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ABSTRACT. The purpose of this article is to present the stress intensity factors 
(SIF) solutions for semi-elliptic crack in pipelines under internal pressures, the 
stress intensity factors are calculated by the three-dimensional finite element 
method (FEM) for cracked pipelines and repaired pipe by composite patch. 
The distribution of normalized stress intensity factors (KI, KII and KIII) along 
the crack front for different crack lengths, crack depth, crack geometry, lap 
length and composite thickness was obtained by nodal calculations. Our 
results show the presence of three failure modes along the semi elliptical crack 
front and has three zones in which the stress intensity factor in mixed mode 
(KII) the higher-values comparing to KI and KIII. It can also be noted that the 
composite repair reduces the SIF KI by 46% and the KII by 55% and the KIII 
by 72% near the outside diameter of the pipe in each zone. However, the 
reduction of the SIF KI is more significant for the rectangular crack than for 
the semi-elliptic crack, from which it is concluded that the composite repair is 
very effective for a rectangular crack with respect to the semi-elliptic crack. 
Thereby, the fracture behavior of the semi-elliptic crack is governed by the 
three modes of failure and not only by mode I. 
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INTRODUCTION  
 

round the world, more than 1.7 million kilometers of pipeline are used to transport gas, crude oil and petroleum 
products [1]. Many of these pipelines have been in service since the 1940s and 1950s [2]. Therefore, each year 
between 2 and 3.3 billion $ dollars in the US alone is lost to corrosion in the gas and oil pipelines that need to be 

repaired or replaced. [3] The large amount of external corrosion of pipeline increases ultimately the cost of energy. 
Faced with the phenomena of ruins of structures or components with signs of rupture, the industry has to offer effective 
solutions to enhance or prolong the life of the damaged structure or even valued the equipment [4]. 
The composite repairs were used in the transmission pipeline industry for the past 20 years for the repair and strengthening 
of permanent sections of the tube wall that have been weakened due to corrosion. [5] Most repair codes internationally 
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recognized, such as ASME B31.4 [6] and B31.8 [7], accept the use of composite materials for the repair function. Most oil 
and gas pipeline operators are familiar with composites and the health, safety, technical and commercial benefits they 
provide. 
Composite repairs are a proven and accepted technology for repairing high pressure pipelines. For example, Clock Spring 
has completed more than 100,000 repairs in more than 62 countries around the world [5]. Pipeline defects can be 
permanently repaired using composites technology in a safer, faster and cheaper way than any other technique. 
C. Alexander and B. Francini [8] had developed a detailed state of the art assessment of composite systems used to repair 
transmission pipelines. Many researches had used the stress intensity factor as a criterion to evaluate the efficiency of the 
composite repair system. Many crack configurations are used to calculate the SIF such as the rectangular and the semi 
elliptical crack. Newman and Raju (1984) [9] detailed an analytical study of the stress intensity factor equations for an 
embedded elliptical crack, a semi elliptical surface crack, a quarter-elliptical corner crack, a semi elliptical surface. crack along 
the bore of a circular hole and a quarter elliptical corner crack at the edge of a circular hole in finite plate. The equations 
give stress intensity factor as a function of parametric angle, crack depth, crack length, plate thickness, and where applicable, 
hole radius. A. Saffih and S. Hariri studied elliptical cracks in a cylinder with a thickness transition. They found that SIF 
calculations in the transition, assuming a uniform thickness cylinder are conservative but not precise. The comparative study 
shows that the cylinder with a thickness transition is more vulnerable to a defect [10]. Another study of  the U.S. Department 
of Transportation presents an investigation to determine the mode I stress-intensity factors, along two symmetric surface 
cracks emanating from a centrally located hole in a rectangular plate using the domain integral method [11]. Excellent 
agreement was obtained with those of Newman and Raju (1983).  
All these researches are focused on the study of the behavior in rupture in opening mode (mode I). The objective of the 
present work is to highlight the behavior of a semi-elliptic crack governed by the three failure modes in pipe subjected to 
internal pressure, after that the study extends on the estimation of the efficiency of repair of the pipe by a carbon-epoxy 
composite. 

 
STRESS INTENSITY FACTORS CALCULATION 
 

he stress intensity factor (SIF) is one of the most important parameters in fracture mechanics. Brittle fracture in 
cracked engineering components is usually examined by SIF. After the crack detection in a structure, SIF can be 
calculated by various experimental or theoretical methods such as finite element analysis. Once SIF is known the 

risk of brittle fracture can be evaluated by using an appropriate fracture criterion. The mode I and mode II stress intensity 
factors (KI and KII ) can be calculated from finite element analysis based on the displacement functions (u and v) in a local 
coordinate system fixed to the crack tip [12] .  

 
 
 
 
 
 
 

Figure 1: Local Cartesian coordinates on crack tip. 
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where r is the radial distance from the crack front in the polar coordinates, G is the shear modulus, υ is Poisson’s ratio, and 
k can be defined for plane strain and plane stress problems as follows: 
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For three dimensional models, different subscripts are used to designate the stress intensity factor for the three different 
modes. These factors are formally defined as [13] 
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For cylinders subjected to axisymmetric loading, a decomposition of stresses in a polynomial form of third or fourth 
degree is usually used [14–18]. The SIF can be written in the form: 
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Recently an interesting study, published in 2018 has been proposed for rapidly estimating notch stress intensity factors 
using the singular linear elastic peak constraints named: peak stress method (PSM) [19,20]. 
 
 
GEOMETRY AND LOADING OF CRACKED PIPE 
 

he pipe analyzed in this study is shown in Fig. 2 where R=350mm, L is the longitudinal length L= 1000 mm, and t 
=12.7mm is the wall's thickness. The crack was repaired by using a glass-epoxy composite patch bonded cylinder 
form with an adhesive cylinder eadh=02mm ,Ladh=Lp=100mm, ep=4mm . The end sections pipeline was subjected 

to no displacement in the longitudinal direction (u3=0). The material properties of the pipeline, patch, and adhesive are 
summarized in Tab. 1. The pipe was made of X65 grade steel per API 5L PSL2 [21] specifications. The pipe is subjected to 
an internal pressure of 7MPa. The material model is considered as an elastic material.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2: Geometry of the pipe with an external axial crack of semi-elliptical shape. 
 
A range of ratios of a/t, c/t, patch length (Lp), patch thickness(ep) as well as single and multi-laps of composite are 
highlighted in this study. 
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Table 1: Material’s properties. 
 

 
 

Figure. 3: Mesh type of the model and a geometry of the repaired pipe. 
 

 
FINITE ELEMENT MODELING 
 

he cracked pipe was modeled using ABAQUS 6.14 [24], and meshed using a structured mesh with three-dimensional 
hex-dominated quadratic elements with a focused mesh surrounding the crack-tip of 0.02 mm element [24, 25, 26, 
27, 28]. A meshed pipe is shown in Fig. 3. The reduced, C3D20R integration elements are used in this modelization 

to compute the stress intensity factors. Only a quarter of the specimen was modeled due to symmetry conditions. The 
procedure used in the finite element analysis involved the following steps: (i) the internal pressure was applied to the 

API 5L X65 properties [21] 
Young’s modulus (GPa) 205 
Poisson’s ratio 0.3 
Minimum yield stress (MPa) 415
Yield strain 0.5% 

Glass epoxy composite properties [22] 
Young’s modulus E1(GPa) 55
Young’s modulus E2, E3(GPa) 15.2 
Poisson’s ratio υ12, υ13 0.254 
Poisson’s ratio υ23 0.428
Shear modulus G12, G13 (GPa ) 4.7 
Shear modulus G23 (GPa) 3.28 

Adhesive (FM73) properties [23] 
Young’s modulus (GPa) 3.28 
Poisson’s ratio 0.45 

T 
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specimen; (ii) general static ‘STEP’-option was used for analysis with ABAQUS; (iii) Automatic increment of steps was used 
with maximum increments number of 100. Minimum increment size was 10−5 and maximum increment size was 1. 
Nevertheless, the ABAQUS solver code could override matrix solver choice according to the ‘STEP’-option. The Von 
Mises yield criterion is used to predict plastic deformation. Incremental plasticity theory is introduced to model the material 
nonlinearity. The FE simulations are carried out using the static general procedure to analyze this problem. 

 
 

RESULTS AND DISCUSSION 
 
A) Evaluation of the failure mode: 
In this part, we will focus on the crack failure. Fig. 4 presents the variation of the stress intensity factors in mode I, II, and 
III as a function of normalized line of the crack front for an unrepaired cracked pipe. We note that the behavior of the SIF 
is non-linear and that there are three areas. Zone 1 is influenced by shear mode II, which gives importance to circumferential 
stresses; in zone II, K1 has larger values than K2 and K3 until the end of the crack comes the appearance of mode III but 
of low intensity. We conclude that 75% of the crack front is controlled by mode II, 20% by mode I and only 5% of the 
crack front for mode III. 
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Figure 4: Variation of the SIF along the front of the elliptical crack for an unrepaired pipe (c = 60mm, a = 5mm). 

 
In Fig. 4, composite repair does not change the configuration. Fig. 5 shows the variation of the SIF along the crack front 
for a repaired pipe fig 3, indeed the Zone 1 is still controlled by KII but with more or less variable reductions for the three 
modes. To verify this reduction, each mode has been traced separately to quantify the rates of improvement knowing that 
these rates change from one crack to another.  

In what follows we will use the variables *K i  (SIF*), which will represent the improvement provided by the repair where: 
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          (6) 

 
Fig. 6 (A) shows the distribution of the Mode I stress intensity factor along the crack front for a repaired and unrepaired 
pipe. There is a net reduction of the KI in the crack tip with a maximum of 46%, this fall of the SIF decreases as the front 
touches the edge of the pipe. In Fig. 6 (B) is shown the effectiveness of the repair expressed by K*, the latter confirms the 
Fig. (A) since it is clear that the efficiency decreases towards the edge of the crack. 
 

 

Crack front 
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Figure 5: Variation of the SIF along the front of the elliptical crack for a repaired pipe (c = 60mm, a = 5mm). 

 
Figure 6: Variation of the SIF and  *

IK  along the front of the elliptical crack pipe (c = 60mm, a = 5mm). 

 
 

Figure 7: Variation of the SIF and  *
IIK  along the front of the elliptical crack pipe (c = 60mm, a = 5mm). 
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The KII variation on the crack front for a repaired and unrepaired pipe is shown in Fig. 7(A). It is visible that the composite 

repair also reduces the KII for a rate of only 17% for the median position of the elliptical crack. Conversely, at *K I , the *K II  
repair efficiency increases towards the extreme edge of the elliptical crack to reach 55%. Fig. 7(B) 
For KIII Fig. 8 shows the variation of the KIII along the crack front for a cracked pipe and a repaired pipe, it can be clearly 
seen that there is no effect of the repair at the bottom of the crack for the KIII on the other hand is approaching the end of 
the crack the effect of the repair is more marked with a reduced rate of 81%. 
 

-10 0 10 20 30 40 50 60 70 80 90 100 110
-2

0

2

4

6

8

10

12

14

16

18

20

22

24

K
II

I (
 M

P
a.

m
m

0
,5
)

 Normalized distance

 repaired pipe
 unrepaired pipe

 
Figure 8: Variation of the KIII along the front of the elliptical crack pipe (c = 60mm, a = 5mm). 

 
B) Effect of the crack dimensions:  
The durability of composite patch repairs of damaged structures depends on the nature and size of the defects. The 
application of this technique will not be reliable if the size of the defect repaired exceeds a critical value. In this part, the 
effect of the crack size is represented by the crack progression in the thickness for the evaluation of the variation of the SIF. 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 

Figure 9: Variation of the KI along the front of the elliptical crack pipe for different crack depth (c = 60mm). 
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Fig. 9 shows the behavior of the KI along the crack front for different values of crack depth (a) and for a repaired pipe. We 
can say that the SIF keeps the same behavior regardless of the depth, but we also note that there are three areas as already 
mentioned before where there is a variation of the SIF and to illustrate this effect, we trace Fig. 10 to differentiate the 
variation of KI as a function of the depth (a) for the three zones noted in Fig. 9. The KI is inversely proportional to the 
depth (a) for the three positions, this is essentially due to the composite's behavior towards the deformation caused by the 
opening of the crack.; this confirms the beneficial effect of the composite repair even at 86% of the thickness of the pipe. 

 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 10: Variation of the KI along the front of the elliptical crack pipe for different crack depth in position 1, 2 and 3 (c = 60mm). 

 
Fig. 11 shows the variation of the KII at the crack front as a function of the depth (a), the results show that the depth 
a/t=0.87 presents a major risk of rupture with a maximum value of 57 MPa mm0.5. This observation confirms that the failure 
behavior of the progress of the crack is more influenced by shear mode (KII) without neglecting the presence of the two 
other modes. 
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Figure 11: Variation of the KII along the front of the elliptical crack pipe for different crack depth (c = 60mm). 
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The behavior of the KIII along the crack front is shown in Fig. 12 (A)for different values of (a). The median position of the 
crack is not sensitive to the variation of the KIII . On the other hand, and as already pointed out, this variation becomes 
more and more marked where KIII progresses proportionally as a function of depth (a). Fig. 12 (B) asserts that KIII reaches 
maximal values at the outer limit of the elliptical crack. 
 

 
Figure 12: variation of KIII along the front for different crack depth (A) variation of KIII for position (4) of the crack (B). Repaired 
pipe with c = 60mm. 

 

 
 

Figure 13: variation of the SIF: KI , KII and KIII  along the crack front for different length. Repaired pipe with a = 7mm 
 
A second analysis is presented in the following for a constant depth a = 7mm and we change the length of the crack 2c. 
In these results it was found that the three stress concentration factors keep almost the same behavior noticed for the depth 
a with respect to the crack length 2c. The appearance of the KI shows the presence of three zones, the KII is independent 
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the length of the crack except for the length 2c = 50mm, finally the KIII proves its sensitivity to the longitudinal advancement 
of the crack always to the outer side of the crack which is in contact with the repair composite. 
 
C) Effect of crack shape: 
In this part the effect of the crack shape is expressed. It is important to note that the values of KII and KIII are negligible 
compared to KI for a rectangular crack.    Fig. 14 shows the variation of the KI for a rectangular crack and an elliptical crack 
along the fronts, it is clear that the rectangular crack marks a maximum higher than the elliptical crack; this is mainly due to 
the singularity of the rectangular crack, which has a 90 ° angle (Hot point ) that amplifies the stress. The presence of this 

singularity is confirmed by the appearance of K  max
I  at 65% of the normalized distance. In addition, the rectangular crack is 

governed only by mode 1, while the semi elliptic crack knows the interaction of the three modes of fractures I, II and III . 
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Figure 14: Variation of KI for rectangular and semi-elliptic crack of an unrepaired pipe (2c = 60mm, a = 5mm) 

 
For composite repair, the distribution of the KI on the crack front is shown in Fig. 15, we can say that the composite repair 
is much more obvious for the rectangular crack than for the elliptical crack since we see that the repair brings the two curves 
to the same maximum 22 MPa mm0.5 for mode I. It is concluded that the composite repair technique is effective for the two 
crack geometries studied. 
 

 
Figure 15: Variation of KI for rectangular and semi-elliptic crack of a repaired pipe (2c = 60mm, a = 5mm) 
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D) Effect of composite thickness: 
Fig. 16 shows the variation of the KI as a function of the thickness of the composite. The crack front describes a nonlinear 
behavior or one can distinguish four zones, to make out the effect of the thickness is drawn Fig. 17 which shows the 
variation of the KI for different thickness and for each zone. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 16: KI distribution along the front for different composite thickness. Repaired pipe (2c = 45mm, a = 7mm). 
 

 
5 
 

Figure 17: KI variation versus composite thickness for the four zones 

 
It is clear from Fig. 17 that increasing the thickness of the patch leads to the decrease of the KI for internal and external 
crack positions. A thick patch allows a good absorption of the stresses, this is more marked for zone 3 whereas the KI tends 
to stabilize for zones 1 and 2, for zone 4 the KI is independent of the thickness of the composite. 
Fig. 18 (A) shows the KII distribution along the front as a function of the thickness of the composite. For the KII the 
behavior remains more intensive at the bottom of the crack and takes weak values towards the end of the crack, the effect 
of the thickness of the composite is significant only for bottom of the crack whereas it is independent of the limit of 
composite dimension crack. From Fig. 18 (B) it can be seen that in zone 1 the KII reaches its maximum for a thickness of 
4 mm from which it decreases. 
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Figure 18: Distribution of the KII along the front for different thickness of the composite (A) variation of the KII as a function of the 
thickness of the composite (B) - repaired pipe (2c = 45mm, a = 7mm). 
 
 

 
 

Figure 19: Distribution of the KIII along the front for different thickness of the composite (A) variation of the KII as a function of the 
thickness of the composite (B) - repaired pipe (2c = 45mm, a = 7mm). 

 
 
Fig. 19 (A) shows the distribution of KIII along the front as a function of the thickness of the composite. From this figure, 
it is noted that the mode III is not sensitive to the thickness of the composite at the bottom of the crack whereas it varies 
significantly with the thickness of the composite on the outer side of the crack or it is in direct contact with the patch, 
however it increases with the thickness of the composite up to a maximum value of 85MPa.mm0.5 for a value of 8mm, 
beyond this value the KIII decreases and the patch resumes its role of absorption of constraints at the edge of the crack. 

 
E) Effect of the composite length: 
Fig. 20 describes the variation of the SIF as a function of the length of the composite patch along the crack front. It is 
observed that increasing the length of the patch does not reduce much the SIF. Except for the KIII, or it can be said that it 
is sensitive to increasing the length of the composite, the SIF in external position is reduced by 20%. This result confirms 
that the choice of a long patch does not necessarily increase the effectiveness of the repair of the blow reduces the cost of 
the maintenance operation. 
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Figure 20: variation of the SIF: KI , KII and KIII  along the crack front for different overwrap length. Repaired pipe with 2c=45mm, a = 
7mm. 

 

 
 
Figure 21: variation of KI, KII and KIII along the crack front for a single layer of composite and for four sub-layers of the composite. 
Repaired pipe with (2c = 60mm, a = 7mm). 
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F) Effect of the repair method: 
In reality, the composite does not have a single thickness but is wound around the pipeline by several layers. By taking this 
evidence we have assumed two repair configurations, at first, we consider a single layer of a composite of 4mm thick, the 
second, we apply a repair with four (4) layers of composite and four (4) layers of adhesives to the same thickness. Fig. 21 
shows the distribution of SIF along the front of cracks, it is clear that the two configurations do not present a big difference 
for the three modes. This result presents an excellent agreement with those of M. M. Benziane et al[29] 
 
 
CONCLUSION 
 

he results obtained numerically by the three-dimensional finite element method enable us to draw the following 
conclusions: 
1. We note the presence of three failure modes along the semi elliptical crack front. The maximum value of the SIF 

along the crack tip is that of the mode KII. 75% of the crack front is influenced by the mode II, 20% by mode I and only 
5% of the crack front is commanded by the mode III.  
2. For longitudinal elliptical cracks the risk of rupture of pipelines is more dangerous on the internal fronts than for external 
ones. 
3. The repair on the external side is better with an efficiency of 81% for the mode III. This is mainly due to the direct 
contact of the lips of the crack with the composite which ensures a good transfer of the concentrations of the constraints 
of the pipe through the adhesive to the composite. 
4. The composite repair technique is effective for the two crack geometries studied. 
5. the rectangular crack is governed only by mode 1, while the semi elliptic crack knows the interaction of the three modes 
of fractures I, II and III. 
6. The reduction of stress intensity factor by the composite patch leads us to conclude that the fatigue life can be improved. 
7. The increase of the thickness of the patch leads to the decrease of the SIF for the internal and external crack positions. 
A thick patch allows a good absorption of the constraints. 
8. It is necessary to optimize the characteristic and geometric (thickness, length) of the composite to have an effective repair. 
This can lead to low cost repair and hence decrease the cost of energy. 
9. The use of a layer of composite or the decomposed in several layers to simulate the real case showed that there is not a 
big difference compared to our results. This confirms that only the first layer of the composite which absorb the maximum 
stress of the pipe.  
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