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ABSTRACT. An experimental study is conducted and a theoretical solution is 
proposed in the present study to investigate the ductile/brittle failure mode 
of reinforced concrete (RC) beams strengthened with an external steel plate. 
In the present experimental study, 6 steel plate-strengthened RC beams and 1 
non-strengthened RC beam are fabricated and tested under 4-point bending 
loads. Then, a new theoretical model is successfully developed to predict the 
rupture mechanism of the RC beams strengthened with external steel plates. 
The model is based on the observed experimental results regarding to crack 
formations, and it is can be used to determine the distance between vertical 
cracks and to quantitatively predict the ductile/brittle failure mode of plate-
strengthened RC beams. The experimental study shows that the failure mode 
is commonly based on the sliding of concrete along with the external plate at 
a random location. This slip is limited between two vertical cracks, from which 
the maximum stresses in the external steel is determined. Through result 
validations, the stresses/strains in the soffit plate, crack distances, and system 
failure modes  as predicted by the present theoretical solution are found to 
excellently agree with those of the previous and present experimental results. 
This study may help to improve the design of such plate-strengthened RC 
beams to target on a better ductile performance, that has not been addressed 
before. 
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INTRODUCTION 
 

trengthening of existing RC beams in buildings or bridges by using external bonding steel plates is gradually getting 
more attention to upgrade their load capacities [1]. Because steel plates often have a large elastic modulus and various 
thicknesses, they can typically meet structural strengthening requirements such as upgrading the system flexural and S 
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shear strengths [1,2,3]. In addition, painting and galvanizing technologies make the steel durable against rust and meet all 
requirements of durability. As observed, recent results of flexural tests for reinforced concrete beams strengthened by 
external steel plates showed that their brittle failure mode was a relatively common phenomenon [1-3]. Although RC beams 
strengthened with an external steel plate can significantly increase the system flexural strength [5]; however, the system 
ductility, as observed through the beam deflection, was remarkably reduced [1-4][16][22][24]. In some studies, test results 
showed that the flexural strength could be doubled, but the midspan deflection was reduced to one-fifth [2][3] as samples 
Sb6, Sb4.5 in Fig. 1 of the study by Aykac et al. [3]. Furthermore, the debonding of the external steel plate from the concrete 
beam happens regularly at the rupture point as mentioned in several documents [6-13]. The delamination position takes 
place randomly either at the plate end or at the location where cracks happen [9]. This delamination leads to the fact that 
the RC beams were broken suddenly because the external plates do not contribute their capacity to the RC beam resistance. 
Based on such an unobvious scenario, several techniques were then proposed/developed to detect and prevent the 
debonding of the external steel plate, such as the studies of Liu et al [14] and Wojtczak et al. [15], Wu and Lu [7] and Sallam 
et al [8]. However, the above studies (i.e., [6-8]) might not fully address the rupture mechanism of such plate strengthened 
RC beams. As the ductility of a structure is an indispensable requirement, a deeper study regarding the rupture mechanism 
may become essential to avoid possible brittle ruptures of a plate strengthened RC structure.  
 

 
Figure 1: Load versus displacement of RC beam with external steel plate [3]. 

 
Quantification of the brittle failure in plate-strengthened RC beams has not been studied extensively and specifically. For 
reinforced concrete beams strengthened by external plates such as fiber-reinforced composite laminates (FRP) or steel 
plates, there may be an only guideline for brittle failure resistance conditions presented in ACI 440.2R, those were based on 
the studies of pulling tests of an external plate adhered with a concrete part [4][5][17][18] (as depicted in Fig. 2). Because a 
crack formation of RC beams under bending always exists, such a guideline based on the given experimental model may 
not able to apply to the plate-flexurally strengthened RC beams. Recent studies on the failure characteristics of RC beams 
bonded with external plates demonstrated the separation of the plate from the beam at plate ends or at the mid-span of the 
concrete beam. At the rupture, plate stresses reach a limit [2][20]. Since the existing RC beams usually appear crack, the 
maximum stresses in the steel may be determined. As a result, the stresses in the external plate in the ruptured state may be 
known. However, brittle failure conditions were not being thoroughly addressed and hence ductility is not guaranteed in 
the studies discussed above.  

 
Figure 2: Experimental model to determine strength development length [4-7]. 

 
Based on the context, the present study is going to conduct an experimental study on the rupture mechanism of the plate-
strengthened RC beams and propose a theoretical model to predict a crack formation, the distance between cracks, and the 
failure characteristics of such systems. The experiment study will be conducted based on relatively practical dimensions of 
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several RC beams strengthened with steel plates subjected to flexural loadings. Meanwhile, the theoretical model is going to 
investigate the mechanism of crack formation, the distance between cracks, and the failure characteristics of the plate-
strengthened RC beams. The results of the proposed theory will be validated against those of the experimental study 
conducted in the present study and those presented in other experimental studies. Finally, an important (safe) limit of the 
RC beams strengthened with external steel plates will be proposed in the present study to ensure a plastic failure mode of 
the systems. 

 
 

EXPERIMENTAL SETUP 
 
Materials 

hree specimens of structural plated steel, steel reinforcement, and 9 specimens of concrete were tested for the 
material properties. The mechanical tests are conducted according to ASTM A370-15 [16] and ASTM C39 [17] for 
the materials, respectively. The averaged test results are summarized in Tab. 1. In the fabrication of the steel-

strengthened RC beams, steel plates are glued to the test beams by using Sika's epoxy adhesive Sikadur 752. This adhesive 
has compressive and tensile strengths of 50 MPa and 20MPa, respectively, which are higher than the strengths of concrete.  
 
Fabrication of Test Specimens  
Seven identical RC beams are fabricated based on the dimensions given in Fig.3. The beams have a span of 2.0gL m , a 

cross-section of 200 150  h b mm mm . The longitudinal steel reinforcements include two 16 mm rebars in tension and 
two 8 mm  rebars in compression. Stirrups are created by using 8 mm steels and they are arranged at equal distances of 
50mm along the beams. The first RC beam is denoted as D0 (i.e., a reference beam) in which no strengthening is applied. 
The six remaining RC beams are denoted as from D1 to D6 in which they are strengthened with identical steel plates (Fig. 
3). The steel plates have a length of 1.9pL m , a width of 150b mm , and a thickness of 2.8ph mm . 

The steel plates are bonded to the RC beams by using high viscous epoxy resin (i.e., Sikadur 752). Gluing is based on the 
injection molding method [18, 19]. The method ensures that the gaps between the steel plate and concrete beam are fully 
filled with the epoxy without voids so that the sliding resistance of the concrete is maximally mobilized. The method may 
include three basic steps. Step 1: Attach the steel plate to the bottom surface of the RC Beam, Step 2: Use a low viscous 
resin (e.g., Sikadur 731) to seal outer gaps between the plate boundary edges and the concrete to form a sealed chamber. 
Step 3: To install an inlet valve at one end of the steel plate (in the longitudinal direction), and install an outlet valve at 
another end of the steel plate, then the high-pressure pump is installed to inject the high viscous epoxy resin into the 
remaining gaps between the steel plate and the concrete beam (inside the chamber). The inlet valve only allows the resin to 
flow in one direction. The outlet valve is unlocked to ensure that the resin can be flowed out. After seeing a small amount 
of the resin flow out from the outlet valve, the outlet valve is locked while the inlet valve is opened for about five minutes 
so that resin can be fully pumped/filled in all voids in the chamber. After that, the pumping is stopped and the system 
remains for 24 hours so that the resin can be fully cured. 
As discussed, because the target of this work is to observe the possible brittle failure modes of the beams under bending, 
all of the strengthened RC beams are thus fabricated based on the same material and reinforcement arrangements to justify 
the failure modes maybe not like those observed in studies [4][16-18]. 

 
No. Parameters (notation) Unit Test value 

1 Cube concrete strength (f’c) (MPa) 33.0

2 Yield strength of steel bar (fy) (MPa) 446.2 

3 Ultimate strength of steel bar (fu) (MPa) 603.6 

4 Yield strength of steel plate (fpy) (MPa) 380.0 

5 Ultimate strength of steel plate (fpu) (MPa) 412.0 

6 Elastic modulus of steel bar (Es) (MPa) 205,000.0 

7 Elastic modulus of steel plate (Ep) (MPa) 195,000.0 
 

Table 1: Mechanical properties of testing beam materials. 

T 
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Figure 3: Details of testing RC beams (Dimensions are in mm) 

 
Test Setup and Instrumentation 
The four-point bending tests are conducted at the laboratory of the University of Transport and Communications. The 
tested beam details are presented in Fig. 4. The beam is loaded using a force generator with a loading rate of 0.5 kN/s 
controlled by a load cell. This load rate is low enough to ensure static loading conditions and negligible dynamic effect. In 
laboratory conditions, the bearing condition is rigid and assumed to be no displacement, thus one displacement transducer 
is mounted in the middle of the beam to measure mid-span deflection. The load cell is LRCN 730 1000 from Cooper 
Instrument & System (US) whose sampling frequency is 30 Hz. As the slip in concrete is the main reason for rupture, 
however, measuring these stresses in this zone are difficult and may be affected by cracks during bending. Thus, the stresses 
in steel plates are measured. To determine the stress in the steel plate, three strain gauges are attached to the steel plates. 
The strain gauge type is KC-60-120-A1-11 provided by Kyowa Strain Gages (Japan). The mounting positions of the strain 
gauges are at the middle of the span and at 250mm from the ends of the steel plates (Fig. 4). The loading force, beam 
displacement, and strain are recorded simultaneously based on a control software. This software integrated with sensors is 
a data logger named SDA 830C of Tokyo Sokki Kenkyujio Co. Ltd (Japan).    

 

 
 

Figure 4: Configuration of the four-point bending test 
 
 

TEST RESULTS AND DISCUSSIONS 
 

he flexural resistance of the RC beams may be theoretically evaluated as assistant solutions to basically check the 
test results. Those may be determined based on AASHTO LRFD 2007 [15] for a rectangular section as Eqn. 1. 
 

 ' ' '

2 2 2
               
     

n p p p s y p s y s
a a a

M A f d A f d A f d        (1) 

 

in which, symbols a , pd , '
sd , sA , '

sA  are dimensions and areas are they are defined in Fig. 5, pf is the stresses in the outer 

fiber of the steel plate and it is determined by assuming a yield strength of the steel as prescribed by the AASHTO LRFD 
standards [26] and using the dimension parameters and material properties as given in Fig. 3 and Tab. 1. Based on the 
flexural moment (in kN.m) in Eq. (1) and the beam configuration as presented in Fig. 4, the corresponding failure force fP

(in kN) can be evaluated accordingly. 
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Figure 5: Theoretical bending capacity of the concrete beam section with external steel plate. 

 
The experimental results on the relationship between the measured forces and midspan deflections are presented in Fig. 6. 
As observed, the beams are subjected to a ductile failure mode and their peak force values are summarized in Tab. 2. Of 
which, the beams with an external steel plate effectively enhance the flexural strength with an average increase of flexural 
strength of 85% (Fig. 6 and Tab. 2). For more general failure scenarios, the failure mode and the peak force values based 
on relatively similar tests by Aykac et al. [3] are also provided in Tab. 2. It is noticed that both brittle and ductile failure 
modes were observed in [3]. In Fig. 6, the tilt angle of strengthened beams is also larger than that of the referenced beam. 
This means that the strengthened beam stiffness has been significantly enhanced. Crack distances were measured using a 
vertical line drawn on the surface of the tested beams. Each vertical lines have a distance of 50mm to determine actual crack 
distances as shown in Fig. 10. The actual crack distances vary from 48 mm to 212 mm and calculated crack distances are 
88 mm and 176 mm. The experimental results of beam deflection in Fig. 6 indicate that the strengthened beams generally 
have lower ductility than the reference beam. The displacement of the strengthened beam is less than in the reference beam. 
The experimental results of Aykac and colleagues [3] are even more noticeable. The brittle failure even abrupts in 
strengthened beams with large thickness plates without special anchorage measures [3]. A simple theoretical model will be 
proposed in the next section of the present study to consistently predict the brittle or ductile failure modes of the 
strengthened systems in the present study and those in the study [3].    

 
Figure 6: Results of testing forces and deflections. 

 
The measured strains of the external steel plates are presented in Fig. 7 to Fig. 9, corresponding to the left plate end, 
middle, and right plate end of Beams D1, D2, and D3, respectively. Also, overlaid on the figures are the strains (shown as 
horizontal lines) based on theoretical models of Raoof's theory [20], an experimental yield strength value, and a proposed 
value of the present study that will be discussed in the next part of the present study. Generally, it is observed that the beams 
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are observed to fail in the form of ultimate flexural strength, not be failed by shear failure modes. Also, the stress of the 
external plate based on Raoof et al. [20] includes the upper and lower threshold stresses. As observed, the range of stress 
change is smaller than the experimental value. It can be inferred that brittle rupture may be the reason that the stresses in 
the steel do not reach the yield strength. In the present experimental beams, the beams have been designed, so that brittle 
failure does not occur but is ductile. Thus, the measured stresses are higher than those predicted by Raoof et al [20].  
 

 
Figure 7: Results of steel plate strain versus testing force at mid span. 

 

 
Figure 8: Results of steel plate strain versus testing force at left ends. 
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Figure 9: Results of steel plate strain versus testing force at right ends. 

 
The present experimental observations on the beam failure modes show that when a slip crack emerges, the beam 
immediately fails. The longitudinal sliding position of the external steel also does not automatically appear at the beam end 
position but it may happen in the middle of the beam, as the sliding of the concrete in the range between successive cracks 
may happen randomly (Fig. 10). At the large moment location, the distance between the cracks may reach a minimum value, 
and the slip stresses thus reach a maximum value, conversely, when the cracks may reach a maximum value, and the slip 
stresses reach a minimum value [3, 20]. As a result, the possibility of sliding along the bending beam is equal. Although the 
beam configurations were identically made, the beams D1, D3, D5, and D6 have slipped parts at the end of the plates, while 
beams D2 and D4 have slipped parts in the middle of the plates (Fig. 10). When initial failures occur at one location, they 
will not happen at other places because the testing force has already begun to decrease.  
 
 

 
 

(a) Failure mode of beam D0: Ductile failure at midspan. 
 

 
 

(b) Rupture type of D1: Slip failure at the left end. 
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(c) Rupture type of D2: Slip failure at middle. 
 

 
 

(d) Rupture type of D3: Slip failure at the left end. 
 

 
 

€ Rupture type of D4: Slip failure at middle. 
 

 
 

(f) Rupture type of D5: Slip failure at the left end. 
 

 
 

(g) Rupture type of D6: Slip failure at the left end. 
 

Figure 10: Rupture types of the test beams. 
 
 

A PROPOSED THEORETICAL SOLUTION FOR THE PREDICTION OF THE BRITTLE/ DUCTILE FAILURE MODES 
 
Stress limit of external steel plate at rupture  

n a reinforced concrete beam strengthened with an external steel plate, it is found that the steel plate is usually separated 
from the beam at a ruptured state in the four-point bending test. This phenomenon frequently occurs as in Fig. 11. 
Initially, cracks in the concrete beam appear perpendicular to the beam axis, then concrete cracks appear along the 

beam and happen in the zone between the external steel plate and inner steel bars of the basic beam. This longitudinal crack 
may appear at the end of the beam or the midspan of the beam. Meanwhile, the outer steel plate does not break. This 
fracture usually occurs rather suddenly and it is called as a brittle rupture. 

I 
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No. Test 
Maximum testing 

force (kN) Failure mode 

1 Beam D0 110.26 Ductile  
2 Beam D1 164.95 Ductile 
3 Beam D2 157.71 Ductile 
4 Beam D3 154.55 Ductile 
5 Beam D4 152.74 Ductile 
6 Beam D5 155.89 Ductile 
7 Beam D6 153.37 Ductile 
8 Beam Sbb1.5 [3] 170.00 Ductile 
9 Beam Sbb 3 [3] 225.00 Ductile 
10 Beam Sb 6 [3] 225.00 Brittle 
11 Beam Sb 4.5 [3] 245.00 Brittle 
12 Beam Prb6 [3] 229.00 Brittle 

 

Table 2: Maximum testing forces (kN) and failure modes of the present beams and the beams of study [3]. 
 

 
Figure 11: Peeling rupture of steel plate due to concrete sliding. 

 
From the failure mentioned above mode, it is assumed that the shear stress (b) of concrete in the zone between the external 
steel plate and inner steel bars exceeds the allowable sliding limit (u), and leads to a beam failure. The loss of adhesion 
between the outer steel and the beam does not occur in the epoxy adhesive because the shear limit in concrete is usually 
smaller than the shear limit of the epoxy and the shear limit of adhesion between the epoxy layer and steel plate. In the early 
stages, vertical flexural cracks reduce the shear area of the concrete in the slip direction and thus lead to the slip 
concentration. When slip occurs, the adhesion between the external plate and the beam is lost. As a result, the external steel 
plate does not contribute to beam flexural resistance and thus the bending beam immediately reaches its rupture point. This 
assumption is illustrated in Fig. 12. 
 

 
Figure 12: Rupture model in concrete beam with external steel plate. 
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It is possible to determine the distance between cracks in strengthened concrete beams with external steel plates under 
flexure by using a "tension chord" theory as introduced by studies [21] [23]. The basic principle is that the total forces 
exerted by the tensile concrete and steel bars are equal to the sum of the shear slip between the steel and the concrete in the 
tension zone. Since the outer steel is connected to the beam mainly through adhesion to the concrete at the bottom of the 
beam, the total tensile force in the tensile part of the beam (Tc+Ts=Actfct+Asfy) shall balance with the total shear force between 
the concrete, the tensile steel bar, and the external steel plate within the crack range (S). This shear slip (Tp) is the product 
of the average shear stress between the steel and the concrete (b) with the contact area of concrete and tensile steel (external 
and internal). This mechanism is illustrated in Fig. 13(a)(c) and Eqn. (2). 
 

  p b c sT S U T T            (2) 

 

 
Figure 13: Tension chord model for reinforced beam with external steel plate. 

 
In flexural concrete beams, when a crack appears, the stress state within the concrete where vertical cracks appear will 
redistribute according to the "tension chord" model. From that point of view, the proposed total area of this "tension chord" 
for strengthened concrete beams with external steel plates is shown in Fig. 13b. Where c is the height of the concrete 
compression zone determined as in Eqn. (3). 
 

 

' '

1 '0.85

 
  p py s y s y

c

A f A f A f
a c

f b
         (3) 

 

where 1   '
1 0.85 0.05 28 7 0.65    cf is the conversion coefficient corresponding to the height of the compressive 

concrete area (e.g. AASHTO LRFD [26]). The slip stress distribution (b) before slip failure occurs is assumed as presented 
in Fig. 13c (in a similar way as proposed by study [21]). The slip strength of concrete maybe u (u=b0=2fct), in which fct 

 2'30.3
  
 

ct cf f  is the slip resistance of concrete [21] [23]. Insert the tensile steel area (  s s gA A = 2 / 4s bn d ); the 

tensile concrete area (  1    ct g s s gA A A A ); the external steel plate area (  p p gA A = p ph b ) into the Eqn. (2), the 

crack distance (S) can be determined as in Eqn. (4).  
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where: the total slipping area between steel and concrete is the product of total contacting circumference (U ) and crack 

distance (S). The total contacting circumference    s b pU n d b  is determined by an assumption that inner bars have 

one nominal diameter.   
The maximum distance between cracks (Smax) is determined when the slip stress reaches the minimum limit as assumed in 
Fig. 13c (b=tb1=fct). Insert the slip stress value (b) into Eqn. (4), the maximum crack distance (Smax) is in Eqn. (5). 
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           (5) 

 
The distance between cracks is smallest when the slip stress value reaches to 2fct (b=b0=2fct) [21,23]. This distance occurs 
in areas of the extreme moment when the beam is about to fail. At this stage, the minimum crack distance is assumed as. 
 

max
min 2 SS             (6) 

 
When the beam is in the bending failure stage, the slipping stress between the external steel plate and the base beam (Tp) 
reaches the maximum value. Due to vertical cracks, the sliding range is limited to the area of two consecutive cracks. Thus, 
the longitudinal force in the external steel plate can be determined as the total longitudinal shear resistance of the concrete 

within this crack range  p b pT Sb . An illustration of this assumption is shown in Fig. 13d. The maximum stresses in the 

external steel plate can be obtained as   
 

 
p b p

p
p p

T Sb
f

A A
           (7) 

 
It should be noted that the shear stresses (b) has an equivalent conversion from the diagram in Fig. 13a-d. In the "tension 
chord" model without external steel, the direction of the slipping stress is derived from the two cracks to the mid-interval. 
As the external steel plate always tends to slide toward the middle of the beam, the value of b will re-balance with the 
slipping stress and satisfy Eqn. (2). Thus, a transition to the shear stresses moves in one direction until the failure limit (u) 
is reached. However, when slip resistance reaches the limit, the slip strength of concrete will fully mobilize. In addition, the 
values (b) and (S) in Eqn. (7) can be determined in both cases: (1) when b=b1=fct, then S=Smax, and (2) when b=b0=2fct 
then S=Smin. In both these cases (as well as other intermediate values of b and S) the resulting stresses in the external steel 
plate are constant. Therefore, longitudinal slip failure can occur randomly at any position in the beam, as illustrated in Fig. 
3. Eqn. (7) is the proposed formula to determine the maximum stresses that the steel plate can achieve at the onset of the 
system failure. 
 
Ductile and brittle rupture conditions 
A steel plate-strengthened RC beam is considered to have a ductile failure when the concrete part in compression and tensile 
steel (including external and internal steel) reaches the yield strength. Due to the aforementioned longitudinal sliding 
phenomenon, the external steel plate may not reach the yield strength while concrete part and internal steel are already 
broken. This possibility exposes the beam to brittle failure. When the stress in the external steel plate (in Eqn. (7)) exceeds 
the yield strength of the steel, the beam is considered as ductile failure. To achieve the ductile requirement, the slip resistance 
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in the concrete between the two cracks must be sufficiently larger than slip resistance of concrete between two consecutive 
cracks. Otherwise, the failure mode will be the slip failure of the concrete despite the low external steel stress. In that case, 
brittle failure will happen. Therefore, ductile failure is only achieved when the external steel stresses is interpreted through 
Eqn. (7). 
 

p ypf f             (8) 
 

Insert (S=Smax) from formula (4) and (fp) from Eqns. (7), (6) into Eqn. (8) and set the coefficient r, the condition for ductile 
failure in Eqn. (8) is interpreted as in Eqn. (9). 
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          (9) 

 

The selection of the external steel plate shall meet Eqn. (9) in order for a strengthened beam not to be subjected to brittle 
failure. This formula depends not only on the design of the existing beam but also on the mechanical and geometrical 
properties of the external steel plate to ensure the coefficient of r≥1.00. 
 
 

VALIDATION OF THE DEVELOPED THEORETICAL MODEL AGAINST EXPERIMENTAL RESULTS 
 

Comparison of stresses at the bottom fiber of the steel plate at the middle span 
ig. 7 has presented the experimentally measured strains at the bottom fiber of the steel plate at the middle span. The 

experimental results can be divided into two segments, an elastic segment when strains are less than 31.9 10  and 
a plastic-elastic segment when strains are greater than that value. Also, overlaid on the figure is the strains of the 

proposed theoretical solution, as calculated from Eq. (8). It can be observed from the figure that the theoretical strain can 

approximate the experimental segment-division point (i.e., 31.9 10  ). Similar observations can be obtained from the 
comparisons of the measured strains and the predicted stresses based on Eq. (6) for the strains at the bottom fiber of the 
steel plate at the left span (Fig. 8) and those at the right span (Fig. 9). This indicates that the theoretically calculated strains 
in Eqn. (8) can excellently capture the experimentally measured segment-division points in the steel plate.  
 

Comparison of crack distances   
Tab. 3 presents the comparison of the predicted minimum/maximum crack distances and the failure mode between the 
present theoretical solutions and the expertimental results of the present study. For the theoretical solution, the minimum 
to maximum crack distances can be evaluated based on Eqs. (6) and (7). For beams D1-D6, the crack distances are evaluated 
as 88 mm and 176 mm, respectively. Meanwhile, the actual crack distantces of the present experimental studies are ranged 
from 48 mm to 212 mm (as observed in Fig. 10). It is noted that in each test girder, grid line were marked to measure crack 
spacing. It was shown that the mechanism illustrated in Eqn. (3) can excellently predict the crack distances of RC concrete 
beams with external steel plates.  
 

Location of the steel plate delamination 
As shown in Fig.10, there are two plate-strengthened RC beams those are delaminated at the beam midspan (i.e., speciments 
D2 and D4). On the other hand, four other plate-strengthened RC beams are delaminated at the ends of the steel plate. 
This phenomenon agrees with theoretical analysis results as discussed above (i.e.,Eq. (7)). The evaluation of steel plate 
stresses is independent on either crack spacing or position of crack and delamination. Based on the present proposed 
theoretical model, maximum and minimum crack distances can be evaluated as indicated in Eqs. (5),(6) and from that, the 
prediction of the stresses of the steel plate can be determined (i.e., Eq. (7)). As a result, the randomness of crack position, 
crack distance, and position of delamination can be handled.  
 

Comparison of the system failure modes  
As the displacement of the strengthened beam (i.e., D1-D6) is less than in the reference beam (i.e., D0). The experimental 
results of beam deflection in Fig. 6 indicate that the strengthened beams generally have lower ductility than the reference 

F 
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beam. The experimental results of Aykac et al. [3] in Fig. 1 are even more noticeable. The brittle failure even abrupts in 
strengthened beams with large thickness plates without special anchorage measures. For the theoretical solutions, the ductile 
or brittle failure modes can be predicted by using Eq. (10). Tab. 3 presents the ductile/brittle failure modes as observed 
from the present experimental beams (D1-D6) and the experimental studies of Aykac et al. [3]. It can be observed from the 
table that the theoretical predictions excellently capture the experiment failure modes. It is here noted that the failure type 
of the beam is observed to depend on both the reference beam details and external steel plate parameters. These parameters 
include the dimensions and material properties. Generally, the addition of external steel tends to increase the brittleness of 
the structure and reduce the total deflection of strenthenned beam. Therefore, the theoretical prediction using Eq. (10) is 
proposed to select the appropriate external steel ratio for the existing beam to ensure ductility. Although the present 
theoretical results are well validated against the present experimental results as well as the experiment results by Aykac et al. 
[3], it is also recommended that further investigations against other beam configurations should be required to achieve better 
validations.  
 

No. Test 

Theoretical predictions Experiment results

Predicted 
minimum/maxi

mum crack 
distance (mm) 

Predicted stress in 
steel plate at 

rupture (Eq. (8)) 

Coefficient r 

(Eq. (10)) 

Theoritical 
results of 
rupture 

type 

Actual 
minimum/m

aximum 
crack 

distance 
(mm) 

Experiment 
results of 

rupture type 

1 
Present 

beam D1  88/176 389.8 1.03 > 1 Ductile 45/150 Ductile 

2 Present 
beam D2  88/176 389.8 1.03 > 1 Ductile 60/280 Ductile 

3 
Present 

beam D3  88/176 389.8 1.03 > 1 Ductile 60/210 Ductile 

4 Present 
beam D4 88/176 389.8 1.03 > 1 Ductile 60/200 Ductile 

5 Present 
beam D5  88/176 389.8 1.03 > 1 Ductile 100/200 Ductile 

6 
Present 

beam D6  88/176 389.8 1.03 > 1 Ductile 50/180 Ductile 

7 
Beam 

Sbb1.5 [3] 124/248 848.95 (ruptured) 3.03 > 1 Ductile N/A Ductile 

8 Beam Sbb 
3 [3] 120/241 412.80 (ruptured) 1.47 > 1 Ductile N/A Ductile 

9 
Beam Sb 6 

[3] 114/227 194.71 0.70 < 1 Brittle N/A Brittle 

10 
Beam Sb 

4.5 [3] 117/234 267.4 0.96 < 1 Brittle N/A Brittle 

11 Beam 
Prb6 [3] 114/227 194.71 0.70 < 1 Brittle N/A Brittle 

 

Table 3: Comparison of the failure modes of plate-strengthened RC beams between the proposed theoretical model against 
experimental results. 
 
 
CONCLUSION 
 

n experimental study and a proposed theoretical solution were conducted in the present study to investigate the 
ductile/ brittle failure mode of reinforced concrete beams strengthened with an external steel plate. Six steel plate-
strengthened RC beams and one non-strengthened RC beam have been fabricated and tested under 4-point bending 

loads. The experimental study showed that the failure mode was based on concrete sliding along with the external plate. 
This slip was limited between two vertical cracks, from which the maximum stress in the external steel was determined. The 
proposed theoretical model was then developed based on the observed experimental results to analyze the crack formation, 
to determine the distance between vertical cracks, and to quantitatively predict the ductile/brittle failure mode of plate-

A 
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strengthened RC beams. It was observed from the study that the maximum tensile force in the external steel plate was equal 
to the slip resistance of the concrete within the consecutive vertical cracks from which the maximum stress at failure was 
determined. If this stress value exceeded the yield limit, the beam was considered as a ductile failure and thus a coefficient 
of the threshold for ductile failure could be determined. 
Most of the beams reinforced with an external steel plate is prone to brittle failure. Therefore, it is necessary to calculate the 
steel quantity to ensure that this does not occur in the strengthening design. Based on this study, the external plate size can 
be selected to meet the load upgrade needs without causing brittle failure follows Eqn. (9). In the case of irreparable brittle 
failure, the stresses in the outer steel will be less than the yield strength. Thus the bending capacity will be reduced and can 
be evaluated using this study in Eqn. (7). The present study has conducted and discussed excellent validations of these 
theoretical equations against experimental results.  
Through the observed experimental and the analytical results, two important conclusions have been found in the present 
study. The first conclusion is that the steel plate separation is random, i.e., it can occur at the end or at an intermediate 
location of the steel plate. Based on the present proposed theoretical model, the minimum and maximum distances between 
two cracks can be predicted. From that, it is possible to determine the stresses in the external steel plate at the onset of the 
system failure without taking care to specifying the positions of cracks and delamination. The second conclusion is that the 
present theoretical model is relatively simple, quick to predict the brittle/ductile failure mechanism of the steel plate-
strengthened RC beams and thus it may be convenient to control the ductile behavior at the ultimate bending state of such 
strengthened systems. 
 
 
NOTATION 

 

cA   Tensile area of concrete 

pA   Area of external steel plate 

sA   Area of internal steel bars 

 g c sA A A  Gross area of tension chord  

sA   Area of compressive bars 
S  Crack spacing 

minS   Minimum crack spacing 

maxS   Maximum crack spacing 

U   Total adhesion circumference between steel and concrete 

c  Distance from the extreme compression fiber to the neutral axis (mm) 

1 a c   Equivalent distance from the extreme compression fiber to the beam neutral axis (mm) 

bd   Diameter of tensile bars  

pd   Distance from the extreme compression fiber to the neutral axis of steel plate 

ctf   Tensile strength limit of concrete 
cf   Compressive strength of concrete (MPa, specimen type D=150mm, H=300mm) 

fp  Tensile stress in external steel plate 
ns  Number of tensile steel bars 
r  Coefficient to determine ductility of strengthenned beam 
 Ratio of the depth of the equivalent uniformly stressed compression zone assumed in the strength limit 

state to the depth of the actual compression zone 
s s gA A  Ratio of tensile steel bar area to total tensile area zone  

 p p gA A
 

Ratio of external steel plate area to total tensile area zone 

 b   slip stress in concrete along tensile steel  
 RC  Reinfored Concrete 
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