA]
(2012).

[27] Pearce C. E. M., Pecaric J. E: Inequalities for differentiable mappings with application to special means and

quadrature formulae, Appl. Math. Lett. 13 (2000), 51-55.
[28] Pecaric J. E., Prosch F., Tong Y. L., : Convex Functions, Partial Orderings, and Statistical Applications, Academic

Press, New York, (1992).

[29] W. Sudsutad, S. K. Ntouyas, J. Tariboon, Quantum integral inequalities for convex functions, J. Math. Inequal.
9(3) (2015), 781-793.

[30] J. Tariboon, S. K. Ntouyas, Quantum calculus on finite intervals and applications to impulsive difference equations.

Adv. Differ. Equ. 2013 (2013), Art. ID 282.
[31] J. Tariboon, S. K. Ntouyas, Quantum integral inequalities on finite intervals, J. Inequal. App. 2014 (2014), Art. ID

121.
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[33] S. Varošanec, On h-convexity, J. Math. Anal. Appl. 326(2007), 303-311.
[34] T. Weir, B. Mond, Preinvex functions in multiobjective optimization, J. Math. Anal. Appl. 136(1988), 29-38.

1Department of Mathematics, GC University, Faisalabad, Pakistan

2Mathematics Department, King Saud University, Riyadh, Saudi Arabia

3Department of Mathematics, COMSATS Institute of Information Technology, Islamabad, Pakistan

∗Corresponding author: awan.uzair@gmail.com


	1. Introduction and Preliminaries
	2. Preliminaries
	3. Some q-Hermite-Hadamard type inequalities via generalized preinvex functions
	Acknowledgements
	References

