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ABSTRACT. This paper presents the analytical solution of the stress-strain 
state for a dented pipeline, based on the method of equivalent loads. Firstly, a 
solution for a harmonic imperfection was found, then using Fourier series 
expansion a semi-analytical procedure was proposed to assess a single dent. A 
comparison between analytical and numerical results for the axial force and 
pressure load were given. The influence of the dent dimensions, shell radius 
to thickness ratio and initial loading to stress concentration factor were 
discussed. 
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INTRODUCTION 
 

runk pipelines are one of the most common means used in the transportation of various kinds of energy resources. 
Ensuring trouble-free operation of pipelines is a pledge of both the environmental and energy security of the country 
through which they pass. The most common cause of accidents on trunk pipelines is the presence of mechanical 

damage (dents and gauges) and corrosion [1]. Therefore, the key point in the study of the technical condition and the 
extension of the life of trunk pipelines is the determination of their stress state, taking into account these local damages. 
Dents are one of the most common types of defects arising due to external interaction – damage by heavy machinery 
(excavators, tractors, pipe layers), falling stones on top of a pipeline or resting on supports [2]. 
Local imperfections like dents on pipelines are quite complicated for engineering analysis. To assess this problem, contact 
mechanics and nonlinearities in both material and geometry have to be considered in all phases of the dent life cycle. 
Recently these problems are addressed using FEA only [3, 4]. Finite Element method is the most largely used method for 
solving problems of engineering but since it is a numerical study it does not give the total accurate understanding of the 
problem. To investigate dent problems, it would be best to develop a closed-form analytical model would be the wisest 
choice to investigate dent problems but it is almost impossible due to the complicated geometry and it doesn't give 
considerable advantages comparing to FEM analysis. Instead a semi-analytical numerical procedure is proposed in the 
current study based on the equivalent load method. 
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Equivalent loads method was proposed by [5], to study the stress behavior of thin–shell structures containing geometric 
imperfections. The stress behavior of a geometrically imperfect shell under load is equivalent to the sum of two stress fields 
[6]. The first stress field is produced by the original load acting on the geometrically perfect version of the shell. The second 
stress field results from applying to the perfect version of the shell a load pattern that results in perturbation stress behavior 
equivalent to that which would be induced by the geometric imperfection. It should be noted that the equivalent load does 
not produce the correct dent shape but instead produce a stress field that is similar to that which would have been produced 
by the dent. Equivalent load is given usually in the form [6]: 
 

2x xx x xp N N N                 (1) 

 
, ,x xN N N    membrane forces, that arise from the action of the initial load on the curved shell; 

, ,x x     change curves in two main directions and the change curvature in twist.  

Eq. (1) is standard in the solution of non-ideal shell problems and is used by [7], who proposed to improve its accuracy by 
considering the additional terms for imperfections amplitudes larger than the shell thickness [8]. 
Modern regulatory documents [9] in the damage risk analysis consider only the permissible depth of such defects, neglecting 
other geometrical parameters and the load level. The main idea of a current study is to develop effective semi-analytical 
procedure for dent analysis based on equivalent loads method with second order terms to perform the convergency analysis 
and to investigate the dent shape effect and loading level on the stress concentrator factor. 

 
 

ANALYTICAL BACKGROUND 
 
General equations 
 

he theory of the thin-shells is quite well-known and effective for pipelines application. General equation of 
cylindrical shell equilibrium under external forces: 
 

   [ ] L u F            (2) 

 

   Tu v wu  is the displacement vector; 

,u v and w  are the orthogonal components of displacements in the ,x   and radial directions; 

  2 T

x rR H p p p   F  is the external loading vector; 

[ ]L  is a matrix differential operator [10]: 
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Differential matrix operator [ ]D M L corresponds to Donnel-Mushtari shell theory, the simplest one; 

[ ]MOD L  modifying operator, for a different shell theory, further we will use Flugge shell theory;  

[ ]INI L differential operator which implies the initial stress influence.  
These operators are written in explicit form below: 
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The following notations are used: 
 

2

2 2 2; ; ;
12 1
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k H D H

R R

 


   


        (7) 

 

R   shell radius,  
h  shell thickness,  
E Young’s modulus,  
   Poisson ratio.  
The complete explicit solution of Eq. (2) can be found only for simplest geometries, and loadings, for a single dent it can’t 
be obtained, thus a numerical procedure is developed below based on the accurate solution for the harmonic imperfection 
and Fourier series expansion. 
 

Harmonic imperfection 
A harmonic imperfection was considered as a base for further solution and the displacements representation can be found 
using: 
 

 cos sinu
mnu C n x
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 sin cosv
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 cos cosw
mnw C n x

R

    
 

   (8) 

 

/m R l  ,  
,n m wave number in circumferential and axial directions, 

l  length of the shell, 

, ,u v w
mn mn mnC C C modes coefficients for corresponded directions.  

Substituting representations (8) in Eq. (2), we can get a simple algebraic set of equations: 
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This set of equations can be easily solved using any mathematical software, like Maple or Mathematica, but its solution is 
too long to be given here. The solution of a harmonic imperfection is itself useful, as it can be used to approximate the long 
dent, but the solution for a single dent can be further obtained using Fourier series expansion. 
 
Solution for a single dent 
Dents can have different profiles, which depend on the mechanism of dent formation and working conditions. To work 
with a specific dent, the profile should be measured directly and afterwards approximated by a Fourier expansion but, to 
test the analytical procedure, the following smooth shape function was used to describe the dent profile: 
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       (12) 

 

0x  - length of the dent in the axial direction,  

0  is the length in circumferential direction, 
  - dent depth. 
A very common way to deal with single imperfections is to use Fourier expansion. Thus, to find a solution for a dent, load 
coefficients (1) for every mode, using double integrals, have to be found: 
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These integrals can be computed numerically, so it's possible to deal with any dent form, thus, in contrast to other analytical 
solutions, the dent form influence can be further investigated. Also, it is very useful for analysing the dents found during 
the inspection. For a complete solution, internal forces and moments with a simple summing for each mode must be found: 
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2 1 cos cosw
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Stresses were obtained using the following formulas of the shell theory, and were divided into membrane and bending 
part, which is very common for nuclear, oil and gas industries: 
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In the following section, this semi-analytical procedure will be tested in detail, and some properties will be discussed 
 
 

RESULTS AND DISCUSSION 
 

o analyze the dent behavior, the stress concentration factor will be introduced, which is the ratio of a local stress 
caused by the dent to the nominal stress level in a perfect pipe: 
 

 mx bx
force

nom

SCF
 



           (22) 

 

m b
pressure

nom
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           (23) 

 

Here nom  is a nominal stress level in a shell without a dent. In this study, two main loadings for oil and gas pipelines – 
internal pressure (P) and axial force (F) were considered: 
 

2
x

nom force
N F
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            (24) 

 

nom pressure

N PR

h h
             (25) 

 

First of all, the convergence criteria will be considered to the analysis, i.e. how many modes should be included in Fourier 
expansion. On Fig. 1, the convergence solution can be seen with respect to the number of modes involved (number of 
terms in Fourier expansion) and it is possible to conclude that 50th-60th modes were quite enough for dent assessment. 
Also, for internal pressure loading, it's possible to note that the proposed solution converges faster. 
On Fig. 2 and Fig. 3, a comparison with numerical results obtained by the commercial FEA ANSYS can be seen. As an 
applied load axial force (see Fig. 2) and pressure (Fig. 3) were used, the nominal stress level was equal to 1 MPa, note that 
the stress categorization according to Eqns. (20) and (21) was used. However, an equivalent load method underestimates 
the peak stress concentrated value, it predicts quite well the stress profile and from Fig. 1b it can be seen that 20-25 modes 
will be enough for profile prediction. 
The influence of the nominal stress level was analyzed in Fig. 4. It can be seen the continuous reduction of the SCF with 
the increasing of the stress level, this effect is introduced in the model with the initial stress matrix (6), without it horizontal 
lines would be obtained. The initial stress influence can be explained by the fact that high level forces, especially pressure, 
tries to ‘fix’ the dent and bring the shell to a perfect condition. In addition, from Fig. 4, the effect of non-proportional dent 
dimensions can be observed and conclude that a dent with a longer dimension perpendicular to a nominal stress is more 
dangerous. Thus, in dent assessment not only dent depth should be considered, but also length and width have to be taken 
into account. From Figs. 2-4, it's possible to conclude that internal pressure leads to bigger stress concentration factors with 
the same nominal stress level. 
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Figure 1: Convergence of results with respect to Fourier terms of expansion: a - stress concentrating factor for pressure and force 
loading; b – profiles of circumferential bending stress for pressure loading. 

 
Figure 2: Comparison with FEM solution for axial force loading: R=400mm, h =10mm, ξ=0.5h, 0R = 0x =60mm,  analytical 
solution; FEM solution. 

 
Figure 3: Comparison with FEM solution for internal pressure loading; R=400mm, h =10mm, ξ=0.5h, 0R = 0x =60mm,  

analytical solution; FEM solution. 
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Figure 4: Effect of initial stress: a) Axial force loading, b) Internal pressure loading; R=400mm, h =10mm:  0R = 0x =60mm; 

0R =90mm, 0x =60mm; 0R =60mm, 0x =90mm. 

 
In Fig. 5, the effect of shell radius to thickness ratio was analyzed and again it is possible to see the different behavior for 
internal pressure and axial force loading. It can be clearly seen from Fig. 5 that with increasing R to h ratio a higher SCF 
was obtained and the stress concentration can be up to 40 times. In oil and gas industries typical trunk pipelines have 
R/h=15…40, so the results will be in the lower part of Fig. 5 and with the increasing of the nominal stress level SCF factor 
will decrease (see Fig. 4) and this effect will be more significant for flexible shells.  Nevertheless, if using high strength steels 
for piping, the thickness can be reduced and must be aware of the increasing in SCF for dents in very flexible shells. 
 

 
Figure 5: Effect of radius to thickness ration: a) Axial force loading, b) Internal pressure loading; σnom=1MPa, h =10mm:   

 0R = 0x =60mm; 0R =90mm, 0x =60mm; 0R =60mm, 0x =90mm; 
 
 
CONCLUSIONS  
 

 simple engineering approach was developed for analysis of stress-strain state of dented pipelines using equivalent 
load method. Using the harmonic imperfection model, an explicit analytical solution for a single dent was received 
and for a reliable accurate solution 50 terms in Fourie expansion must be used. Comparison of analytical stresses A 
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with the results of numerical simulation shows the effectiveness of the proposed procedures. However, equivalent load 
method underestimates the peak stress concentration value, but it predicts quite good the stress profile. The peak stress 
value can be adjusted by a simple semi-analytical correction. 
Obtained semi-analytical solution allowed to conduct parametric studies for different dent shapes, radius to thickness ratio 
at different nominal stress level:  
 for small dents with increasing depth the stresses concentration increases and for small dents, this growth was more 

significant 
 the influence of pressure, for unproportional dent was more significant than in case of axial force loading;  
 concentration due to the pressure load was more significant, and must be taken into account, especially for short dents, 

since it can exceed the nominal stress level by an excessive value; 
 increasing in nominal stress level gives a reduction in stress concentration factor, and for pressure loading this decreasing 

was more significant; 
 increasing in R to h ratio leads to increasing in stress concentration factor. For pressure and axial force loading this 

effect is different and should be accounted for very flexible pipelines. 
The proposed semi-analytical solution is a powerful method for dents assessment, it is especially useful for parametric 
analysis, and it can be used to understand the factors that influence the pipeline safe operation.  
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