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ABSTRACT. This work is devoted to the application of the micromechanical 
Gurson-Tvergaard-Needleman (GTN) model to study the ductile tearing of 
12NiCr6 steel. GTN model is widely used to describe the three stages of 
ductile tearing: nucleation, growth and the coalescence of micro-voids. A new 
approach based on the identification of the GTN damage model coupled or 
not with hardening laws using inverse analysis. After identification, the 
obtained results show a good agreement between the experimental curve 
tensile test of an axisymetric notched bar (AN2) and those numerically 
obtained for GTN model coupled with the hardening laws. In order to 
validate the identified GTN parameters, a simulation of tear test is conducted 
on 12 NiCr6 steel CT specimen. The numerical results are compared with 
experimental results found in the literature and a good agreement is obtained. 
This identification procedure is more accurate than when the damage 
parameters are identified independently of the hardening laws. 
  
KEYWORDS. GTN model; Hardening laws; Inverse analysis; FE modeling; 
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INTRODUCTION  
 

any accidental failures of bridges, ships, tanks, pipes, etc., occur that are due to defects generated by: material 
processing, engineering design process, and the lack of knowledge of some problems as fatigue, corrosion, etc. 
Scientific researches carried out numerical model/experimental investigations to understand and prevent such 

accidents. This gave birth of fracture mechanics, which aims to study the propagation of pre-existing cracks within a material. 
The local approach based on the micromechanical modeling is one of the several methods used in the damage analysis. 
Numerous models based on a coupling between plasticity and damage has been proposed, notably that of Gurson model 
[1], which describes the behavior of a porous ductile material. Many variants of this model have been formulated 

M 
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subsequently [2-4]. The modified Gurson-Tvergaard-Needeleman (GTN) model is widely used in the modeling of ductile 
fracture. Metallographic studies [5-6] demonstrate that the ductile fracture process of a metal is basically characterized by 
three mechanisms of void evolution as represented in the Fig. 1. 

a) Nucleation of voids due to the debonding of particle–matrix interface, fracture of the particle or micro-cracking of 
the matrix surrounding the inclusion (Part III);  
b) Growth of voids leading to an enlargement of existing cavities (Part IV);  
c) Finally, coalescence of micro-cracks initiated from voids leading to the drop of the load-carrying capacity of the 
material, when the void volume fraction (VVF) reaches to its final value (Part V). 

From Fig. 1, we note also that Part I represents the elastic zone and Part II represents the Lüder bands. 
 

 
Figure 1: Schematic representation of different stages of ductile fracture. 

 
Gurson [1] developed a constitutive model for porous metal plasticity. This model was derived from an approximated one 
through an upper bound approach limit-analysis of a hollow sphere made of ideal plastic Mises material. Tvergaard et al. [4] 
perceived that the Gurson model give adequate results for high triaxiality rates of the stresses but overestimate the fracture 
strains (ductility) for low triaxialities. Therefore, they introduced the constitutive parameters: q1, q2 and q3 in the Gurson 
model as: 
 

2
eq 2m

eq y 1 2 32
yy

σ σ
(σ ,σ ,f) q f q ( q f ) 0

σσ

3
Φ 2 cosh 1
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      (1) 

 
where: σeq Von Mises stress, σy matrix yield limit, σm hydrostatic stress, f the porosity 
For the previous yielding criteria and to take into account the fast softening of the material during the coalescence stage 
(Fig. 1-stage V), Tvergaard and Needleman [2-4] introduced the f*(f) function. The yield surface of the Gurson-Tvergaard-
Needleman (GTN) model is written with the following form: 

 
2
eq * 2 *2m

eq 1 2 12

σ σ3
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2 σσ
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      (2) 

 
where: σ  is an equivalent tensile flow stress representing the actual microscopic stress-state in the matrix material, [4]. 
f* is the modified porosity follows the law below:   
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with:  
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, called the coalescence acceleration 

fC is the critical porosity corresponding to the beginning of the coalescence 
fF designate the porosity corresponding to the final fracture of the material.  

The ultimo value *
Uf  is reached when the macroscopic fracture occurs by loss of the bearing load and is calculated by the 

following equation *

1

1
f

qU    when 2
3 1q q .   

During the plastic flow, the porosity evolution is due to both the voids growth and the voids nucleation: 
 

croissance nucléationf f f              (4) 
 
Assuming the matrix incompressibility, the term due to the voids growth is given by the following equation:  
 

p
croissance kkf (1 f )ε             (5) 

 
p

kk  is the trace of the macroscopic strain rates tensor. When the nucleation is controlled by the plastic strain, its contribution 
is as follow: 
 

p
nucléationf Aε             (6) 

 

Where p  represents the equivalent plastic strain. Chu and Needleman [7] assumed that the priming of the voids follows a 

normal distribution with a mean strain N  and a standard deviation SN: 

 
2p

N N

NN

f ε ε1
A exp

2 SS 2π

      
   

        (7) 

 
The GTN model parameters can be subdivided in three subsets as: 
- Constitutive parameters: q1, q2 and q3. Commonly, these parameters are fixed as: q1=1.5, q2=1 and q3= (q1)2 [2, 8]. 
- Nucleation parameters: εN, SN and fN. Generally, the εN and SN values are 0.3 and 0.1 respectively for most materials. Thus, 

they are considered as constants of the statistical distribution law and not as intrinsic material characteristics. The void 
volume fraction fN is the volume fraction of particles available for void nucleation, while the initial void volume fraction 
f0 concerns all the inclusions [9, 10].  

- The porosities f0, fC and fF are considered as material parameters. The initial VVF parameter f0 characterizes the initial state 
of the material. Generally, this parameter is evaluated by microscopic analysis of the undamaged material. For the studied 
material, the initial void volume fraction f0 is small (f0=10-5) [9]. There are several methods to determine the critical void 
volume fraction fC. From a physical point of view, there is a threshold of porosity from which the specimen rigidity drops 
suddenly. But its determination is very difficult. Sun et al. [11-13] have suggested that fC can be numerically obtained by 
fitting the numerical curve with the experimental one. The final void volume fraction fF describes the state of the material 
at the fracture phase. This parameter is considered as constant and can be determined experimentally [14]. It has been 
considered as an unimportant parameter, it is interesting to know whether it is a constant Zhang et al. [15]. In this work, 
the final failure void volume fraction is preset to fF =0.1. 
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The critical void volume fraction fC signifies the onset of coalescence. In most investigations, only the critical void volume 
fraction fc is considered as a material parameter. It is obtained by fitting the numerical curves, determined by Finite Element 
(FE) modeling, with experimental data of notched tensile bar tests [16-21]. A method is proposed for the determination of 
fN and fC, using the experimental fracture strain εf [9]. The experimental parameter εf is extracted from the load–diametric 
reduction curve of an axisymmetric notched tensile bar test AN2. 
The inverse method is also widely used to identify the GTN-model. In the work of Springmann and Kuna [8, 22], the 
damage mechanical constitutive laws parameters are identified by locally measured displacement fields and measured force–
displacement curves. For the material parameter identification a non-linear optimization algorithm is applied, to render the 
objective function to a minimum by means of a gradient based method. The force-displacement curves are obtained from 
tensile tests on notched flat specimens of StE690 steel, which allows the material parameters to be identified [8]. In the 
work of Jouabi et al. [23], a coupled elastic–plastic/damage is adopted in order to describe tensile behavior with validation 
on the deep-drawing test of a DP980 Dual Phase steel sheet. The GTN damage model is used. The used hardening laws are 
those of Swift (non-saturating law), Voce (saturating law) and Hockett-Sherby (saturating law). An identification method 
for elastic–plastic parameters and GTN damage model parameters has been presented using the software modeFRONTIER 
[23]. In the literature, there are consistent methods to determine GTN model parameters, but with a pre-defined hardening 
laws i.e. without identification of hardening laws in the same processes of GTN parameters determination. Recently, many 
works [24-26] are devoted to identify simultaneously GTN model and hardening laws parameters. Other interesting works 
of [27 and 28] consist to link the micro-scale to the macro-scale by studying the crack propagation using the GTN model 
and then determining the R-curves for cracked specimens. 
In the first part of this work, we propose a numerical inverse procedure to determine the GTN damage model with and 
without hardening laws. This procedure is carried out on the software package Abaqus [29]. Within this software, a 
VUHARD subroutine is implemented to carry out the hardening laws.  The experimental data, used in the inverse analysis, 
are extracted from the load-diametric contraction curve of an axisymmetric notched tensile bar test (AN2) made with 
12NiCr6 steel [20]. In the second part, and in order to validate the identified parameters of the GTN model, a numerical 
simulation of the ductile tear test of a CT25 specimen was performed. The numerical results of the force-displacement curve 
are compared to those determined experimentally by Wilsius [30]. 

 
 

GTN AND HARDENING PARAMETERS IDENTIFICATION  
 

he aim of the first step of this work is to identify simultaneously the GTN model and the hardening laws of the 
12NiCr6 steel. Hence, a numerical procedure of the inverse analysis, based on the FE method, is used to model the 
tensile test of an axisymmetric notched bar (Fig. 2). This numerical model is coupled with an optimization tool. 

 

 
 

Figure 2: Specimen geometry and FE model of axisymetric notched bar with 2 mm radius (AN2). 

T 
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Tensile tests on notched specimen AN2 
The nickel chromium steel used in this investigation is the 12NiCr6 steel. The tensile test was carried out on the notched 
round tensile bar AN2 [9]. These specimens type have been originally developed for analyzing the hydrostatic stress effect 
on the failure by ductile tear. The onset necking of those specimens occur at the notch. On this latter a diametric 
extensometer was set up to measure the diametric reduction. The experimental data obtained from those tests allow to a 
successful FE identification of damage models [31]. The specimen geometry (Fig. 2-a) and FE model are represented in the 
Fig. 2-b and c. 
 
FE model of the uniaxial tensile test of AN2. 
From the data obtained by [9], the objective is to identify simultaneously the hardening laws and the GTN model of the 
studied material. The tensile test of AN2 is simulated using the FE software Abaqus/Explicit with taking into account the 
experimental conditions. In order to compare the numerical results with those experimental obtained in [9], the same 
specimen dimensions (Fig. 2-a) are considered in the numerical model.  Given the symmetry of specimen geometry, only 
the specimen quarter is modelled in an axis-symmetry case. The quadrilateral elements, type four nodes CAX4R, are used 
in the meshing. A refined mesh is adapted at the notch zone of the specimen (Fig. 2-c). It should be noted that the element 
size could be important in FE damage analysis. The number of elements in FE mesh was 660. 
A velocity v(t) boundary condition was applied to the top of the FE model (Fig. 2-b). The test was performed in the quasi 
static case and the same velocity of 0.3mm/min is used in the numerical modelling. The resulting tensile load was determined 
from nodal forces versus displacement. 
The material of the specimen, 12NiCr6, is assumed have an isotropic elasto-plastic behavior. The density of the material is 
7.8 × 10-6 Kg /mm3. The elastic part is described by using Hooke’s model with Young’s modulus of E=194GPa and a 
Poisson’s ratio of ν = 0.3. For the plastic domain, the von Mises yield criteria is used. It’s added to the plastic part of the 
GTN damage parameters. This model already exists in the software Abaqus/Dynamic Explicit in porous metal plasticity 
option [29].  
In the literature, several formulated laws exist to describe the hardening behaviors from numerous parameters. The adopted 
laws in this inverse identification procedure are those of Voce and Ludwick. The difference between those laws is that the 
Voce law is characterized by a saturated yielding stress σs for high strains. However, the Ludwick law is characterized by a 
continuous evolution of the yielding stress. The Lüder bands are taken also into account in the hardening laws following 
the below equations: 
 

Voce Hardening law:  
0 0

( )
0

if  

else ( ) ( ) L

L

L S S e   

    

        

  
        

  (8) 

 

Ludwick Hardening law: 
0 0

n
0

if  

else ( ) K( )

L

L L

    

      

  
       

   (9) 

 
Where: S  saturated yielding stress, 0   yielding stress, 0   yielding strain,   material dependent adimensioned parameter, 

K material consistency, n hardening exponent and L strain limit of Lüder bands. 
The different behavior laws are implemented through a VUHARD type subroutine in the software Abaqus/dynamic 
explicit. 
 
Identification strategy 
The inverse procedure is used to determine the hardening law and the GTN parameters of studied 12NiCr6 steel, using the 
numerical model described above. This numerical procedure using the FE model is coupled to an optimization tool in order 
to minimize the gap between numerical results and experimental data. The optimization tool used « OPTPAR » was 
developed by Gavrus [32]. The optimal GTN parameters are obtained using the Gauss-Newton iterative algorithm by 
minimizing the cost function (Q). This tool was widely used in previously research works [32-35] mainly for characterizing 
the behavior of metallic alloys under static, dynamic, uniaxial and biaxial solicitation. The general scheme of the inverse 
procedure is shown in the Fig. 3. 
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Figure 3: Scheme of identification procedure by inverse analysis.  
 
The cost function to minimize is given by: 
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          (10) 

 
with:  

Fexp (or Fnum ) = { Fi } with i=1, 2, … 

Np: Total number of experimental measures (or computed), 
η: Allowable error. 
The numerical/experimental comparison is conducted on the load versus diameter reduction of notched axisymmetric 
specimen. 
 
Parameters identification procedure 
Generally, the determination of GTN model parameters usually consists of a phenomenological procedure which requires 
a hybrid methodology of comparison between experimental data and numerical results. Hence, the GTN parameters, as it 
is also indicated in [8, 9, 23 and 31] are obtained by the best fit of the numerical curve with the experimental curve. The 
nucleation void volume fraction fN and the critical void volume fraction fC play a crucial role in the ductile failure process. 
Thus, the GTN model response is strongly influenced by these two parameters. Then, the identification by inverse analysis 
will be conducted on the fN and fC parameters. 
To show the effect of the hardening laws on the GTN parameters identification, in a first step, the GTN model parameters 
are identified separately of the hardening law σ(ε). The hardening behavior is determined from standard uniaxial tensile test 
then it is introduced by tabulation in Abaqus (predefined hardening law). Secondly, the two hardening laws are included 
(Eqs. 8 and 9) in the inverse identification using a VUHARD subroutine coupled with GTN model.   
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Results and Discussions 
Fig. 4 shows the Load-Diametric reduction curve for the notched specimens (AN2) and that obtained from numerical 
simulation. At the point ‘P’, there is a sharp change in the slope and drastic fall in load showing the final step of failure 
process(fracture). The results (Fig. 4 and Tab. 1) present the identification by inverse analysis of the fN and fC parameters of 
GTN model. The plastic behavior part of the material 12NiCr6 is modeled with introducing the experimental hardening 
curve into the software Abaqus by tabulated form. This hardening curve was obtained from a smooth tensile bar test [30]. 
The GTN parameters identified do not allow the best description of the fracture point because there is a gap between the 
experimental and numerical hardening zone of the Load-Diametric Reduction curves. In addition, the fracture point is not 
clearly observed in the numerical curve. 

 
 

Figure 4: Numerical/experimental comparison of the Load vs. Diametric Reduction curve in the case of GTN model identification with 
a pre-defined hardening σ(ε). 
 
 

 Initial parameters Interval of variation Identified parameters

Fixed fF 0.1 0.1 0.1 
fC 0.0100 0.0100  to  0.0800 0.0100 
fN 0.0040 0.0005  to   0.0070 0.0011 

Cost function 19.75% ----------------------- 5.51% 
 

Table 1: GTN parameters identified with pre-defined σ(ε). 
 
The comparison between identification and experiment of Load/diametric contraction is shown in the Fig. 5 and the Tab. 
2. In this identification process, the GTN model is coupled with Voce hardening law. Starting by the hardening parameters, 
we note that L  =0.0214 parameter which characterizes the Lüder bands allows a good representation of the yielding zone.  

The yielding stress is about 0 =339.8 MPa. The plastic parameters of Voce ( =9.380 and S =659MPa) let to a good 
agreement in hardening zone between experimental and numerical curves. The GTN damage parameters (fC=0.048 and 
fN=0.0065) give the best description of the fracture point ‘P’ (Fig. 5). 
For the following results, the comparison (Fig. 6 and Tab. 3) is done for GTN model coupled with Ludwick hardening law. 
The strain at the Lüder band limit L  =0.026 is close to that identified for Voce law.   The yielding stress is about 0
=339.8MPa. and it’s exactly the same obtained for the Voce law. The plastic parameters of Ludwick (K=428.6MPa and 
n=0.3) give also a good agreement in hardening zone between numerical and experimental curves. The GTN damage 
parameters (fC=0.052 and fN=0.0088) are also close for the Voce law to describe the fracture point ‘P’ (Fig. 6). 
The results of the used inverse identification are summarized in the Tab. 4. The global comparison between experimental 
and computed load versus diametric contraction curve is also presented in Fig. 7. We note that the GTN parameters 
identified (fC and fN) with Voce and Ludwick hardening laws are similar to those of the reference [9] and give approximately 
the same experimental fracture point.  

0

5

10

15

20

25

0 0,5 1 1,5 2

L
oa

d
 (

k
N

)

Diametric Reduction (mm)

Experimental data[9]

GTN Identification with Predifined σ(ε)

P



 

                                                       M. Hadj Miloud et alii, Frattura ed Integrità Strutturale, 49 (2019) 630-642; DOI: 10.3221/IGF-ESIS.49.57 
 

637 
 

 
 

Figure 5: Numerical/experimental comparison of the Load vs. Diametric Reduction curve in the case of the coupled identification of 
GTN model and Voce hardening law. 
 

 Initial parameters Interval of variation Identified parameters 

0 (MPa) 420.0 300.0 to 460.0 339.8 

  15.0 5.0 to 70.0 9.38 

S (MPa) 800.0 500.0 to 900.0 659 

L   0.015 0.01 to 0.05 0.021 

Fixed fF 0.1 0.1 0.1 

fC 0.01 0.005 to 0.08 0.048 

fN 0.004 0.0005 to 0.007 0.0065 

Cost function 32.32% ----------------------- 4.01% 
 

Table 2. Identified GTN and Voce parameters. 

 
Figure 6: Numerical/experimental comparison of the Load vs. Diametric Reduction curve in the case of the coupled identification of 
GTN model and Ludwick hardening law. 
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 Initial parameters Interval of variation Identified parameters 

0 (MPa) 420.00 300.0 to 450.0 339.70 

K (MPa) 350.00 150.0 to 600.0 428.6 
n 0.20 0.150 to 0.50 0.3 

L   0.015 0.01 to 0.05 0.026 
Fixed fF 0.1 0.1 0.1 

fC 0.010 0.005 to 0.08 0.052 
fN 0.0040 0.0005 to 0.007 0.0088 

Cost function 18% ---------------------- 4.13% 
 

Table 3. Identified GTN and Ludwick parameters. 
 

 
 

Figure 7: Global comparison between experimental data and numerical results. 
 

 
 GTN parameters 

with predefined  σ(ε) 
Voce and GTN 

parameters
Ludwick and GTN 

parameters
Ref. [9]

Hardening law    

prameters 

------- 
0 =339.8 MPa 0 =339.7 MPa -------

-------  =9.380 K = 428.6 MPa -------
------- 

S =659 MPa n=0.3 -------

------- 
L =0.0214 L =0.026 -------

Fixed fF 0.1 0.1 0.1 0.1
fC 0.0100 0.048 0.052 0.06
fN 0.0012 0.0065 0.0088 0.004

Cost function 5.51% 4.01% 4.13% -------
 

Table 4. Identified material parameters. 
 

The comparison in the Fig. 7 shows a good agreement between the experimental curve and those obtained for GTN model 
with Voce and Ludwick hardening laws rather than with predefined hardening σ(ε).  
The Fig. 8 presents the evolution of cost function with the iteration number. As it is indicated below, the number of 
identified parameters, in the case of GTN model identification with tabulated hardening law is lower than the other cases. 
Therefore, the number of iterations allowing a stagnation of cost function (of 5%) is reached after only two iterations, but 
low parameters accuracy is observed (Tab. 4).  In the two other cases (GTN-Ludwick/Voce) of identification, a high 
parameters precision is obtained relatively to those found in Ref. [9]. The cost function stagnation is reached after five 
iterations.  We note that, on the one hand, the number of iterations for GTN model identification with predefined σ(ε) is 
less than with Voce and Ludwick hardening laws, but on the other hand, the obtained parameters are more accurate. 
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Figure 8: Global comparison between experimental data and numerical results. 
 

 
 

Figure 9: FE model and geometry of the experimental CT25 specimen. 
 
 
DUCTILE TEAR ON CT SPECIMEN   
 
Experiment 

he tear tests were carried out on an Instron-type hydraulic test machine at room temperature on CT specimens pre-
cracked (Fig. 9). The test was conducted to reach a ratio a/W≈0.5, with ‘a’ the crack length and ‘W’ the specimen 
width. The CT specimen was pre-cracked by fatigue. After pre-cracking, except one, the specimens were grooved 

laterally with a depth of 2.5 mm on each side to guide the crack propagation and to have the most rectilinear crack path 
possible [30]. The tests were carried out under the following experimental conditions:  
• Notch opening speed 0.1 mm/min, 
• Opening interval of the notch 0.1 mm. 
During the test, the loading and the opening of the crack lips were recorded simultaneously. The displacement was measured 
using a blade extensometer located between the two fixed blades at the front of the specimen [7]. 
 
Numerical model 
The tear test, described previously, is modeled using the FE software Abaqus/Explicit. In order to compare the numerical 
results with the experimental data of Ref. [7], the same geometry of the specimen (Fig. 9) is modeled in Cartesian coordinates. 
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Given the symmetry of the specimen and the use of an isotropic material, only half of the specimen is modeled considering 
the crack plane as plane of symmetry. 
A 3D mesh is adopted and the hexahedral elements, C3D8R type, are used. An affined mesh is adopted in the crack 
propagation zone of the specimen (Fig. 9). In order to validate the identified GTN model and Voce law by the inverse 
numerical procedure, the parameters values indicated in Tab. 2 are used in the numerical simulation of the tear test. The 
loading is applied along a line as shown in the Fig. 9; This represents the pin location where the specimen is loaded. The 
behavior of this area is considered rigid. 
 
Results and Discussions 
Fig. 10 gives the evolution of the applied load as a function of the displacement on the load line for specimens with and 
without lateral grooves. The obtained results show an experimental dispersion globally caused by the different ratios of pre-
crack length a/W according to [30]. The curve corresponding to the test CT1 without lateral notch has a great load than the 
other specimen. This difference is justified by the difference in thicknesses between the uncut specimen (25 mm) and those 
with grooves (20 mm). There is an average dispersion of 7 kN between the results of CT tests with grooves. In our opinion, 
this dispersion is not significant, and it results to the machining effects of the notch. The comparison of the experimental 
curves with numerical results (Fig. 10: -solid line) shows a good agreement and proves the relevance of the developed 
numerical model. 
 

 
Figure 10: Comparison between Load- displacement curves: experimental [30] and obtained numerical results. 

 
Fig. 11 represents the comparison of the crack propagation observed on the experimental failure facies [30] and that obtained 
from the numerical results. From this, the crack propagation is materialized by a map of the elements where the final volume 
fraction is reached fF =0.1. In our case, when this value fF equal to 0.1, the element loses completely its rigidity. Both 
numerical and experimental results are qualitatively comparable and the two fronts show the same aspect of propagation. A 
well-known crack propagation tunnel phenomenon [30] in the case of plane strains is observed. In fact, when there are no 
lateral notches, the crack propagation is more developed in the specimen centre rather than at the lateral sides. 
 

 
Figure 11: Crack propagation comparison. 
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CONCLUSION 
 

n this work, an inverse identification procedure is adopted to identify fN and fC parameters of GTN damage model 
coupled with and without hardening laws. The model was built under the software package Abaqus. Despite the high 
number of parameters, the approach applied made it possible to determine them simultaneously with good accuracy. 

This is verified comparatively with the experimental results found in the literature. 
In the inverse procedure, the experimental results data are extracted from the load-diametric reduction curve of an 
axisymmetric notched AN2 of 12NiCr6 steel bar tensile test. After identification, we noticed that the identified GTN 
parameters, fC and fN, with Voce or Ludwik hardening law are similar to those of Ref [9] and approximately the same fracture 
point is obtained. The best fit is obtained with the work hardening law of Voce. 
The small difference between numerical results in the case of coupled identification and those obtained experimentally 
highlights the mutual interaction between the hardening and damage parameters in the mechanical behavior of the materials. 
Thereafter, the identified GTN parameters are used in the numerical model of tear test on a CT specimen. In order to 
validate them, the numerical Load-Displacement curve was compared to the experimental results performed by [30]. This 
comparison shows a good agreement between the experimental and the numerical results. This indicates the relevance of 
the developed FE model. The crack propagation is materialized numerically by the elements where the final porosity is 
reached. All of these elements represent the fracture facies profile. In our case, this facies corresponds to that of a CT 
specimen without grooves. This indicates that it is imperative to take into account the notch in numerical modeling.  
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