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ABSTRACT. Paper presents the “in situ” method for determining of 
irreversible fatigue damage accumulation, based on the analysis of nonlinear 
manifestations of the feedback signal in a closed system of an ultrasonic 
fatigue system. During very high cycle (gigacycle) fatigue, the anomalies of the 
elastic properties of the material are appear, which leads to a nonlinearity 
effect in the amplitude of oscillations. This effect increases with the initiation 
and growth of fatigue cracks. The technology was applied to samples of 
AlMG-6 alloy with preliminary dynamic deformation to determine the 
moment of initiation and growth of the fatigue crack in very high cycle fatigue 
regime. This method is applicable for the early detection of fatigue cracks 
both on the surface and inside the material under cyclic loading in the 
ultrasonic mode. On the basis of wide-range defining relations for a 
deformable solid body with mesoscopic defects, a mathematical model has 
been proposed that can adequately describe behavior of the material during 
fatigue failure. The results of mathematical modeling are in good agreement 
with the experimental data 
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INTRODUCTION 
 

he determination of fatigue cracks origin nature is one of the most important fundamental problem for various 
application areas, especially speaking about ultrahigh-cycle (gigacycle) [1-3] fatigue, when crack forms inside the 
material. The series of catastrophes caused by the fatigue destruction of gas turbine engines [4-6], combined with 

the high cost of resource assessment and the potential cost of developing new structures, stimulated promising concepts 
of national programs in the field of high and very high cycle fatigue, based on the use of new fundamental results in 
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assessing fatigue strength. Special attention should be paid to the foreign object damage (FOD) research section, which 
deals with the destruction of engine parts after preliminary dynamic loading [7-11]. 
At present, after several decades of research, it is becoming clear that fatigue damage is the result of accumulation of 
microplastic deformations, which lead to irreversible microstructural and topological changes [12] that determine critical 
states of damage and the transition to destruction. General knowledge of the mechanisms of microstructural changes 
leading to fatigue failure allows us to associate these critical states with the development of an ensemble of microcracks 
originating in localized shifts. 
The interest to fundamental problems of fatigue damage has sharply increased in connection with the possibility of 
attaining a fatigue resource corresponding to the so-called very high (gigacycle) fatigue [1-10]. The results of these studies 
raised, in particular, the question of the existence of a fatigue limit in the transition from high cycle to gigacycle loading 
conditions. 
The formation of fatigue damage is traditionally associated with microplastic deformations [1-2, 12], which are occur 
under cyclic loading conditions, initiating various microstructural mechanisms that control durability and depend on the 
nature and initial structure of the material. For ductile metals, a special type of fatigue (cyclic) deformation localization 
(persistent slip bands - PSB) is observed, the development of which traditionally leads to the initiation of cracks in the 
near-surface zone. The second common case, for example, in the fatigue fracture of high-strength steels, is the onset of 
damage (microcracks), in the vicinity of inclusions at low load amplitudes corresponding to very high cycle fatigue. 
A characteristic feature of destruction under gigacycle fatigue conditions is the decisive effect of the initiation stage of a 
fatigue crack on the fatigue life. At the same time, a qualitative difference is the formation of a fatigue crack in the bulk of 
the material, which decisively changes the formulation of the problem of assessing the fatigue life, methods for studying 
the stages of fracture development. In contrast to the established traditions in the field of high-cycle fatigue, where central 
attention is paid to the crack propagation stage, a fundamental problem arises about formation of the fatigue crack during 
multiscale damage development processes associated with defects of various nature (inclusions, localized plastic shear 
bands, microcracks, pores). The staging of destruction is characterized by the effects of “irreversibility”, initiated by the 
formation of localized shifts that play a key role in the initiation of a fatigue crack [13-15], which can manifest itself in 
signs of nonlinearity of the elastic behavior of materials, “anomalies of elastic compliance” of fatigue samples. The role of 
the initiation stage is especially important for gigacyclic loading regimes, which are characterized by "fish-eye" crack 
formed in the bulk of the material [13-14]. This article presents a method for monitoring the kinetics of accumulation of 
defects by analyzing the amplitude of the second harmonic of oscillations of the free end of the sample. With the 
appearance of internal defects, nonlinearity effects arise, which significantly increase with their correlated interaction and 
the formation of a fatigue crack. 

 
 

MATERIAL AND EXPERIMENT CONDITION 
 

n this research were investigated samples of aluminum alloy AMG-6, the chemical composition and mechanical 
characteristics of which are presented in Tabs. 1 and 2. 
The material was subjected to dynamic deformation performed by split Hopkinson pressure bar set-up at the strain 

rates of ~103 s-1 [16]. The material was pre-deformed in order to specify a certain degree of initial damage to assess further 
of the defects development kinetics. Samples with a geometry corresponding to Fig. 1.  

 

Al Cu Mg Mn Si Fe Zn Be Ti 

91.1-93.68 0.10 5.8-6.8 0.5-0.8 0.4 0.4 0.20 0.0002-0.005 0.02-0.1 
 

Table 1: The chemical composition of AMg6 (as a percentage) 
 

Elastic modulus (GPa) Yield strength (MPa) Tensile strength (MPa) Maximum elongation (%) 

71 180 355 25 
 

Table 2: Quasi-static tensile properties of AMg6 
 

I 
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Figure1: Geometry of the samples (scales in mm) 

 
The fatigue loading was carried out on an ultrasonic Shimadzu USF-2000 resonant-type testing machine (Fig. 2) at stress 
levels of 90-162 MPa and a symmetrical cycle R = -1. The principle of operation testing machine is based on formation of 
standing wave in the generator-horn-sample system [2]. In this case, the maximum amplitude of displacements occurs at 
the ends of the sample, and the maximum amplitude of stresses at its center. On the side of the free end of the specimen, 
an inductive sensor is fixed, which makes possible to determine the displacement of the end with an accuracy of tenths of 
a micron and a frequency of up to 1 MHz. The machine allows testing materials on the basis of 109-1010 cycles with 
amplitude from the 1st to several tens of microns with a frequency of 20 kHz, which reduces the test time to several days, 
in contrast to the classical fatigue installations, where this number of cycles is achieved during the years of testing. 
 
 

 
 

Figure 2: The experimental setup: 1 - Horn, 2 - sample, 3 - displacement sensor, 4 - cooling system. 
 

The formation of cracks in cylindrical samples undergoing high cycle loading in the range 106-107 cycles begins from the 
surface. For the dynamic preloading samples AlMg6 subject to cyclic loads in the range exceeding 108 cycles the crack 
formation is started in the bulk of the sample. The fracture surface in this case exhibits a fatigue zone known as a “fish-
eye” which is a distinguishing feature of such fatigue regimes. The central part of this region comprises a fracture nucleus 
surrounded by the region of refined (submicrocrystalline) structure so-called FGA [13] (Fig. 3a). 
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         a)                                                   (b) 

 

Figure 3: (a) Characteristic surface relief of a gigacycle fatigue fracture zone of AlMg6, (b) scaled-up fragment of the «fish-eye» zone 
obtained by the scanning electron microscope Hitachi S3400 (σ=138 MPa Nf=7.51108), the region 1 is the center of crack initiation, 
the region 2 is FGA zone. 

 
 

NONLINEAR ACOUSTICS METHOD FOR NON-DESTRUCTIVE TESTING OF FATIGUE FAILURE 
 

he method is based on the initiation of a longitudinal finite-amplitude perturbation A0 with a frequency ω0 on one 
side of the sample, while its other end remains free [17-19]. Oscillations of the free end of the sample will contain 
a number of harmonic components: components with amplitude A1 at the fundamental frequency ω0, amplitude 

A2 of the second harmonic with frequency 2ω0, and so on. The nonlinearity parameter βe  is determined experimentally by 
measuring the absolute amplitudes of the signals of the first A1 and second A2 harmonics corresponding to the nonlinear 
law of elasticity: 
 

2 21 1
... ...2 3 22 2

u u u ue e e eA A A
a a a a

 
                                          

    (1) 

where σ is the stress, u is the displacement, a is the spatial coordinate, 2
eA  and 3

eA - are the second and third order elastic 

coefficients, respectively. By introducing the nonlinearity coefficient: 3 2( / )e e eA A    and the wave equation can be 
represented as: 
 

2
2

2 1 eu u u
c

a at
                  

         (2) 

 
where u is the component of the displacement vector in the direction, c - is the longitudinal speed of sound, t - is time. Its 
solution, given that the end oscillation u =u1cos(ωt), will be:  
 

0 1 2cos( ) sin 2( ) ...u u u t u t ka              (3) 
 

That the amplitude of the second harmonic 2 2
2 1(1/ 8) eu k u a , where 0 /k    – wave number, we can derive: 

 

 2 2
2 18 /e u k u a            (4) 

 
In the study of nonlinear phenomena in the gigaclic fatigue regime, the relative parameter is determined by measuring the 
amplitudes of the main and second harmonics: 
 

T 
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relative 0/              (5) 
 
where β0 refers to intact material. 
 
 
MEASUREMENT OF NONLINEARITY COEFFICIENT 
 

o determine the nonlinearity coefficient, we prologue both parts of the Eqn. (4): 
 

2 1log( ) log( ) log( ) 2 log( )k u u            (6) 
 
The amplitude of the oscillations is measured in decibels at scales  1  20 1A log u  and (2  20 2)A log u , then the ratio 
takes the form: 
 

2 120 log( ) 20 log( ) 20 log( ) 40 log( ),k u u           (7) 

 

2 120 log( ) 2K A A             (8) 
 

Thus, the relative nonlinearity parameter β can be found from the formula: 
 

0 2 1 2 1 020 log( / ) ( 2 ) ( 2 )A A A A             (10) 
 

The authors developed a software and hardware complex which analyzes the signal in real time with a variable duration 
and performs a fast Fourier transform to search for the amplitudes of the fundamental and second harmonics. When a 
trend is detected to increase the amplitude of the second harmonic, the software stops the experiment and reports the 
possible occurrence of a fatigue crack. 
 

 
a)         b) 

 

Figure 4: The change in the non-linearity factor βrelative (dB) during testing of the sample with an internal crack (a) σ = 138 MPa, 
Nf = 7.51 • 108 (Fish-eye) and a sample with a surface crack (b) σ = 140 MPa, Nf = 2.72 • 108. 
 
The dependences of the non-linearity coefficient βrelative on the loading amplitude during fatigue life for aluminum alloy 
AMg-6 are given. During the experiment, βrelative increases slightly at the initial stage, which is usually attributed to the 
effect of heating the sample and, as a result, changing its linear dimensions [17-19], then most of the time of the 
experiment, the amplitude of the second harmonic remains constant and increases significantly with the formation of a 
fatigue crack and its growth (Fig. 4, a). The amplitude of the second harmonic is associated with the deformation due to 
defects. For given loading parameters, the system is macroscopically in the elastic region, and all deformations are 

T 
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reversible. The defects weakly correlate with each other, and the amplitude of the second harmonic is small and varies 
little. However, in the process of cyclic loading, irreversible microdamages are appeared, which begin to interact with each 
other, which subsequently leads to the formation of a fatigue crack. 
In one of the samples, which were destroyed with the formation of a surface crack, a monotonic decrease in the amplitude 
of the second harmonic uncharacteristic for others was found during the testing process (Fig. 4.b). This is supposed to be 
due to the fact that the initial structure of the material was saturated with defects, since the samples were pre-deformed. 
During cyclic loading, a small amplitude in the material resulted in relaxation of internal stresses [20], which reduced the 
nonlinearity of the signal. When a stress relaxation resource is depleted, an avalanche-like growth of the second harmonic 
amplitude is observed, which indicates a high correlation of defects and their interaction on a large scale compared with 
the internal nucleation of a fatigue crack. 
In the fig. 5 the growth of the amplitude of the second harmonic is shown. At the time point of 5.415 * 10 ^ 4, the 
software stopped the experiment on the basis of a significant increase in the amplitude of the second harmonic (6 times), 
which indicated the formation of a fatigue crack. Later, the experiment was started again, which allowed us to observe 
how the amplitude of the second harmonic increases with increasing crack length. Thus, the βrelative parameter can be 
used not only as an indicator of the appearance of a fatigue crack, but also to determine its size, as it was done in [21]. 

  
Figure 5. The amplitude of the second harmonic of prestrained sample AMG-6. The difference in the number of cycles between the 
moment of detection of the nucleation of a fatigue crack and its exit to macroscopic destruction (the output of the system from 
resonance) was more than 2 • 106 cycles. 
 
 
MATHEMATICAL MODEL 
 

he wide-range constitutive equations [22-24], describing the relationship between the kinetics of damage caused by 
defects and the relaxation properties of materials, were used to construct a mathematical model that is capable of 
describing the deformation behavior of metals and alloys under fatigue loading. 

To describe the evolution of the structure of the material, two parameters are introduced: tensor: 
 

( )
2

s
 s lb bl  

 
and scalar: 
 

3

0

( )
R

δ
r

  

 
where: s - tensor of microshears [23]; s - shear intensity; l - unit normal vector to the shear plane; b  - unit vector in the 
direction of shear; δ - scale-invariant, structural parameter; R - the distance between defects, 0r - the characteristic size of 
the nuclei of defects. 
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Averaging s over an elementary volume gives a tensor of microshears density [23]: 
 

( , , )W s dV p s l b           (10) 
 

where: V - volume, ( , , )W s l b - distribution function of orientation and intensity of microshears. In its physical meaning
p  is a strain due to defects. 

The total strain rate ( ε ) consists of three components: plastic ( pε ), elastic ( eε ) and due to defects ( p ): 
 

e p  ε ε ε p     
 
From the second law of thermodynamics, it follows that the energy dissipation can be represented as: 

 

: : 0p F F
TS δ

δ

 
   

 
σ ε p

p
   ,         (11) 

where: T  - temperature; S  - rate of change of entropy; σ  - stress tensor; - no equilibrium free energy. 
According to the Onsager principle, еhe following relations are obtained from (11): 

 

1 2
pl l σ ε p             (12) 

 

2 3
pF

l l


   


ε p
p

            (13) 

 

4
F

l δ
δ


 


            (14) 

 
where: 1l , 2l , 3l , 4l   - kinetic coefficients, in the general case, depending on state parameters, satisfying the constraint:

2
1 3 2 0l l l  . 

Relations (12)-(14) are complemented by Hooke's law in the rate formulation and approximation for non-equilibrium free 
energy. Thus, the complete system of constitutive equations looks as follows: 
 

( : ) 2 ( )pλ G   σ D E E ε ε p             (15) 
 

1 2
p

d
F

   


ε σ
p

           (16) 

 

2 3d
F

  


p σ
p

           (17) 

 

4
F

δ
δ


 


            (18) 

 
2 2

2
1 2 3 4

:
ln( )

2 2 2
d

m

p pF
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F δ G
      

σ p
       (19) 
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where: 3
1 2

1 3 2

l

l l l
 


, 2

2 2
1 3 2

l

l l l
 


, 1

3 2
1 3 2

l

l l l
 


, 4

4

1

l
  ; E  - the unit tensor, dσ  and sσ - the deviator and spherical 

parts of the stress tensor; mF , 1c - 4c – potential approximation constants, G – shear modulus; λ – the first parameter 

Lame; :p  p p . 
In general, kinetic coefficients depend on state parameters and are representable as follows: 
 

1
i

iG
   

where i - the characteristic relaxation times, which in general can be represented as dependencies: 

 

0 ( , , , , , , , , )
exp( )

p p
i

i i
U δ T

kT
  

σ ε ε ε ε p p  
, 

 
where: k  is the Boltzmann constant, ( )iU  is the characteristic activation energy. The hypothesis is accepted that for the 
studied processes the relaxation times have the following dependencies: 
 

0 0 0exp( )
in

i
i i

U ε U

kT
  
 


, 1,2,3i          (20) 

 

0 4 0 0
4 4 exp( )

nU p U

kT



  
 


         (21) 

 

where: 0

2
:

3

c

ε
ε


ε ε 




, 1cε   s-1 is the dimensionless factor; 0U kT , iU , 1...3i   are the constants that have the meaning 

of the characteristic energy of overcoming barriers, after which new relaxation mechanisms are activated; 0

:

c

p
ε


p p 


; 

1 2 3, , ,n n n n - constants, characterizing the rate sensitivity of the material. The meaning of this hypothesis is that the 
physicomechanical characteristics of the material depend on the strain rate, and the evolution of damage under cyclic 
loading with small stress amplitudes depends only on the parameter, which in this case can be interpreted as the growth 
rate of a fatigue crack, related to its characteristic scale. 
Assuming a weak strain rate sensitivity of the relaxation times, we can expand the expression (20) into a Taylor series with 
an accuracy of the second term: 

 

0 0 0 0 0 0 0exp( ) 1 1
i i i in n n n

i i i iU ε U U ε U U ε U U ε

kT kT kT kT kT

 
     

   
 

 
then we get: 
 

0
0

0 0 0

1
i i i

U
i i

i i n n n
i i

kT

U ε U ε ε
kT

 
   

  
 

 
Similarly, for the expression (21): 
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1 1
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n U

n n n n

U p U kT

kT U p U U p U U p p
kT kT
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Then the kinetic coefficients will have the following form: 
 

0
in

i U
i

ε

G
 


, 1...3i  , 0

4
4

n

U

p

G




 


. 

 
We introduce the notation: 
 

1
1 0

nε    , 2
2 0

n
p ε    , 3

3 0
n

pε    , 4 0
np 

    , 1 2n n n   , 2 3pn n n  . 
 
The final determining equation is the fracture criterion. In the framework of the proposed model, we can enter a criterion 
based on the structural scaling parameter: 
 

0δ             (22) 
 
The meaning of this criterion is that the percentage ratio of the volume of material occupied by defects tends to 100%, 
which can be achieved by tending to zero the distance between defects or tending to infinity of the size of defects. The 
second option is impossible, and the first has a clear physical meaning. In the calculation, the condition (22) is not 
realizable due to the instability, as it is, therefore, we can replace it with a softer one: 
 

fδ δ             (23) 

 
where 0.4fδ  is the critical value [22], after which the avalanche-like growth of defects begins and the material is 

considered destroyed. This value is universal for all plastic materials for the proposed model. Critical value fδ δ  

corresponds to critical value cp . 

 
Model Parameter Identification 
The identification of the parameters of the constructed model (15)-(19) was carried out in the uniaxial case: 
 

2 ( )pσ λ G p                   (24) 

 

0 ( )np
p

F
ε σ

p


  
   


            (25) 

 

0 ( )pn
p p

F
p ε σ

p


   


            (26) 

 

0
n F

δ p
δ





  


             (27) 

 
2 2

2
1 2 3 4ln( )

2 2 2m

p p σpF
c p c c c p p

F δ G
              (28) 
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where: , σ , pl , p  are the corresponding components of the tensors ε , σ , pε , p . 
At the first stage of identification, the problem of minimizing the discrepancy between the experimental and calculated 
stress-strain diagrams is solved. This determines the parameters  , p , p ; dimensionless strain rate 0 1ε   (static 

loading), 1.15δ const  . 
At the second stage, using the known values  , p , p  the problem of minimizing the discrepancy between the 

experimental and calculated stress-strain diagrams at different strain rates is solved. This determines the parameters n and

pn , 1.15δ const  . An illustration of optimization problem solving is presented in Tab. 3. 

 
Strain rate, 

 s-1 
Yield strength, MPa 

(the experiment, [25, 26]) 
Yield strength,  

MPa (the calculation) 

0.0001 165 166 

520 175 176 

1210 210 213 
 

Table 3: The yield strength in the experiment [25, 26] and the calculation at different strain rates. 
 
The final step in identifying the parameters of the model is to determine the values of   and n  that are found using 
experimental fatigue loading data. Two characteristic points on the Wöhler curve were selected: (300,000 cycles, 190 MPa) 
and (300,000,000 cycles, 156 MPa). Parameters   and n  were chosen in such a way that at the loading amplitude of 190 
MPa the material was destroyed after 300,000 cycles, and at 156 MPa - after 300,000,000 cycles, respectively. The 
frequency of loading in this case was equal to 20 000 Hz, as in the experiment. 
Thus, the complete set of constants for the AlMg6 alloy is as follows: 
Constants known from literature [24]: 2670ρ  kg / m3, 41  GPa, 27G  GPa. 

Constants that were defined: 529  (Pa·s)-1, 38.5p  (Pa·s)-1, 2.9p  (Pa·s)-1, 3.46  (Pa·s)-1, 0.967pn n   ,

1.985n  . 
 
Numerical simulation results 
A numerical study of the behavior of a real structure and even a laboratory specimen in the very high cycle fatigue mode is 
not possible due to the requirement of huge computational and time resources. Therefore, instead of solving the boundary 
value problem, the problem of loading a representative material volume (24)-(28) with loading conditions in the form of 
applied cyclic stresses (29) with amplitude A and frequency 20000   Hz, as well as initial conditions (21) is considered. 
 

( ) sin(2 )At t             (29) 
 

00 00 0
0, 0, 0, 1.15p

t tt t
p δ δ   

            (30) 

 
The loading condition (19) can be written in terms of strain: 
 

( ) ( )sin(2 )Aε t ε σ t           (31) 
 

where ( )ε σ is the function that converts stresses into strains for AlMg6 alloy. Differentiating (31) by time, we get: 
 

( ) ( )2 cos(2 )Aε t ε σ t           (32) 
 
The numerically constructed Wöhler curve and its comparison with experimental data of authors and experiment [27] with 
similar experiment conditions (AlMg-6, R=-1, frequency 10 kHz) are presented in Fig. 6. 
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Figure 6: Wöhler curve for AlMg6 alloy. Solid line - numerical calculation, points - experimental data of the authors, squares - 
experiment [27] with conditions: frequency 10 kHz, R=-1. 

 
Due to the amplitudes of the applied stresses below the yield strength, the material is macroscopically in the elastic region, 
and the applied deformations can be considered small. Then expression (24) can be rewritten in the form: 
 

2 ( )pσ λ G p                (33) 
 
Since macroplastic strain is not observed, then in the very high cycle fatigue mode, the parameter p is responsible for the 
accumulation of damage and destruction. The growth of defects leads to a gradual change in the amplitude of the applied 
voltages, and consequently to a change in the amplitude of the applied displacements, since for some displacement 
amplitude AU in the loading machine is always assigned Aσ : 
 

( ) 2 ( ( ) )A A Aσ λε σ G ε σ p            (34) 
 

After reaching the parameter p of some critical value pc (which corresponds to 0,4fδ  ), an avalanche-like growth of 

defects occurs, leading to the destruction of the material, which in the experiment corresponds to an avalanche-like 
change in the amplitude of the second harmonic of displacements (Fig. 7.). 
 

 
 

Figure 7: Defect kinetics (dashed line) in the calculation and change in the amplitude of the second harmonic of displacements in the 
experiment (solid line) 

. 
In fig. 7 shows the normalized curves of variation of the parameter p, referred to pc and the amplitude of the second 
harmonic of displacements, referred to its maximum value. Figure 7 shows the experimental data corresponding to the 
preloaded specimen. According to the proposed model, the change in structure due to preloading is described in terms of 
the parameter δ. Namely, a smaller value of the initial condition δ0 corresponds to the preloaded specimen. To obtain the 
dotted curve (Fig. 7), the Eqns. (24-29, 30, 32) was solved with the initial condition δ0 = 1.02. 
Thus, the proposed model is able to adequately describe the behavior of the material in the modes of high- and very high 
cycle fatigue. Based on the results of numerical simulation, we can conclude that the change in the amplitude of the 
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second harmonic of displacements in the experiment gives adequate information about the accumulation of damage in the 
material. 
 
 
CONCLUSION 
 

n analysis of the free end oscillations during gigacyclic tests showed a significant increase in the second harmonic 
amplitude and nonlinearity coefficient during the formation of fatigue cracks. In conjunction with the simulation 
results, we can conclude that the deviation from the linear-elastic law (“anomaly of elastic compliance”) is due to 

the accumulation of defects in the material, and the avalanche-like growth of the second harmonic displacement 
corresponds to the avalanche-like growth of defects and the formation of a macroscopic crack. Thus, it is possible to 
judge the accumulation of damage, including - in the amount of material based on the acoustic signal. Using the proposed 
equations, it can to predict the fatigue life of the material and identify internal defects and cracks before macroscopic 
destruction occurs. 
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