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ABSTRACT.  The mechanical properties of concrete and steels are likely to 
deteriorate depending on the environmental conditions defined by the 
geographic location of infrastructures in civil engineering. In this field, 
external bonding of FRP plates or sheets is one of the most popular methods 
for strengthening reinforced concrete structures. This paper focuses on the 
application of three-dimensional finite element method (3D-FEM) in order to 
study the effect of some parameter on the failure by delamination of repaired 
cracked concrete beams in the first part. In the second part, we focused to 
study the effects of adding of steel fiber in concrete and its volume fraction 
on the load-deflection response of concrete. The level of ultimate load is 
examined of patched and unpatched concrete beams. The results also showed 
that the flexural-deflection response vary with volume fractions of fibers 
compared to witness beam (without reinforcement). The effects of the 
loading magnitude, crack initiation, mechanical properties and geometrical 
parameters were highlighted. 
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INTRODUCTION  
 

ver the years, mankind has used the most diverse materials (wood, clay and concrete) to build their homes since 
the dawn of human civilization. In the whole world, reinforced concrete is the most used structure in all types 
of building, including metallic ones, for the execution of foundations, pavements, bridges, water and sewage 

systems and marine constructions. Given that the concrete has proven to be a resistant material and has a high durability. 
On the other hand, it is known that, a numerous local defects in concrete can be occur during and after construction. 
During construction bad consolidation can leave air voids or concrete may be cracked during curing and consequently the 
concrete structures have suffered premature failure. In order to extend the life of mixed structural (concrete + steel) it is 
necessary to rehabilitate the reinforced concrete RC. There are several techniques for the rehabilitation, the use of 
externally applied fiber-reinforced polymers (FRP) has gained significant popularity for strengthening and repair of 
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concrete structures according to Benzaid et al. [1]. This latter also showed that the CFRP wrap increases the strength and 
ductility of plain- and reinforced-concrete (RC) cylinders significantly. Sereir et al. [2] performed the volume optimization 
of a RC beam reinforced externally by FRP plate using the non linear finite element method, while Tounsi et al. [3] and 
Benachour et al. [4]  presented a simplified solution for interfacial stresses in a concrete beam bonded with the FRP plate 
by including the effect of the adherent shear strain. In the same context, an iterative design optimization procedure of 
flexural stiffness profiles was proposed by Sebastian [5], in order to determine the maximum load that generates the 
appearance of cracks. An algorithm of the iterative procedure was coupled with a numerical model by finite elements of a 
real structure in reinforced concrete hyperstatic in bending reinforced by FRP.  Perera et al. [6] developed an artificial 
neural network in order to predict the shear strength of concrete beams reinforced with FRP-plates. They demonstrated 
also, that the neural network is able to predict the experimental trend. Kato et al. [7] studied the structural ductility of the 
reinforced fiber composites applying an optimization method; they used this method for calculation of damages structural 
behavior of reinforced concrete. Bruggi et al. [8] have developed an original approach based on topology optimization of 
any unidirectional fiber-reinforcement to improve the structural performance of existing structural elements and they 
reported an increasing in bearing capacity of reinforced beams compared to the unreinforced beams. Madi and Guenfoud 
[9] experimentally verified that the rehabilitations of reinforced concrete columns by confinement with FRP fabric reveal a 
considerable gain in resistance and strain capacity of reinforced sections. Hadjazi et al. [10] used a cohesive zone model to 
evaluate the interfacial shear stresses and its effects in the debonding mechanisms in FRP rehabilitated concrete. Lusis et 
al. [11] carried out a series of tests and numerical analysis to study the effect of insertion of short fibers on the mechanical 
properties of reinforced concrete. They have shown a significant impact on tensile strength of structure. Spadea et al. [12] 
examined the strength and ductility aspects of reinforced concrete (RC) beams strengthened with an externally CFRP 
laminates, they found that the bonding of CFRP laminate at the tension face of RC beams affected significantly the 
deflection and energy of the strengthened composite beam. Also, Bennegadi et al. [13]  developed a numerical model  for 
the optimization of the external reinforcement of reinforced concrete beams by HFRP Plate, again, they have found, that 
the ultimate load of the reinforced concrete beam is raised compared to the reference beam and the geometrical and 
mechanical parameters of the HFRP plate must be optimized. A further examination of this subject can be found in Refs. 
[14–19]. Hashemi et al. [20]  presented an experimentally and numerically of flexural behavior of FRP-strengthened RC 
beams using cement-based adhesives and concluded that the use of cement-based bonding materials is a promising 
technique in FRP applications for structures located in hot regions or in danger of fire,  because the  epoxy-bonded loses 
their mechanical strength at high temperatures. In other words, it will be beneficial if they can be replaced the epoxy by 
cementitious (mineral)-based bonding agents such as modified concrete to achieve on applications of these structures 
when the operating conditions are quite severe. Kermiche and Redjel [21] presented an experimental study and analytical 
model in order to simulate the mechanical behavior and crack initiation of concrete and reinforced concrete. Tabatabaei et 
al [22] investigated experimentally the effect of addition of long carbon fibers as a method to improve the impact spalling 
resistance of concrete. They indicated that the strain energy is affected by adding of long carbon fibers and are found to 
be 4–20 times higher than that of plain concrete. A further experimental and numerical investigation have been carried 
out by Narmashiri et al. [23] on the failure analysis and structural behaviour of CFRP strengthened steel I-beams. They 
have concluded that the load bearing capacity has influenced by the CFRP plate geometric and its mechanical properties. 
Hallonet et al. [24] investigated the mechanical and durability performance of wet lay-up flax/ epoxy composites used for 
the external strengthening of concrete structures and concluded that the glass and flax composites present comparable 
tensile stress at failure and the mechanical properties of the composites are lower after hydrothermal ageing than after 
climatic ageing. Asgarinia et al. [25] investigated the fatigue behaviour of woven flax/epoxy composites and they 
concluded that the flax fibres present a good performance and strength compared to those exhibited by glass fibres. In 
particular they revealed also, that the use of flax/epoxy composites should be favoured in load-bearing applications. Also, 
Ivanova et al. [26] performed an experimental analysis of strengthened reinforced short concrete corbel by using carbon 
fabrics. From these study, they showed that strengthened reinforced concrete corbel bonded by carbon fiber fabrics can 
improve the ultimate load to twice and stiffens less than a third. Numerous experimental studies have shown that the use 
of supplementary cementing materials such as  granulated blast furnace slag, fly ash, silica fume and natural pozzolans as 
partial replacement of portland cement are fundamental parts of high strength concrete in order to increase their 
mechanical properties [27-30]. Lijuan et al. [31] analysed experimentally the effect of adding of low volume of tire rubber 
particles in mechanical properties of concrete. The authors concluded that the adding of rubber reduces the axial 
compressive strength of concrete. Moreover, they showed also, that the increasing the rubber content and decreasing the 
size of rubber particles lead to decrease in axial compressive strength and elastic modulus of RC. Similar results were 
found by Bompa et al. [32] who found that the increase in rubber content decrease  the compressive strength, elastic 
modulus, and crushing strain. Based on the above, it can be noted that durability and the recovery of concrete structures 
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are issues that concern the community in general and, therefore, that the complete mastery of methods and techniques for 
the rehabilitation of structures is of national and worldwide interest. These facts lead the authors to focus of the current 
study, in order to contribute in this way. In addition the reinforcement processes for concrete structures is not fully 
understood and represent a very active research field. The use of the finite element method in engineering projects has 
evolved a lot in recent years, mainly due to the use of numerical methods in commercial software. Finite Element Analysis 
(FEA) is an important tool to design a structural component in civil engineering, such as the field of reinforced concrete 
structures. In the present study the 3D-FEM based on the analysis of load-deflection response is examined in reinforced 
concrete beams. The effects of the loading magnitude, crack initiation and the geometrical parameter were highlighted. 
Two examples are presented: in the first section, a cracked concrete beam strengthened by externally bonded FRP-plates 
(CFRP) and secondly, a concrete beam reinforced by steel bars (reinforced concrete: RC) 

 
 
FRACTURE ENERGY OF CONCRETE 
 

he fracture energy of concrete is determined by a three-point bend test according to Petersson [33]. It is 
determined as the area under the entire measured load–deflection curve (Fig. 1), divided by the ligament area 
according to Bažant and Giraudon  [34] with the fracture energy, Gf, corresponding to the area under the initial 

tangent of the softening stress–separation curve of cohesive crack model, which governs the maximum loads ; while the 
fracture energy, GF, corresponding to the area under the complete stress–separation curve, which governs large post-peak 
deflections of structures. Planas and Elices [35] estimated F fG / G 2.0   2.5  , the ratio of  F fG / G   equal to 2.5 was 
taken in our study. 

 

F

f

G  
    2.5
G

                                                                                                                                            (1) 

 
If experimental data are not available in literature and according to ASTM [36], the elastic modulus of concrete can be 
expressed by concrete compressive strength as follow: 
 

c cE   4700   f                                                                                                                     (2) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1:  Softening stress–separation curve of cohesive crack model and areas representing Gf and GF. 
 
 
Also, in finite element simulations, if no test data are available, GF may be estimated bases on the analysis of Wu and Niu 
[37] from the following equation: 
 

                  0.19
F cG   0.644  f                                                                                                                     (3) 

 
From Eqn. (1)  and Eqn. (2) , we have    
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Substituting Eqn. (4) and Eqn. (5) into Eqn. (3), we have 
 

                    
0.192

c
f
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                                                     (6)     

 
and finally  the fracture energy fG  can be expressed by the concrete modulus of elasticity cE , as follow for this concrete: 
 

                 
0.38

c
f

E  
G   0.2576 

4700
   
 

                                                                                       (7) 

 
 
DESCRIPTION OF FINITE-ELEMENT AND MATERIAL MODELS OF (CFRP) 
 

his work aims to contribute to the study the fracture behaviour of mixed structure. The finite element procedure 
implemented in this study through the development of parameterized routines written in the APDL (Ansys 
Parametric Design Language) programming language for the software ANSYS, which are capable of satisfactorily 

simulating the behaviour of these structural components. The goal of this paper is to study the behavior of concrete 
beams strengthened by externally bonded FRP-plates by the computation of load versus mid-span deflection considering 
a SENB concrete beam having varied the ratio of crack length to width of beam  (a/W). The concrete is modelled using 
SOLID65 element type [38]. This element has eight nodes with three degrees of freedom at each node ; translations in the 
nodal x, y, and z directions. This element is capable of plastic deformation, cracking in three orthogonal directions, and 
crushing. All the concrete beam were loaded in a Three-point bending (Fig. 2a). Nonlinear behaviour of the geometry and 
materials properties for the concrete structures was considered in this study. Concrete is a quasi-brittle material and has a 
highly nonlinear and ductile stress-strain relationship.  The geometric dimensions of the specimen and the mechanical 
properties of concrete, FRPs plate and adhesive are selected according to several references [10, 13, 39-40] and are given 
in Tab. 1. 

 
 

Geometrical parameters 

L1 (mm) L2 (mm) Lp (mm) w (mm) B (mm) ea (mm) ep (mm) 

210 280 180 70 70 2 2 

Material properties 

Materials CFRP plate concrete Adhesive layers 

E (GPa) 43.5 25 3.80 

Poisson’s ratio 0.33 0.2 0.35 

 
Table 1: Geometric and material properties [10, 13, 39-40] 

 
Finite element simulation was done using the commercial software ANSYS® (ANSYS 19 [38]). The numerical simulation 
of delamination and crack growth in three-dimensional is known delicate for reasons related to the mesh at the interface 
and in the vicinity of the crack, especially when dealing with the reinforcement of concrete beams by FRP.  
The mesh of the concrete beams with FRP is composed of several regulated zones. The mesh is designed to be highly 
refined in the interface and near the crack-tip in order to obtain more accurate results (typical element dimension in these 
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zone is 0.05 mm). Various mesh schemes are tried to achieve convergence. The optimized model has 18,263 nodes, 
18,200 elements. The mesh model with the boundary and loading conditions are given in Fig. 2b. The theory of 
incremental plasticity is introduced to modelling the material nonlinearity. The iterative method of Newton–Raphson is 
used as an approach to solve nonlinear equations by finite elements. 
 
 
 

 
 

Figure 2:  (a); Illustration of the specimen geometry with the boundary conditions and loading condition, (b) Meshing of unpatched 
cracked specimen and (c) Meshing of patched  cracked specimen. 
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Results and discussion 
The curves of load versus mid-span deflection of the uncracked beams, unpatched and patched cracked beams are shown in Fig. 3. 
These results show that, the shape of any load-deflection curve is similar with respect the crack size. It's also showed a bi-linear 
behavior: a precracking (elastic behavior) and post cracking behavior up until total failure (appearance and the development of the 
damage within the volume of the material). Furthermore, a significant differences are noticed concerning the witness and 
cracked beams especially when the crack becomes longer (Fig. 3a). This behavior may be explained by the fact that the 
change of the crack length lead to increasing of the stress level at the near the crack front, which reduce the stiffness of 
beam. Fig. 3b, c and d also reveals, that the use of externally bonded FRP-plates in concrete beams increases the ultimate 
strength and stiffness of structures regardless the crack size. In other words, a transfer of stress level from the crack tip to 
the patch through the adhesive, which lead to increases of beam stiffness and consequently to the improve of the 
performance of infrastructures in service.  
 

(a)                                                                                         (b)   

      
 
   (c)                                                                                           (d) 

                      
 
Figure 3:  Comparison of the load vs. mid-span deflection of uncracked and cracked beam: (a) varied crack lengths a without patch (b) 
a=7mm and varied Lp, (c)  a=21and varied Lp, (d) Lp=180mm and varied a. 
 
 
Fig. 4 shows the variations of load as a function of the mid-span deflection for various patch length (L) for three values of 
crack size (a = 7, 21 and 35 mm). It is appear from these figures that the geometry of the patch has a great effect on the 
beam stiffness, a decrease of patch length leading to reduce to the beams resistance. This behavior can be explained by the 
fact that the patch absorbs the stresses in the cracked zone. As the patch length increases implying that the damage 
developed in patched beam is very slowly. 
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(a)                                                                                            (b) 

        
Figure 4:  Comparison of the load vs. mid-span deflection of: (a) effect of patch length LP, (b) effect of patch length LP and adhesive 
thickness. 
 
 
(a) (b) 

 
(c) (d) 

 
Figure 5:  Evolution of interfacial Stresses along the bond line: (a) effect of patch length and adhesive thickness on the Von Mises 
stress, (b) effect of patch and crack lengths on the shear stress, (c) effect of crack length on the normal stress, (d) effect of patch 
length on the normal stress. 
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Parametric study    
It is known that the failure modes of RC beams reinforced by externally bonded FRPs plates is related to mechanical 
properties and geometrical parameters of adhesive and FRPs plate according to Gao et al. [41]. To do this, this numerical 
study is made in order to determine the effect of such parameters: crack size, patch length and adhesive thickness on the 
distribution of interfacial stresses and deflection along the bond line. 
Fig. 5.a-d shows that the interfacial stresses (the Von-Mises stress, the shear and normal stresses) are clearly influenced by 
the variation of geometrical parameters such as: length and thickness of the patch, adhesive thickness and the crack size. 
In other words, the increasing of patch length leads to decreasing of the Von-Mises stress (Fig 5.a) and to increasing of 
the normal stress at the Interface between the concrete and the adhesive (Fig 5.c-d), while a large crack size leads to higher 
shear stress (Fig 5.b). The presence of high level stresses under the flexural crack provides an explanation to the 
propagation by delamination. We recall also, that the delamination is related to the level of interfacial stresses [2-3].  
 
(a)                                                                                                (b) 

                 
  
(c)                                                                                                    (d) 

            
Figure 6:  Evolution of deflection along the bond line: (a) effect of adhesive thickness, (b) effect of crack size, (c) effect of patch 
length, (d) effect of span length Ds 
 
The evolution of deflection along the bond line are presented in Fig. 6a, b, c and d. Again, the effect of adhesive thickness 
is practically negligible on the value of deflection (Fig. 6a). However, the crack size and patch length has a great effect on 
the deflection at level of both lips of the crack (Fig. 6b-d). This behavior can be explained probably by the fact that the 
presence of this very high deflection at this location (at the two sides of a crack) can favor the crack growth by 
delamination which leads to an unexpected rupture by the presence of the loading of service. 
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GEOMETRICAL MODEL AND MATERIAL PROPERTIES OF REINFORCED CONCRETE (RC) 
 

n this part, we are interested in the study of the efficiency of the adding of conventional steel bars in a concrete beam 
under three-point bending load. The concrete beam and supports were modeled as volumes. The dimensions and 
combined volumes of the support and beam are shown in Fig. 7a. A reinforced concrete beam is a 750 mm in length 

with cross section of 150 mm x 100 mm (depth x width) and a span of 700 mm is considered in this study. This beam is 
made of 10 mm diameter steel bars and they used as the main tensile bars and of 6 mm diameter steel stirrups at 120 mm 
spacing. 

 

                    
 
Figure 7: (a) Details of beam specimens, (b) Details of RC beams reinforced by FRPs plate, (c) Mesh of the concrete and 
reinforcement configuration. 
 
In addition, a numerical analysis of the previously RC beams reinforced by FRPs plate were highlighted. Fig. 7b presents a 
representative diagram of the different steps related to the transition from the reference beams (witness beam) to the 
rehabilitated beams (type A, B, C and D). The Solid65 element was used to model the concrete beam and Link8 elements 
were used to create the flexural and shear reinforcement. Reinforcement exists through the length of beam. Shear stirrups 
are modeled on a section normal to the length of the concrete beam. The finite element mesh for the reinforced concrete 
(RC) beam is shown in Fig. 7.c.  In order to study the effect of reinforcing and its relative percentage value in concrete on 
the load-deflection response of concrete, the same dimensions and mechanical properties as those used by several authors 
[10, 39-40] were considered in this analysis and are given in Tab. 2. 
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E1(GPa) E2(GPa) Ea(GPa) G1(GPa) G2(GPa) τf (MPa) Kb(MPa/mm2) Gf(N/mm) 

25 230 3.8 10.41 5 1.8 160 0.5 
 

Table 2: Mechanical properties of the material used in this study [10, 39-40]. 
 
Fig. 8 show the effect of volume fraction (Vf) of steel fiber on the concrete strength in terms of loading-deflection 
response. It can be found that the use of fiber regardless its volume fraction (Vf) can improved the concrete properties. 
from this figure (Fig. 8), it is possible to analyze the stiffness of each beam. The initial deflection (at the beginning of 
loading) were practically the same for all beams, with a slightly higher stiffness for the reinforced beam with steel bars 
compared to witness beam. However, for level loading greater than 35 KN, the evolution of loading-deflection in the 
middle of the span began to show greater discrepancies between them especially for volume fraction of steel fiber Vf = 
50% adjacent to the tension face of RC beams (type D; (50%-100%)). This can be explained by the fact that the adding of 
any fiber to cement and concrete, significantly improves the mechanical properties and prevents crack growth in mixed 
structures. Also the effect of crack and its size on the loading-deflection response are analyzed for the case of volume 
fraction of steel fiber (50%-0%) and are given in Fig. 8b. As can be clearly seen from this figure, that the ultimate load of 
the cracked beam is reduced significantly compared to the witness beam (without crack) for the same volume fraction of 
fiber in concrete. The level of ultimate load ranges from 39 kN (crack equal to 100 mm) to 52 kN (without crack). This 
behavior can be explained probably by the fact that the presence of defect (crack) in any structure reduces the stiffness, 
strength and reliability of structures considerably. The same conclusion has been found by others authors [42-43]. 
 

(a)                                                                                        (b) 

                     
Figure 8:  Comparison of the load vs. mid-span deflection of: (a) reinforced and unreinforced beam, (b) cracked and uncracked beam. 
 
The evolution of loading versus deflection determined from the finite element results, with various volume fraction (type 
A, type B, type C and type D) of steel fiber in concrete and for four values of crack size (a = 20, 40, 60 and 100 mm) are 
shown in Fig 9. Again the results show that the values of ultimate load are quite sensitive to the crack length with respect 
of each Vf configuration. Indeed, the value of the ultimate load for high crack size (a = 100 mm) is 80% times greater 
than a crack of small size (a = 20 mm) with respect the Vf configuration. On the other hand, the results reveal that, for 
the same crack length the contents of fibers improves the concrete strength and the peak of flexural loads. We recall that 
the main characteristic of concrete is that the high compressive strength and low tensile strength (around 10% of 
compressive strength). So, the steel bars are usually used in conjunction with concrete, where the bars absorb the tensile 
stresses during the service. In this study, the higher strengths were obtained for mixes that were manufactured with fiber 
volume fractions equal to 50%-100% (type D) whatever the crack size.  In a recent study, Abbass et al. [44] indicated that 
concrete beams reinforced with steel fibers attained much higher ultimate load compared to the plain concrete (without 
reinforcing). 
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  (a)                                                                                              (b)  

              
  
   (c)                                                                                           (d) 

                
Figure 9:  Comparison of the load vs. mid-span deflection of Vf  of reinforced cracked beams : (a) crack length a = 20 mm, (b) a = 40 
mm, (c) a = 60 mm and (d) a = 100 mm. 
 
In this study, SOLID65 element is used for the modeling of the reinforced concrete beams. The particular feature of this 
element is that presents a tensile cracking and compressive crushing properties. The crack is represented by a circle while 
the crush is represented by an octahedron, both positioned perpendicular to the stress that generated the failure. If the 
crack opens and then closes, an “X” is inserted inside the circle as shown in Fig 10. There is also a color distinction, where 
red represents the first crack or crush, green represents the second crack and blue the third crack in the same node. This is 
in agreement with the finite element results of Kachlakev et al. [45] who concluded that there are different types of 
concrete failure that can occur are flexural cracks, compression failure (crushing), and diagonal tension cracks of 
reinforced concrete under four points bending load. We recall also, that the same conclusions were found by Bennegadi et 
al. [13] for the case of reinforcing concrete beam externally reinforced by HFRP plate. 

 
 

CONCLUSIONS 
 

he aim of this study is to analyse the effect of various parameters such as :  geometrical and material properties on 
the flexural behaviours of repaired concrete beam and the fracture problems of mixed structural in civil 
engineering under three point bending condition, from these numerical results, we can deduce the following 
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conclusions: 
 The developed finite element modelling approach to simulate the reinforced concrete beams. 
 The presence of crack regardless its size, reduces significantly the strength and reliability of structures.  
 The presence of external bonding of FRP plates reduces the level of stress near the crack tip which can lead to 

increasing in the life time of structures in service. 
 The increasing of the length of FRP reinforcement lead to increase of the ultimate load of the beam. 
 Presence of steel fiber in concrete beam increases the ultimate load compared to witness beam (without 

reinforcement). 
 The adding of steel fiber in concrete increases the ultimate load of concrete by about 15–30% for the same crack 

size. 
 The finite element analysis can be used as numerical tool to predict the crack initiation in reinforced concrete. 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 10:  Numerical prediction of cracks pattern in the reinforced beam 
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NOMENCLATURE 
 
a  Crack length
B  Thickness of the specimen 
FRP Fiber-reinforced polymers 
CFRP Carbon fiber-reinforced polymers
HFRP Hybrid fiber-reinforced polymers 
Ds The space between the beam boundary and the support 
ea Glue layer thickness 
eP Patch layer thickness 
Ec= E1 Concrete Young’s modulus 
Es Steel  young’s modulus 
Ea Glue layer Young’s modulus  
E2 Carbon fibers  Young’s modulus 
FV Fractional fiber volume 
fc concrete compressive strength 
FV (100% -50%) Orientation rate of the volume fraction from 50% to 100% 
FV (0% -100%) Orientation rate of the volume fraction from 0% to 100% 
FV (100% -0%) Orientation rate of the volume fraction from 100% to 0% 
G1 The transverse shear modulus of adherents 1 
G2 The transverse shear modulus of adherents 2 
Kb Initial elastic stiffness of the FRP-concrete interface 
U Displacement
Ux Displacement following the x axis 
Uz Displacement following the Z axis 
τf Shear strength of the interface 
W  Height of the concrete specimen 
L length of the concrete specimen 
GF Fracture energy for Bažant’s model

fG  Fracture energy for cohesive crack model 
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