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ABSTRACT. The role of some geometrical characteristics of the notches ma-
chined in circular discs, in order to determine the mode-I fracture toughness 
of brittle materials, is discussed. The study is implemented both analytically 
and numerically. For the analytic study advantage is taken of a recently intro-
duced solution for the stress- and displacement-fields developed in a finite 
disc with a central notch of finite width and length and rounded corners. The 
variation of the stresses along strategic loci and the deformation of the peri-
meter of the notch obtained analytically are used for the calibration/validation 
of a flexible numerical model, which is then used for a parametric investiga-
tion of the role of geometrical features of the notched disc (thickness of the 
disc, length and width of the notch, radius of the rounded corners of the 
notch). It is concluded that the role of the width of the notch is of critical im-
portance. Both the analytic and the numerical studies indicate definitely that 
ignoring the accurate geometric shape of the notch leads to erroneous results 
concerning the actual stress field around the crown of the notch. Therefore, it 
is possible that misleading values of the fracture toughness of the material of 
the disc may be obtained.  
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INTRODUCTION  
 

ode-I fracture toughness, KIC, is a critical mechanical parameter for structural engineering applications because 
it quantifies the resistance of materials against the initiation (and propagation) of pre-existing cracks due to ten-
sile loads acting normally to the crack axis. Both ASTM and ISRM have long ago standardized the procedure 

for the laboratory determination of KIC [1,2]. Especially for brittle, rock-like materials, three standardized tests are usually 
adopted: The “Short Rod”, the “Chevron Bend” and the “Cracked Chevron Notched Brazilian Disc (CCNBD)” ones. 
The latter is, perhaps, the one most widely used worldwide. However, and in spite of its wide application, some issues con-
cerning the validity of its outcomes are still under study [3,4] and some critical questions are still open [5]. Among them 
special attention is paid to: (i) the reasonability of the formulae available for the determination of the respective Stress 
Intensity Factor (SIF), (ii) the exact shape of the cracks machined and (iii) the actual boundary conditions prevailing along 
the disc-jaw contact arc.  
Currently, the formulae adopted for the determination of the SIF in the CCNBD test are obtained from the respective 
“Cracked Straight Through Brazilian Disc” (CSTBD) configuration, i.e., considering a disc with a central “mathematical” 
crack (i.e., a linear discontinuity with zero distance between its lips and singular tips) loaded by a pair of diametral forces. 
It is obvious, however, that in practical applications the cracks machined are rectangular notches rather than mathematical 
cracks [6] and the disc is loaded by a complicated combination of radial (and shear) stresses rather than by a pair of point 
forces [7,8]. Things become even more complicated taking into account that for obvious practical restrictions the “cracks” 
machined cannot be “short” enough (with respect to the radius of the disc) and, therefore, the common assumption that 
the boundary conditions do not influence the stress field in the immediate vicinity of the crack becomes questionable. 
In this direction, an attempt is described in this study to address some of the aforementioned issues. The main target is to 
quantify the influence of some “tiny” geometrical details on the stress field (and, therefore on the respective SIF or, equiva-
lently, on the value of KIC) in a Brazilian Disc with a central notch of finite width and length and rounded corners. In addition, in 
the analytic approach, the loading scheme comprises a parabolic distribution of radial stresses, acting along two finite arcs. 
The specific loading scheme is proven to approach extremely closely the stress field developed during the compression of 
the disc between the curved jaws suggested by ISRM [2] (Fig.1a). The geometrical details considered in this study include: 
(i) the length of the notch with respect to the radius of the disc, (ii) the width of the notch, (iii) the radius of the corners of 
the notch, and, finally, (iv) the thickness of the disc. 
As a first step the problem is confronted analytically by means of the complex-potentials technique [9]. Analytical (but 
lengthy) full-field formulae, in series form, are obtained for the components of the stress- and displacement-fields. Taking 
into account the difficulties to handle these expressions for practical purposes and exhaustive parametric investigations, a 
numerical model is developed, calibrated and validated with the aid of the analytic solution. The numerical model is then 
used for the parametric study of the role of the geometrical characteristics (length, width and corner-radius) of the notch. 
Moreover, the numerical model is used to enlighten the influence of the third dimension (i.e., that along the disc’s thick-
ness), a parameter that is not taken into account by the analytic solution, which is based on two-dimensional elasticity.  
The results of the study indicate clearly that ignoring the exact geometric shape of the notch may lead to erroneous results 
concerning the stress field in the immediate vicinity of the crowns of the notch and therefore to unacceptable results 
concerning the actual fracture toughness of the disc’s material. 

 
 (a)  (b)  

Figure 1: (a) Schematic representation of the notched disc squeezed between the curved jaws suggested by ISRM [2]; (b) The mapping 
function provided by Savin [11], which was used for the analytic solution of the problem. 
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ANALYTICAL SOLUTION  
 

rom the theoretical point of view, the problem of the finite circular disc with a rectangular notch (of finite length 
and width) with rounded corners, squeezed between the curved jaws suggested by the respective ISRM standard 
(Fig.1a), is here confronted as a first fundamental problem of the plane theory of linear elasticity. In this context, 

and assuming, in addition, that the material of the disc is homogeneous and behaves isotropically, Muskhelishvili’s com-
plex potentials technique is adopted [9]. The general solution of the problem was obtained, relatively recently, by Markides 
and Kourkoulis [4,10] by taking advantage of the following mapping function, provided by Savin [11] (Fig.1b): 
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The above function maps the region outside the area A1A2A3A4 (see Fig.1b) to the region outside γ in the mathematical 
plane. In other words, one introduces Eq.(1) into the already available solution [4, 10] of the circular ring of outer radius 
RO. Then, demanding that the rectangular notch A1A2A3A4 must be free from stresses, and assuming, also, that the notch 
has too little affection on the boundary of the disc, the solution of the problem is sought in the form: 
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providing the solution of the circular ring, as it is analytically described by Kourkoulis et al. [12]. In the above expressions
 φ

*
(z) and ψ

*
(z) are analytic functions perturbing the ring’s solution due to the introduction of the notch.  

Alternatively, instead of the ring the intact disc could have been used as the solution basis. In this direction, it is assumed 
that the inner radius of the ring tends to zero. Combining Eqs.(1)-(3) and introducing them in the boundary condition for 
zero stresses on the rectangular notch: 
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(where s is the point ζ on γ) one obtains (after some relatively lengthy algebra) the quantities φ
*
(z) and ψ

*
(z) solving the 

problem [10]. The configuration of this alternative problem is shown in Fig.2, where, in accordance with the solution of 
the circular ring, the disc with the notch is to be subjected to a parabolic pressure along two symmetric arcs of its peri-
phery. In the same figure the introduction of the curvilinear coordinate system ρ=const., θ=const., at any point of the disc 
with the notch is shown, as it is dictated by the mapping function described in Eq.(1).   
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Figure 2: The notched disc under a parabolic distribution of radial stresses along two symmetric finite arcs of its perimeter (left) and 
the curvilinear coordinate system used in the analytic solution (right). 

 
Then, stresses and displacements at any point of the disc are obtained using the well-known expressions [9]:   
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Using these formulae, the deformed configuration of the notch, as well as the stress-field components are determined. The 
deformed shape of the notch and the variation of the stresses along characteristic loci of the notched disc will be considered 
in juxtaposition to the respective numerical results that are obtained according to the analysis of the following section.  
As a typical example, highlighting the capabilities of the above-described analytic approach, the transverse stress σθ (nor-
malized over the amplitude, Pc, of the parabolic distribution of radial stresses exerted on the disc) is plotted in Fig.3, along 
a part of the perimeter of the notch, which corresponds to the [0o, 60o] interval of the angle θ in the ζ-plane and the θ=const. 
hyperbolas in the z-plane (Fig.3a). Two cases are studied, one corresponding to a relatively wide notch, i.e., with w=5 mm 
(Fig.3b) and one corresponding to a relatively narrow one, i.e., with w=0.5 mm (Fig.3c). The crucial role of the parameter 
w is obvious by simply comparing Fig.3b and Fig.3c. Indeed, for the wider notch the normalized values of the σθ stress 
component vary in the (-0.80Pc, 0.85Pc) interval. On the other hand, for the narrower notch the respective values of the σθ 
stress component vary in the (-0.50Pc, 5.20Pc) interval. The maximum value of σθ in the case of the narrow notch is more 
than six times higher compared to that of the wider notch. It is obvious that ignoring the role of w (by assuming, for ex-
ample, that the notch resembles a mathematical crack, for which w tends to zero, an assumption that is impossible to be 
realized for practical reasons) definitely undermines the validity of the outcomes of the standardized techniques employed 
for the determination of the fracture toughness, KIC. 
 
 
NUMERICAL STUDY  
 

he formulae provided by the analytic solution have the advantage of being full-field (i.e., they provide the stress- 
and displacement-field components at any point of the notched disc) and of closed form, however they are quite 
lengthy. Therefore, employing them in exhaustive parametric analyses is rather tedious. Moreover, the fact that 

before applying these formulae, convergence issues of the series expansions have to be carefully considered, renders their  
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 (a) 
 

 
 (b)  (c) 

Figure 3: (a) The locus along which the stresses are plotted (red line); (b, c) The variation of the transverse stress σθ (normalized over the 
amplitude, Pc, of the parabolic distribution of radial stresses exerted on the disc) along the part of the perimeter of the notch shown in 
Fig.3a, for w=5 mm (b) and w=0.5 mm (c). 

 
practical use inflexible and time consuming. In this direction, it was thought that one could take advantage of the analytic 
formulae in order to validate a numerical model, which, in turn, could be used for thorough parametric investigation of 
the geometric factors. In this context, a three-dimensional numerical model is designed using the finite elements method 
and employing the commercially available software ANSYS-19, as it is described in next sections. 
 
Reference numerical model 
A disc of diameter equal to 100 mm and thickness equal to 10 mm, with a central notch of 50 mm length and 5 mm 
width, was chosen as the reference model. The radius of curvature at the notch’s corners was set equal to 0.33 mm. The 
disc was assumed to be squeezed between the curved loading platens suggested by the ISRM standard. The whole complex 
consisting of the disc and the two loading platens was modelled (Fig.4), in an attempt to approach the actual loading scheme 
developed along the disc-loading platen interface (without any additional assumption for this issue).   
The disc was considered to be made of plexiglass (modulus of elasticity and Poisson’s ratio equal to 3.2 GPa and 0.36, 
respectively) while the mechanical properties of steel (modulus of elasticity and Poisson’s ratio equal to 210 GPa and 0.30, 
respectively) were assigned to the loading platens. The coefficient of friction between the plates and the disc was set equal 
to 0.01, in order to approach the assumptions adopted in the analytic solution, where the role of friction was ignored. 
The volumes of the model were meshed using the SOLID185 element while the TARGE170 and CONTA173 elements 
were used for the two material interfaces between the platens and the disc. The final meshing (Fig.5) was decided based 
on a thorough convergence analysis carried out as a first step of the numerical study.     
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The nodes of the base of the lower platen were rigidly clamped while the nodes of the lateral surfaces of both platens were 
not permitted to move along the horizontal x-axis. Finally, a vertical downwards displacement equal to 2.275 mm was 
imposed on the nodes of the upper surface of the upper platen (Fig.6). The specific displacement value corresponds to the 
20 kN load applied in the analytic solution used for the validation of the numerical model.   
 
Validating the numerical model taking advantage of the analytical solution 
Due to the double symmetry of the model, the results obtained by the numerical model and those provided by the analytic 
solution will be presented only for one quarter of the disc-loading platens complex. More specifically, in Fig.7a the initial 
shape of one quarter of the perimeter of the notch (black line) is drawn, in juxtaposition to its deformed shape, as it was 
obtained by the analytical (red line) and the numerical (blue line) solutions. The difference between them does not exceed 
4% at any point of the locus considered, which is obviously well accepted. Even, this small difference may be explained by 
the fact that the series expressions of the analytic solution used for the calculation of the displacements are too complicated 
imposing limitations on the number of terms that can be used.  
 

 
Figure 4: The reference numerical model. 

 

 
Figure 5: The meshing of the reference model and the material interfaces. 
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Figure 6: The loading and the boundary conditions. 

 

 
Figure 7: (a) Undeformed and deformed geometries of one quarter of the perimeter of the notch; normal stresses developed along the 
vertical y-axis (b) and the horizontal x-axis (c), as they were obtained by both the analytical and the numerical approaches. 
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Concerning now the stress field components, it is here recalled that the numerical model deals with the problem in three 
dimensions (contrary to the analytic solution which is by default two dimensional). In this context, the normal stresses de-
veloped both at the central cross section of the disc as well as these developed within the plane of its front face are here 
taken into account. The comparison between numerical and analytical data is seen in Fig.7b for the normal stresses which 
are developed along the vertical y-axis (i.e., the line of symmetry along the longitudinal axis of the notch) and in Fig.7c for 
the normal stresses developed along the horizontal x-axis (i.e., the line of symmetry normal to the longitudinal axis of the 
notch). It is clearly seen from these figures that non-ignorable differences between the data of the analytic and numerical 
solutions appear only as one approaches the immediate vicinity of the disc-loading platens contact arc. On the contrary, in 
the immediate vicinity of the crown of the notch (i.e., in the area of utmost importance for the purposes of the present 
study) the mutual agreement is excellent. It is thus concluded that the numerical model can be safely used to study either 
more complicated loading schemes or for exhaustive parametric analyses of the role of various geometrical characteristics. 
 
Parametric investigation 
After its validation, the reference model was properly modified to design six additional models, in order to quantify the 
influence of the geometrical characteristics of the notch on the stress field developed in the disc. The modified geometries 
of the discs are presented in Fig.8 (the loading platens are not shown in this figure, although the whole disc-loading platens 
complex is again simulated, as it was the case for the reference model). The radius of curvature of the corners of the notch, 
and the length and width of the notch were the characteristics considered and the values assigned to each one of them are 
shown in Table 1. Moreover, the role of the third dimension, namely that along the disc’s thickness was, also, studied. 

 
   (b)  (c)  (d) 

Figure 8: The numerical models (only the discs are presented here) of the parametric analysis. (a) The reference disc, (b) enlarged 
views of one of the corners of the notch (parameter r); (c) the discs for the parameter L and (d) the discs for the parameter w. 
 

Parameter 
Model 

Radius of the corners of the notch, r  
[mm] 

Length of the notch, L 
[mm] 

Width of the notch, w  
[mm] 

Reference model 0.33 50 5 

r=0.66 mm 0.66 50 5 

r=1.00 mm 1.00 50 5 

L=30 mm 0.33 30 5 

L=75 mm 0.33 75 5 

w=1 mm 0.33 50 1 

w=3 mm 0.33 50 3 
 

Table 1: The parameters considered during the numerical analysis and the values assigned to each model. 

r=0.66 mm 

L=30 mm 

w=3 mm 

r=1.00 mm 

L=75 mm 

w=1 mm 

Reference 

(a)
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RESULTS  
 
The stress field for the reference model and the role of the third dimension 

he distribution of the equivalent stress developed in the whole complex is presented in Fig.9a. As it was expected, 
the most severely stressed areas are those in the immediate vicinity of the rounded corners of the notch. In ad-
dition, it is seen that the equivalent stress attains lower values as one is directed from the face of the disc towards 

its central plane. Plotting the equivalent stress along one quarter of the notch, the previously mentioned comment is more 
clearly seen (Fig.9b). The first point of the plots (position at 0 mm, Point M) corresponds to the midpoint of the width of 
the notch and the last one (position at 28 mm, Point K) corresponds to the midpoint of the notch’s length (clockwise di-
rection). For clarity, the locus considered was divided into three segments (embedded sketch in Fig.9(b2)), i.e., the horizontal 
segment or in other words the one along the x-axis (continuous line), the corner of the notch (dashed line) and the vertical 
one or in other words the segment which is parallel to the y-axis (dotted line). The same line code was used for the stresses, 
for which, in addition, blue colour indicates the stresses developed at the central cross section of the disc while the red 
one the stresses at its front face. It is seen from Fig.9b that the maximum equivalent stress at the front surface of the disc 
is about 15% larger than the respective value at the central cross section. It is, also, interesting to note that the equivalent 
stress at the front surface of the disc becomes significantly larger from the equivalent stress at the central cross section 
only at the immediate vicinity of the corner of the notch.    

 
(a) 

 
 (b1) (b2) 
Figure 9: Reference model. (a) The overall distribution of the equivalent stress in [Pa] over the disc-loading platens complex; (b1) its 
variation along one quarter of the perimeter of the notch and (b2) a detailed view around the corner of the notch. 
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Contrary to the equivalent stress, the maximum principal stress, σ1, seems to attain larger values as one is directed from 
the face of the disc towards its center, as it is seen from Fig.10a. A more conceivable interpretation of the differences of 
the maximum principal stresses, σ1 over the plane of the front face (red colour) and over that of the central cross section 
(black colour) is depicted in Fig.10b. In this figure one quarter of the notch was again isolated, due to the double symmetry 
of the model, and the stress developed at each point of the notch is drawn (for clarity reasons, the numerical values of σ1, 
attained at some strategic points of the locus are added in the figure). As it was expected, the maximum principal stress 
along the length of the notch (free boundary) equals zero. Based on this figure, it can be stated that, contrary to the equiva-
lent stress, the maximum principal stress is significantly larger at the central cross section (black colour) along the major 
part of the perimeter of the notch. Only along the notch’s rounded corners the two plots tend to coincide, or in other 
words the role of the third dimension becomes negligible. 
 

 
 (a) 

 
 (b) 
Figure 10: Reference model. (a) The distribution of the maximum principal stress in [Pa] and (b) its variation along one quarter of the 
notch over the plane of the front face (red colour) and over that of the central cross section (black colour). 
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The effect of the radius of the corners of the notch 
The influence of the radius of curvature at the corners of the notch on the stress field is depicted in Fig.11, in which the 
equivalent stress at the central cross section along the notch’s perimeter is plotted for three values of r, i.e., r=0.33 mm, 
0.66 mm and 1.00 mm. It is seen that the equivalent stress developed is rather marginally influenced by the changes of r. 
Indeed, even around the notch’s crown, the differences detected are of the order of 5% (Fig.11a). Regarding the maximum 
principal stress, σ1, plotted in Fig.11b, the maximum difference is detected at the beginning of the rounded corner (point 
N in Fig.11c) and it is of the order of 15%. 
 

 
 (a) 

 
 (b) 

Figure 11: The role of the radius of the corners of the notch: The variation of (a) the equivalent stress and an enlarged view of the 
vicinity around the corner of the notch and (b) the maximum principal stress along one quarter of the notch. 
 
The effect of the width of the notch    
Concerning the role of the width of the notch, it can be said that the qualitative distribution of the equivalent stress, σeqv, 
in the body of the disc is not drastically different for the two additional cases studied here (i.e., w=1 mm and w=3 mm), in 
comparison with the reference model with w=5 mm. Indeed, the distributions of σeqv are quite similar to that presented in 
Fig.9a for the reference model. From a quantitative point of view, however, things are drastically different, especially if atten-
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tion is focused on the area around the crown of the notch, namely, the locus most important for the determination of KIC, 
taking into account that crack is expected to start propagating from a point of the notch’s perimeter located in this area.  
In an attempt to gain better insight on the above-mentioned differences, the distribution of the equivalent stress along the 
upper half of the y-axis (i.e., the axis parallel to the symmetry axis of the externally applied stress distribution) at the 
central cross section of the disc is plotted in Fig.12a. It is seen from this figure that approaching the crown of the notch 
the equivalent stress is about 60% higher for the case of the narrow notch. On the contrary, as one is directed far from 
the notch’s crown (i.e., moving towards the disc-loading platen contact arc), the equivalent stress is not seriously affected 
by the differences of the value of w.  
As far as it concerns the second strategic locus, i.e., that along the perimeter of the notch, it can be seen from Fig.12b, 
that the values of the equivalent stress are almost insensitive to changes of w, along the segment of the notch that is 
parallel to the loading axis (see the dotted lines in Fig.12b). However, approaching the mid-point of the notch’s crown the 
equivalent stress for the narrow notch exceeds dramatically that of the wider notches (see the continuous lines in Fig.12b).   
 

 
 (a) 

 

 
 (b) 
 
Figure 12: The role of the width of the notch: The variation of (a) the equivalent stress along the upper half of the vertical loading y-
axis and (b) the maximum principal stress along one quarter of the notch with a detailed view around its corner. 
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 (c) 

 
 (d) 

Figure 12 (continued): (c) The distribution of the maximum principal stress for the models with w=1 mm and w=3 mm, (d) the 
variation of the maximum principal stress along one quarter of the notch. 
 
Quite similar conclusions are drawn for the maximum principal stress, the distribution of which is plotted in Fig.12c for 
the cases with w=1 mm and w=3 mm (the distribution for reference case, i.e., that with w=5 mm has been already pre-
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sented in Fig.10a). The values of the maximum principal stress, σ1, along one quarter of the notch’s perimeter (again at the 
central cross section of the disc) are plotted in Fig.12d. Differences of the order of 70% are observed between the model 
with w=1 mm and that with w=5 mm, indicating once again the paramount influence of the width of the notch on the 
stress field developed in the vicinity of the crown of the notch. 
 
The effect of the length of the notch 
The last geometrical parameter considered in this study is the length of the notch with respect to the disc’s radius. Again, 
the distributions of the equivalent stress in the three models (i.e., the models with L=30 mm, 50 mm and 75 mm) are quali-
tatively similar to each other (Fig.13a), however the differences along some characteristic paths exhibit significant quantita-
tive differences. Indeed, the larger the length of the notch, or in other words the closer the notch’s crown to the boundary of 
the disc, the larger the equivalent stress developed in the disc, as it can be clearly seen in Fig.13b, where the variation of 
the equivalent stress along the vertical y-axis of the central cross section is plotted. It is concluded from this figure that the 
equivalent stress developed at the midpoint of the width of the notch in case L=75 mm is about 60% higher compared to 
the respective stress developed at the same point when L=30 mm (Fig.13b). The difference is even larger, approximately 
75%, at the point where the straight segment of the width meets the starting point of the curved part of the notch’ crown, 
as it can be seen in Fig.13c. 
Differences of the same order are observed, also, for the maximum principal stress, σ1. This is clearly seen in Fig.14a where 
the variation of the maximum principal stress along one quarter of the perimeter of the notch, at the central cross section 
of the disc, is shown. The difference is about 60% at the midpoint of the width of the notch and it reaches 100% at the 
point where the straight segment of the width meets the starting point of the curved part of the notch’ crown. Even larger 
differences, ranging from about 25% to more than 100% (depending on the specific point of the locus) can be detected 
along the perimeter of the disc (Fig.14b).  
 
 
DISCUSSION AND CONCLUDING REMARKS 
 

he role of some geometrical features of the notches machined in circular discs in order to experimentally determine 
the fracture toughness of brittle rock-like materials was studied, both analytically and numerically. The motive of 
the study is the difference between the configuration of the theoretical model adopted for the determination of 

the Stress Intensity Factor (i.e., that of the Crack Straight Through Brazilian Disc - CSTBD) and the actual configuration 
obtained in the laboratory, when a disc made of rock-like materials is mechanically notched. Indeed, while the theoretical 
model considers a relatively short “mathematical” crack (i.e., a discontinuity of short length with respect to the disc’s diam-
eter, zero distance between its lips and singular tip) the discontinuities mechanically machined are notches of finite width, 
without singular tip and of length well comparable to the radius of the disc.  
Based on the results of a recently introduced analytical solution [4,10] a numerical model was designed and validated. The 
calibration procedure was successful given that the results of the analytic solution and those of the numerical model are in 
very good agreement ignoring minor discrepancies in the immediate vicinity of the platens-disc interface (attributed to the 
very complex nature of the analytic solution, which renders convergence of the respective series expressions at specific loci 
satisfactory only when a large number of terms is used, which is inconvenient from the practical point of view). The 
validated model was used for a thorough parametric investigation.  
The investigation highlighted the role of the third dimension (i.e., along the disc’s thickness), which is usually considered of 
minor importance in two-dimensional studies. Differences between the stress levels at the front face of the disc and at the 
central vertical section approaching even 20% were detected. The role of the radius of the corners of the notch was proved 
to be of rather secondary importance. Variations of r of the order of 200% resulted to changes of the equivalent stress lower 
than about 15%. On the contrary, the role of the length of the notch is proven to be quite catalytic. Indeed, increasing L 
from 30 to 50 and 75 mm, results to changes of the equivalent stress from 100 to 140 and to 180 MPa, respectively.  
The parameter, the influence of which on the magnitude of the stress field in the immediate vicinity of the rounded corners 
of the notch was found to be of paramount importance is the width, w, of the artificially machined notch: Increasing w from 
1 to 3 and 5 mm results to changes of the equivalent stress from 140 to 160 and to 200 MPa, respectively. 
What is to be stressed out, is that a realistic overview of the stress field developed when a notched disc is compressed 
between the loading platens suggested by either ASTM or ISRM is not singular and the concept of stress intensity does 
not properly reflect experimental reality. In fact, it is the concept of stress concentration that is to be considered since the 
stress field at the crown of the notch is intensified by the presence of the notch-shaped discontinuity but by no means it 
approaches that of a singular field predicted by the theoretical model of the CSTBD approach. 

T 
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 (a) 

 
 (b) 
 

 
 (c) 

Figure 13: (a) The distribution of the equivalent stress in the disc for the three models with L=30, 50, 75 mm; The variation of the 
equivalent stress along (b) the vertical y-axis and (c) along one quarter of the perimeter of the notch with a detailed view around its corner. 
 
To make the above comment clearer, advantage is here taken of the analytic solution described in previous sections. The 
stress concentration, defined here as the ratio of the equivalent stress developed over the amplitude of the externally applied 
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 (a) 

 

 
 (b) 

Figure 14: The variation of the maximum principal stress along one quarter of the notch with a detailed view around its corner (a); and 
the variation of the equivalent stress around one quarter of the perimeter of the disc (b). 

 
applied load, is plotted in Fig.15, versus the width of a notch machined in a disc of radius 50 mm with a notch of length 
equal to 50 mm, i.e., equal to the radius of the disc. Two strategic points are considered, i.e., point M on the longitudinal 
axis of symmetry of the notch and point C, the mid-point of the rounded corner of the notch. It is definitely seen that 
criticality is achieved at point M where the stress concentration is considerably exceeding that at point C, and therefore 
crack is indeed expected to start propagating along the symmetry axis of the configuration (in full accordance with a series 
of experimental results [13]). 
It is seen from Fig.15 that even for widths of the notch smaller than 0.5 mm (a value that is well below the limits of any 
practical method used to machine the notch) the maximum equivalent stress developed is about 4 times higher compared 
to the amplitude of the externally applied parabolic stress distribution, and by no means it could be considered as tending 
to infinite values.  
Recapitulating, it can be definitely stated that the stress field developed in the disc is strongly influenced by the geometric 
characteristics of the notch especially in the vicinity of its crowns. Obviously, ignoring the exact geometric shape of the 
notch may lead to erroneous results concerning the actual severity of the stress field in this critical region and therefore it 
is quite possible that misleading results about the actual fracture toughness of the disc’s material will be obtained. 
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Figure 15: The stress concentration (i.e., the ratio of the equivalent stress developed over the amplitude of the externally applied load) 
versus the width of a notch in a disc of radius 50 mm with a notch of length equal to 50 mm. 
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