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Abstract  

      In this paper, several types of space-time fractional partial differential equations has been 
solved by using most of special double linear integral transform” double  Sumudu ”. Also, we 
are going to argue the truth of these solutions by another analytically method “invariant 
subspace method”. All results are illustrative numerically and graphically. 

Key words fractional calculus, fractional partial differential equation, Sumudu transform, 
invariant subspace. 

1. Introduction 
       As known, linear integral transformation is used to solve differential equations, by 
convert the Linear partial differential equation into algebraic equation which can be solved 
easily. So, the integral transforms such as Mellin, Laplace, Fourier and Sumudu were vastly 
applied to obtain the solution of differential equations, which are used in astronomy, physics 
and also in engineering. 
Partial differential equations are considered one of the most significant topics in mathematics 
and others. Motivated by no general methods for solve these equations, integral transform 
method is one of the most familiar method in order to get the solution of such equations [1-3]. 
Double Laplace transform method and double Sumudu transform method (DSTM) were used 
to solve wave and Poisson equations [4, 5]. 
Moreover, the relation between these linear integral transformations and their applications to 
differential equations have been determined and studied by [6]. In this study we focus on 
double Sumudu  integral transform in addition to using analyses method [7]. Invariant 
subspace method (ISM)” to solve some of important time-space and mixed fractional partial 
differential equations, and we are going to argue the results solution in these two methods 
graphically and numerically.  
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2. Some Basic Concepts 
1. Important Facts of the Fractional Calculus [8, 9]. 
In this section, we give some important definitions and notation which are needed in our 
work. 
Definition 1: [8]. The Riemann–Liouville fractional integral of order α for a function f is 
defined as : 

𝐽  𝑓 𝑡
1

Γ 𝛼
𝑡 𝑥 𝑓 𝑥 𝑑𝑥                𝛼, 𝑡 0 

 The R-L fractional integral operator has the following properties: 

1. J   is linear 

2. J I  

3. lim
→

𝐽 J   

Definition 2:  [8]. The Caputo fractional derivative of positive order 𝛼 for a function f is 
defined as : 

                        𝐷 𝑓 𝑡 𝐽 𝐷 𝑓 𝑡
  𝑑𝑥            𝑛 𝛼, 𝑛 ∈ N 

𝑓 𝑥                                             𝑛 𝛼
 

Some properties of fractional Caputo derivative and fractional R-L integral are: 

1. 𝐽 𝑡 𝑡                           𝛼 0,   𝛽 1, 𝑡 0 

2.  t
t                        n 1 α n,    β n 1,      β ∈ R

0                                       n 1 α n,    β n 1, β ∈ N
 

3. J I 

4. J  f t f t ∑
!
f 0  

5. 𝑓 𝑡 𝑓 𝑡 𝑓 𝑡        𝑝𝑟𝑜𝑣𝑖𝑑𝑒𝑑 𝑡ℎ𝑎𝑡  𝑓 0, 𝑖

0,1, … , 𝑛 1, 𝛼 𝛽 𝑛, 𝑛 ∈ 𝑁 
 
Definition 3:  [8,9]. A two parameters Mittag-Leffler function is defined as: 
 

𝐸 , 𝑥
𝑥

Γ 𝛼𝑘 𝛽
           𝛼, 𝛽 ∈ 𝐶, 𝑅 𝛼 , 𝑅 𝛽 0 

 
Lemma 1:  [8,9]. A Mittag-Leffler function has an interesting properties :  
 

1. 𝐸 , 𝑥 𝐸 𝑥  3. 𝐸 , 𝑥 𝑐𝑜𝑠ℎ 𝑥  5. 𝐸 , 𝑥 𝑐𝑜𝑠 𝑥  
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2. 𝐸 , 𝑥 𝑒    4. 𝑥𝐸 , 𝑥 𝑠𝑖𝑛ℎ 𝑥  6. 𝑥𝐸 , 𝑥 𝑠𝑖𝑛 𝑥  

Lemma 2:  [9]. The Caputo derivatives of Mittag-Leffler are given as: 
 

1. 𝐸 , 𝑥 ∑ !

!
             𝑛 ∈ 𝑁 

2. 𝐸 𝑎𝑡 𝑎𝐸 𝑎𝑡     𝛼 0,     𝑎 ∈ 𝑅 

3.  𝑡 𝐸 , 𝑎𝑡 𝑡 𝐸 , 𝑎𝑡         𝛾 0 

 

1.  On the Single and Double Sumudu Transform  
The Sumudu transform introduced firstly by the Watugala [1,2]. Which can be used to solve 
the ordinary and partial differential equations with ordinary and fractional order. 
The following definitions and properties of single and double Sumudu transform are 
necessary for our work. For all, we consider Sumudu transform of a function and its inverse is 
exist, i. e., the considered function is of exponent order. 
 
Definition 4: [10]. A function 𝑓 𝑥  is said to be of exponent order 𝛼 0  if there exist non-
negative constants 𝑀, 𝛼 and 𝑇 such that |𝑓 𝑥 | 𝑀𝑒         𝑥 𝑇. 
 For example, all polynomials   𝑒   where 𝑎 is a constant, sine and cosine functions and 
products of these functions are of exponential order. 

An example of a function not of exponential order is 𝑒 .  This function grows too rapidly. 
 
Definition 5: [3]. The Sumudu transform for the exponent order function 𝑓 𝑥  is given by 

S f x T u                       

And the inverse Sumudu transform of T(u) is defined by: 

𝑆 𝑇 𝑢 𝑓 𝑥              

 
The Sumudu transform of the important function ”Mittag-Leffler function ” is given by 

S t E , λt
u

1 λu
 

Sumudu transform for some famous functions are included in the following table. 
 

Table 1.  Sumudu transform for some special functions. 

𝒇 𝒙  𝑺 𝒇 𝒙 𝑻 𝒖  𝒇 𝒙  𝑺 𝒇 𝒙 𝑻 𝒖  

1 1 𝒙𝜶 𝚪 𝟏 𝜶 𝒖𝜶 

𝒆𝒙 
𝟏

𝟏 𝒂𝒖
 𝐬𝐢𝐧 𝒂𝒙 

𝒂𝒖
𝟏 𝒂𝟐𝒖𝟐 
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𝐜𝐨𝐬 𝒂𝒙 
𝟏

𝟏 𝒂𝟐𝒖𝟐 𝐬𝐢𝐧𝐡 𝒂𝒙 
𝒂𝒖

𝟏 𝒂𝟐𝒖𝟐 

𝒙𝜶𝒆𝒂𝒙

𝚪 𝟏 𝜶
 

𝒖𝜶

𝟏 𝒂𝒖 𝟏 𝜶 𝐜𝐨𝐬𝐡 𝒂𝒙 
𝟏

𝟏 𝒂𝟐𝒖𝟐 

 
 
Definition 6:  [3]. The double Sumudu transform for the function 𝑓 𝑡, 𝑥  is given by:  

𝑆 𝑓 𝑥, 𝑡 𝑇 𝑢, 𝑣 𝑓 𝑥, 𝑡 𝑑𝑡 𝑑𝑥 

We state here some of the important properties of double Sumudu transform which are needed 
1. 𝑆 𝑓 𝑎𝑥 𝑔 𝑏 𝑡 𝑇 𝑎𝑢 𝐺 𝑏𝑣  
2. 𝑆 𝐼 𝑓 𝑥, 𝑡 𝑢 𝑇 𝑢, 𝑣  
 

Theorem 1:  [11]. If the double Sumudu transform of the function f (x; t) given by 
𝑆  𝑓 𝑥, 𝑡 𝑇 𝑢, 𝑣 , then:  

1. 𝑆 𝑥 𝑓 𝑥, 𝑡 𝑢 ∑ 𝑎  𝑢 𝑇 𝑢, 𝑣  

2. 𝑆 𝑥 𝑡 𝑓 𝑥, 𝑡 𝑢 𝑣 ∑ 𝑎  𝑏 𝑢 𝑣
 

𝑇 𝑢, 𝑣      where  𝑎 1, 𝑎 1,

𝑎 𝑛! 𝑛,       𝑎 𝑎 𝑚 𝑘 𝑎 ,      similarly for 𝑏  
 
The double Sumudu transform of the partial Caputo fractional derivatives are given in the 
following theorem : 
 
Theorem 2:  [4]. Let the exponent order function 𝑓 𝑥, 𝑡  has a continuous partial derivative 
on 𝑅 𝑅  and   𝑛 1 𝛼  𝑛, 𝑚 1 𝛽  𝑚,  then: 

3. 𝑆 𝐷 𝑓 𝑥, 𝑡 𝑢 𝑇 𝑢, 𝑣 ∑ 𝑢 𝑇 0, 𝑣  

4. 𝑆 𝐷 𝑓 𝑥, 𝑡 𝑣 𝑇 𝑢, 𝑣 ∑ 𝑣 𝑇 𝑢, 0  

5. S D D f x, t  u v T u, v ∑ u T 0, v ∑ v T u, 0

                                                        ∑ ∑  u v f 0,0  

Where 𝑇 0, 𝑣 𝑆 𝑓 0, 𝑡    and   𝑇 𝑢, 0 𝑆 𝑓 𝑥, 0  

1.  On Invariant Subspace Method 

In 2018, authors, [ 7, 9]. Developed the invariant subspace method for finding exact solutions 
to some nonlinear partial differential equations with fractional-order mixed partial derivatives 
(including both fractional space derivatives and time derivatives). These equations are in the 
form: 

𝜆
𝜕
𝜕𝑡

 𝑢 𝑥, 𝑡 𝑁 𝑥, 𝑢,
𝜕

𝜕𝑥
𝑢,

𝜕
𝜕𝑥

𝑢, … ,
𝜕

𝜕𝑥
𝑢  𝜇

𝜕
𝜕𝑡

𝜕
𝜕𝑥

𝑢          1  

𝑎 𝛼 𝑎 1,   𝑏 𝛽 𝑏 1,     𝑎, 𝑏, 𝑚 , 𝑛 ∈ 𝑁, 𝜆  , 𝜇 ∈ 𝑅 
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 Theorem 3: [9]. Suppose   𝐼   𝐿 𝜙 𝑥 , 𝜙 𝑥 , . . , 𝜙 𝑥    is a finite- dimensional 

linear space, and it is invariant with respect to the operators 𝑁 𝑢  and 𝑢,  then FPDE (1) 

has an exact solution as follows: 

𝑢 𝑥, 𝑡 𝑘 𝑡 𝜙 𝑥                                                                                                                 2  

Where  𝑘 𝑡   satisfies the following system of FDEs : 
 

𝜆
𝜕
𝜕𝑡

𝑘 𝑡 𝜓 𝑘 𝑡 , 𝑘 𝑡 , 𝑘 𝑡 , … , 𝑘 𝑡 𝜇
𝑑 𝜓

𝑑𝑡
 ,   𝑖 0,1, … , 𝑛       3  

Where  𝜓 , 𝜓 , … , 𝜓   , 𝜓 , 𝜓 , … , 𝜓   are the expansion coefficients of 𝑁 𝑢  and 

𝑢 respectively with respect to 𝜙 𝑥 , 𝜙 𝑥 , . . , 𝜙 𝑥    

6. Numerical Examples 
       In this section, we consider that the inverse double Sumudu  transform is exist.  
We apply this transform and technique of invariant subspace method to solve some of the 
fractional diffusion heat and wave equations in one dimension with initial and boundary 
conditions and fractional parabolic-hyperbolic differential equations. 
 
Example 1:   Consider the homogeneous fractional wave equation: 

𝐷 𝑓 𝑥, 𝑡 𝐷 𝑓 𝑥, 𝑡 1 𝛼, 𝛽 2                 4  

With the initial and boundary conditions 

      𝑓 𝑥, 0 𝑥𝐸 , 𝑥 ,      𝑓 𝑥, 0 2  , 𝑓 0, 𝑡 2𝑡,     𝑓 0, 𝑡 𝐸 𝑡   

Solution by Double Sumudu Transform Method. 

Operating double Sumudu transform of Equation (4), and using Theorem 2, we get: 

v T u, v T u, 0 vT u, 0 u T u, v T 0, v uT 0, v                       (5) 

By applying the single Sumudu transform for conditions, and using properties of Mittag-
Leffler function, we get: 

T u, 0
u

1 u
,      T u, 0 2,       T 0, v 2v,    T 0, v

v
1 v

                      6      

By substitute (6) in (5), we obtain 

v T u, v 2v
u

1 u
u T u, v 2v

u
1 v

 

u v T u, v u 2v
u

1 u
v 2v

u
1 v

 

2v u v
u u v

1 u 1 v
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T u, v 2v                     (7) 

The inverse double Sumudu transformation of (7) yields the exact solution of (4) as: 

f x, t 2t xE , x E t  

When 𝛼  𝛽  2 , the exact solution for standard wave equation 𝑓   𝑓    is: 

f x, t 2t sin x cos t . 

Solution by Invariant Subspace Method: 

Let  𝐼 1, 𝑥   is invariant subspace under the operator 𝑁 𝑓 𝑓 as: 

For 𝑓 ∈ 𝐼 ,  then 𝑁 𝑓 𝑘 𝑘 𝑥 𝑘 𝑘 𝑥 Γ 1 β 𝑘  ∈ 𝐼    

Then by [4]. We conclude the following FDEs: 

𝑘 𝑡 Γ 1 β 𝑘 𝑡        (8) 

𝑘 𝑡 0 ⟹  𝑘 𝑡 𝑎 𝑏𝑡     (9) 

Substitute (9) in (8), we obtain 

𝑘 𝑡 𝑡 𝑡 𝑐 𝑑𝑡    for any arbitrary constants , 𝑏, 𝑐, 𝑑 

So, the exact solution for equation (4) is: 

𝑓 𝑥, 𝑡 𝑘 𝑡 𝑘 𝑡 𝑥
𝑎Γ 1 β
Γ 1 α

𝑡
𝑏Γ 1 β
Γ 2 α

𝑡 𝑐 𝑑𝑡 𝑎 𝑏𝑡 𝑥  

If we change the invariant subspace, we get anew exact solution of the same equation (4) as if 

we consider the new subspace such as 𝐼 1, 𝑥𝐸 , 𝑥 ,   

 Also, this subspace is an invariant under the operator N, since 

𝑁 𝑓 𝐷 𝑘 𝑘  𝑥𝐸 , 𝑥 𝑘 𝑥 𝐸 , 𝑥 𝑘 𝑥 𝐸 , 𝑥  ∈  𝐼  

and we have the following new FDEs : 

𝑑
𝑑𝑡

𝑘 𝑡 𝑎 𝑏𝑡 

𝑑
𝑑𝑡

𝑘 𝑡 𝑘 𝑡 ⟹ 𝑘 𝑡 𝐸 𝑡  

Hence, the exact solution in this case is: 

𝑓 𝑥, 𝑡 𝑘 𝑘  𝑥𝐸 , 𝑥 𝑎 𝑏𝑡 𝐸 𝑡 𝑥𝐸 , 𝑥  

From our conditions, we get 
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𝑓 𝑥, 0 0 ⟹ 𝑎 0,    𝑓 0, 𝑡 2𝑡 ⟹ 𝑏 2 

So, the exact solution is 

𝑓 𝑥, 𝑡 2𝑡 𝐸 𝑡 𝑥𝐸 , 𝑥  

Which agree with that by double Sumudu transform. 
Table 2. Showing the absolutely error of some of 10-order approximate solutions of Equation 
(4), for various values of 𝛼, 𝛽. 

Also, 3-D plotting of these solutions are illustrated in Figure 1. 

Table 2. Absolutely error of 10-order approach solutions of Equation (4). 

 

 

 

Figure 1. Exact solution and 10-order approximate solutions of Equation (4) for various values of 𝛼, 𝛽. 
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Example 2:  Consider the following inhomogeneous fractional wave equation: 

𝐷 𝑓 𝑥, 𝑡 𝐷 𝑓 𝑥, 𝑡 6𝑡 2𝑥         1  𝛼, 𝛽 2                                                         10  

With conditions 

𝑓 𝑥, 0 0, 𝑓 𝑥, 0 𝑥𝐸 , 𝑥 ,   𝑓 0, 𝑡 𝑡 ,       𝑓 0, 𝑡 𝑡 𝑡𝐸 , 𝑡  

Solution by Double Sumudu Transform Method. 
By analogous in previous examples, we get 

𝑣 𝑇 𝑢, 𝑣
𝑢𝑣

1 𝑢
𝑢 𝑇 𝑢, 𝑣 6𝑣 𝑢 2𝑣

𝑣
1 𝑣

6𝑣 2𝑢 

𝑢 𝑣 𝑇 𝑢, 𝑣
𝑢 𝑣
1 𝑢

𝑣 6𝑣 2𝑢𝑣
𝑢𝑣

1 𝑣
2𝑢 𝑣 𝑢 3𝑣  

𝑢𝑣 𝑢 𝑣
1 𝑢 1 𝑣

2𝑣 𝑢 3𝑣 𝑢 𝑣  

𝑇 𝑢, 𝑣
𝑢

1 𝑢
𝑣

1 𝑣
2𝑣 𝑢 3𝑣                                                                        11  

 

The inverse double Sumudu transform of Eq.(11) reads 

𝑓 𝑥, 𝑡 𝑥𝐸 , 𝑥 𝑡𝐸 , 𝑡
2𝑥𝑡

Γ 1 𝛼
6𝑡

Γ 2 𝛼
 

Note that, when  𝛽  2 , we have 𝑓 𝑥, 𝑡   𝑥𝑡  𝑡  𝑠𝑖𝑛 𝑥 𝑠𝑖𝑛𝑡 which agree with the 
exact solution of standard non-homogeneous wave equation   𝑓 𝑓 2 𝑥 3𝑡 . 
 
Solution by invariant subspace method 
    The inhomogeneous fractional partial differential equation (10), cannot be solved by 
invariant subspace method directly, in this case we find the solution of homogeneous equation 
directly by invariant subspace method and then we can be use any suitable numerical method 
”Variation iteration method”, i. e, coupled invariant subspace method with variation iteration 
method(ISVIM) to find an approximate solution of the original equation. 
Table 3. Contains the absolutely error of some of 10-order approximate solutions of eq.(10) 
for various values of  α,β. 
3-D plotting of these solutions are illustrated in Figure 2. 
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Table 3. Absolutely error of 10-order approximate solutions of Equation 10. 

 
 

 
Figure 2. Exact solution and 10-order approximate solutions of Equation 10, for various values of 𝛼, 𝛽. 

 
Example 3:  Consider the following mixed partial fractional differential equation 

𝐷 𝐷  𝑓 𝑥, 𝑡 𝑓 𝑥, 𝑡 0,          0 𝛼, 𝛽 1                                                             12  

With conditions 

𝑓 0, 𝑡 𝐸 𝑡 ,     𝑓 𝑥, 0 𝐸 𝑥       
Solution by double Sumudu Transform Method: 
 
By Theorem (2) one can obtain 

u v T u, v T u, 0 vT u, 0 T u, v 0 

1 u v 𝑇 𝑢, 𝑣
1

1 𝑣
1

1 𝑢
1

1 𝑢 𝑣
1 𝑣 1 𝑢

 

𝑇 𝑢, 𝑣
1

1 𝑣
1

1 𝑢
𝑣

1 𝑣
𝑢

1 𝑢
                                         13  

Operating inverse double Sumudu transformation of (13) reads the exact solution of (12) as: 

2

 Exact  = =2

1

t
00

1

x

10

0
2

2
1

t

= =2

00
1

x

10

0
2

2

=1.6 and  =1.3

1

t
00

1

x

10

0
2

2

=1.8 and =1.3

1

t
00

1

x

10

0
2

2

=1.1 and =1.4

1

t
00

1

x

0

10

20

2
2

=1.3  and =1.1

1

t
00

1

x

0

10

20

2
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𝑓 𝑥, 𝑡 𝐸 𝑡 𝐸 𝑥 𝑡 𝐸 , 𝑡  𝑥 𝐸 , 𝑡   

For 𝛼 𝛽 1, we obtain the standard differential equation     𝑓 𝑓 0, which has the 
exact solution as  

𝑓 𝑥, 𝑡 cosh 𝑥 𝑡 . 
 
Solution by Invariant Subspace Method: 
Using Theorem (3), Eq. (12) in the operators form is: 

N f 𝑓 0     where    N f 𝑓 

By consider 𝐼 1, 𝐸 𝑥 , 𝐸 𝑥      is invariant subspace under the operators 𝑁 𝑓  

and 𝑓   since 

∀𝑓 𝑎 𝑏𝐸 𝑥 𝑐𝐸 𝑥      ∈  𝐼                  𝑎, 𝑏, 𝑐 are arbitrary constants 

𝑁 𝑓 𝑓 ∈  𝐼   ,
𝜕

𝜕𝑥
𝑓 𝑏𝐸 𝑥 𝑐𝐸 𝑥 ,    ∈  𝐼  

 
According to the invariant subspace method and by considering 𝑓 ∑ 𝐶 𝑡 𝜙 𝑥  we 
have the following FDEs 

𝐶 𝑡 0 

𝑑
𝑑𝑡

𝐶 𝑡 𝐶 𝑡 0 ⟹ 𝐶 𝑡 𝐴𝐸 𝑡  

𝑑
𝑑𝑡

𝐶 𝑡 𝐶 𝑡 0 ⟹ 𝐶 𝑡 𝐵𝐸 𝑡  

 
So, the solution of Eq.(12) is: 

𝒇 𝒙, 𝒕 𝐶 𝑡 𝐶 𝑡 𝐸 𝑥 𝐶 𝑡 𝐸 𝑥  

𝐴𝐸 𝑡 𝐸 𝑥 𝐵𝐸 𝑡 𝐸 𝑥  

From our conditions, we have 

𝑓 𝑥, 0 𝐸 𝑥
1
2

𝐸 𝑥 𝐸 𝑥 𝐴𝐸 𝑥 𝐵𝐸 𝑥  

Thus,  𝐴 𝐵    and  𝑓 𝑥, 𝑡 𝐸 𝑡 𝐸 𝑥 𝐸 𝑡 𝐸 𝑥  

For  𝛼 𝛽 1 

𝑓 𝑥, 𝑡
1
2

𝑒  𝑒 cosh 𝑥 𝑡  

which agree with that in double Sumudu transform method. 
Exact solution and 10-order approximate solutions of Equation 14, are shown in Figure 3. For 
various values of 𝛼, 𝛽.  
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Figure 3.  Exact solution and 10-order approximate solutions of Equation 14, for various values of  𝛼, 𝛽. 

 
Example 4:  Consider the following fractional mixed derivatives diffusion equation 

𝐷 𝑓 𝐷 𝑓 𝐷 𝐷 𝑓          0 𝛼 1, 1 𝛽 2                                        14  
With conditions 

𝑓 0, 𝑡 1
Γ 1 𝛽
Γ 1 𝛼

𝑡 ,     𝑓 0, 𝑡 0, 𝑓 𝑥, 0 1 𝑥  

Solution by Double Sumudu Transform Method: 
Operating single Sumudu transform of conditions, we get 

𝑻𝟎 𝟎, 𝒗 𝟏 Γ 1 𝛽 𝑣 , 𝑻𝟏 𝟎, 𝒗 𝟎, 𝑻𝟎 𝒖, 𝟎 𝟏 Γ 1 𝛽 𝒖𝜷 
Using Theorem (2), we get 

𝑣 𝑇 𝑢, 𝑣 𝑇 𝑢, 0 𝑢 𝑇 𝑢, 𝑣 𝑇 0, 𝑣 𝑢𝑇 0, 𝑣 𝑣 𝑢 𝑇 𝑢, 𝑣
𝑇 0, 𝑣 𝑢𝑇 0, 𝑣 𝑇 𝑢, 0 1   
 

1 𝑣 𝑢 𝑇 𝑢, 𝑣

𝑣 1 𝑣 Γ 1 𝛽 𝑣 𝑢 Γ 1 𝛽 1 𝑢 1 𝑢 Γ 1 𝛽  

1 𝑣 𝑢 1 𝑣 𝑢 Γ 1 𝛽  

𝑇 𝑢, 𝑣 1 𝑣 𝑢 Γ 1 𝛽  

 
Taking inverse double Sumudu transform of the last equation, we can obtain the exact 
solution of (14) as 

𝒇 𝒙, 𝒕 1 𝑥
Γ 1 𝛽
Γ 1 𝛼

𝑡  

which agree with that for [9]. 
3-D plotting of the exact solution and 10-order approximate solutions for Equation (14) for 
various values of 𝛼, 𝛽, are contained in Figure 4. 
 

2

 Exact   = =1

1

t
00

1

x

1

2

3

2
2

=.9 and  =.95

1

t
00

1

x

4

2

2
2

=0.1 and  =0.3

1

t
00

1

x

5

10

15

2

2
1

t

= =1

00
1

x

1

2

3

2
2

=0.3 and  =0.4

1

t
00

1

x

6

10

2

2
2

=0.2 and  =0.5

1

t
00

1

x

5

10

15

2



   

138 

  

Ibn Al-Haitham Jour. for Pure & Appl. Sci. 33 (3) 2020 

 
 

 
 

Figure 4.  Exact solution and some of approximate solution of Equation 16, for various values of 𝛼, 𝛽. 

 
 
7. Conclusion 
     In this paper, the comparison between the analytical subspace method and double Sumudu 
transform method has been achieved. From this study, we insure that the double Sumudu 
transform method is an efficient tool to obtain an exact solutions of many types of linear 
fractional partial differential equations that have complicated using other numerical methods, 
however, more of homogeneous type of constant coefficients fractional partial differential 
equations can be solved analytically with the invariant subspace method than the Sumudu 
transform. 
In both methods, our example illustrated that the solutions which have been achieved  in 
terms of the infinite series Mittag-Leffler function and we have done this by truncated 10-
order approximate of this function. This is the reason for explaining the variance of the 
absolute error for  numerical solutions. 
Of course, for nonlinear case, we must couple the Sumudu transform with any known 
numerical method, which need not it with invariant subspace method.    
Furthermore, the invariant subspace method is more suitable for solving some of fractional 
differential equations with variable coefficients than the double Sumudu transform method. 
Figures and tabulated results, show how the two methods are have high accuracy. All data 
type  achieved by help of Mathcad 15 and Matlab programs.  
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