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ABSTRACT. Elastic fracture mechanics commonly defines the fracture 
resistance of brittle materials within an idealized picture of planar and 
traction-free cracks. An efficient approach to describe the interface conditions 
in real cracks, such as those occurring in concrete, ceramics or stones, is to 
include the effect of both roughness and friction by means of a constitutive 
relationship between opposite points on the interface. In the present paper, 
we use a numerical technique, based on the solution of singular integral 
equations, to derive the near-tip stress field with various interface conditions. 
Then, the technique is applied to investigate the size effect of the interface 
roughness, where such an effect is related to the ratio between the 
characteristic length of the roughness and the nominal length of the crack. It 
is found that the resulting near-tip stresses can be profoundly influenced by 
the crack path, particularly for short cracks. 
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INTRODUCTION 
 

n linear elastic fracture mechanics (LEFM), the stress field in proximity of the tip of a crack is described by a single 
parameter, the stress intensity factor (SIF), which is consequently used to give a measure of the fracture resistance of 
a certain material. Such an approach is based on the assumption of small-scale yielding, and considers a crack with 

flat and smooth interfaces, neglecting any interaction between its surfaces. This rather idealised picture might be 
satisfactory for mode I crack growth, because the surface interaction is somehow limited; however, when the fracture 
surfaces are displaced relative to one another in shear, the interaction cannot be neglected.  
Observations on the failure of quasi-brittle and brittle materials, such as concrete, ceramics, rocks or glass, revealed that 
crack growth does not proceed planarly, but on the contrary tortuous topologies of the crack paths are noticed. A 
combination of different factors is used to explain the observed behaviour, including the effect of far field multi-axial 
stresses, residual stresses, microstructural inhomogeneities, and material properties dispersion [1–5]. In many 
polycrystalline and aggregate materials, the crack surfaces are not macroscopically flat, instead they consist of several 
asperities, with peculiar size, which interact in a complex combination of sliding, sticking, climbing and deforming [6]. As 
a consequence, the fracture strength can be strongly altered, particularly in the presence of mixed-mode loading as a result 
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of far field stresses, or geometrical and material discontinuities. Specifically, Ballarini and Plesha [7] noticed that a pure 
mode I crack growth occurs in very few cases, since the mode mixity is often a result of the crack tortuosity.  
The same Authors presented an interface model, previously proposed by Plesha [8], to deal with the effect of roughness and 
friction along the crack surfaces in a simplified way, and included such a model in a numerical algorithm based on the 
solution of singular integral equations. The same effect, appropriately defined ‘sliding mode crack closure’, was observed 
by Tong et al. [9] in the analysis of cracks under shear fatigue loading. On the other hand, the interaction of the crack 
surfaces through the asperities generates a mode I component, even if the remote loading is purely mode II. This 
phenomenon is generally known as dilatancy, that is, an opening displacement caused by the coupling between normal and 
tangential directions along the nominal crack line. 
In the present paper, we adopt an interface model to account for the effects of friction and roughness, which follows 
from the work of Plesha [8], and whose complete formulation has been firstly presented by the authors in [10]. Frictional 
effects are described with the classical Coulomb’s law, while the roughness is exemplified by a uniform distribution of 
rigid saw-tooth asperities. The solution technique follows an analytical method derived from the application of the 
complex function theory, generally known as the Distributed Dislocation Technique (DDT), which has been applied 
successfully in the solution of crack problems with different geometric configurations [11]. We have previously showed its 
potential in characterising the near-tip stress fields of cracks under mixed mode loading, specifically the effect of the 
interface interaction with respect to the onset of crack propagation under monotonic loading [12].  
The aim of this study is to further explore the effects of interface interaction, by exploring the possible influence on the 
fracture resistance of a size effect, introduced by a characteristic length of the material roughness. It is well known that the 
strength of materials, both the fracture resistance and the fatigue limit, is generally affected by the size of the specimen or 
its microstructural properties. Studies have tried to explain this phenomenon by adopting a fractal description of the 
microstructure of brittle and disordered materials, and noticed that the fatigue crack growth rate depends not only on a 
fractal dimension but also, in an explicit fashion, on the crack length [13–16]. For sinusoidally-patterned surfaces, the size 
effect on the critical load has been related to the ratio between the amplitude and the wave length [17]. In this work, the 
size effect is related to the ratio between the crack roughness period and the length of the crack. Specifically, we explore 
the influence of both the height and the length of the saw-tooth asperities on the mode II stress intensity factor, under a 
mixed-mode loading condition. The paper is structured in two main sections. We start with a Formulation section where 
we review the interface model and give some details on the numerical algorithm that we have used to compute the stress 
intensity factor; following, we present the Results, obtained by an application of the method to a simple edge-cracked 
geometry, and discuss the implications of the interface asperities and the size effect. 
 

 
Figure 1: a) The saw-tooth asperity model, showing the local and global reference systems adopted in the formulation, Eqns. (1)-(4). b) 
Schematic model of the geometry with an edge crack of length c. 
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FORMULATION 
 
Description of the model 

n order to account for the effects of friction and roughness, we make use of an interface model formulated as a 
constitutive relationship between opposing points along the crack, written in the form of a classic elastic-plastic law 
of small strain plasticity. Globally, the crack is smooth and frictionless and the surface interference is modelled by 

means of bridging stresses between the crack surfaces. In this fashion, we can obtain a straightforward implementation 
within the distributed dislocation technique, as the bridging stresses, computed at a discrete number of points, are simply 
added to the stress distribution resulting from the remote loads. 
Let us define the relative displacement (increments) between two opposing points of the crack as composed of a 
recoverable elastic part dwiE, related to the remote stress field, and a non-recoverable plastic part dwiP, which accounts for 
frictional sliding and dilatancy. The stresses on the crack interface are related to the displacement increments by means of 
interface stiffnesses EijEP: 
        

 , ,EP
i ij j nd d i j tE w            (1) 

 
where t,n denote, respectively, the tangential and normal directions with respect to the nominally flat crack surface (Fig. 
1a). In order to compute the interface stiffness, we need to introduce a slip function F and a slip potential G. It can be 
noticed that, since Coulomb’s friction law is non-associated, F and G do not coincide, and the direction of slip is given by 
the gradient of G. Therefore, we can express the non-recoverable displacement increment as: 
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while the interface stiffness EijEP is computed according to the following equation: 
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Eij is the elastic interface stiffness, which is taken two to four orders of magnitude greater than the elastic modulus of the 
medium itself, in order to assure the impenetrability between the crack surfaces and ensure good numerical compatibility.  
The surface roughness is described through a saw-tooth model, characterised by a constant angle , a mean length of the 
asperities equal to 2L and a height h. The coefficient of Coulomb’s friction f is kept constant. With the previous 
assumptions, we obtain the following formulation of F and G: 
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          (4) 

 
We can define a crack size parameter by considering the ratio c/L, where ideally c/2L approaching the unity identifies the 
case of a short crack. The parameters used to describe the surface roughness are somehow related to the specific material, 
and the scale length might differ of several orders of magnitude. For instance, the fracture process in concrete is 
influenced by particles and voids whose sizes are in the order of few nanometres, but if the aggregate is particularly coarse 
the size of the irregularities can go up to some millimetres [18]. It is also common to evaluate roughness through a 
digitalisation of the crack profiles, and consider it as a high-frequency shortwave length component of the measured 
surface, characterised through average measures or peak-to-valley heights [19]. 
 
The numerical algorithm 
In this Sub-Section, we briefly summarise the numerical algorithm used in the present work, which is based on the 
application of the distributed dislocation technique, combined with the interface model introduced above. We begin by 
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introducing a suitable distribution of dislocations along the crack surface: dislocations are commonly used in the theory of 
elasticity as kernel of integral equations, to describe the singular stress state occurring near a source of discontinuity, such 
as the tip of a crack. The stresses thereby obtained, known as the corrective term, assume the following formulation (refer to 
Fig.1b for an explanation of the variables): 
 

 
0

( )2
( ) ( ) ( , )

( 1)

c
i

i j ij

B
x B F x d

x


   

  
 

 
 
 
          (5) 

 
where  is the elastic shear modulus and  is the Kolosov constant of the material. Fij are influence functions, whose 
expression for the case considered here can be found in the literature [11] and Bi() is the dislocation density, which yields 
the relative displacement between the crack surfaces by integration. Applying the superposition principle, we obtain the 
stress state along the crack surface, adding the stresses generated by the remote loads (x) to the corrective term in (5). If 
we assumed a traction-free crack, the overall stress state on the surfaces would have to be null; here, on the contrary, we 
need to add the bridging stresses  b(x) resulting from the surface interaction, so that the integral formulation takes the 
following form: 
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The standard method of solution for integral equations of this kind consists in normalising the interval between [-1,1], so 
that the variables x, are replaced by u and v. We can also express the unknown dislocation densities as follows: 
 

          
1

( ) ( ) ( ) ( ) , ,
1j j j

u
B u u u u j x y

u
   

  
         (7) 

 
where 𝜔(u) is the fundamental singular function while 𝜙j(u) are the unknowns. Here we have assumed the dislocation 
densities to be square root singular at the tip of the crack (u=+1) and bounded to zero at the crack mouth (u=-1). Using 
Gauss-Chebyshev numerical quadrature, the integral Eqn. (6) is converted in a set of non-linear algebraic equations: 
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where W(uk) are weight functions. We recall that the integration points uk are the points at which the displacements are 
computed, whereas the collocation points vl are those at which we evaluate the stresses. In the usual applications of the 
dislocation methods, the right-side of Eqn. (8) is known, often null in the case of open cracks or of separating contacts, so 
that the system of algebraic equations is linear. Instead, in our case the bridging stresses are function of the relative 
displacements, through the constitutive relationship of Eqns. (1)-(5). The displacements can be obtained from 
the dislocation densities through the following integration:  
 

 
1

( ) ( )i i
u

w u B u du             (9) 

 
The resulting system is therefore non-linear. An efficient technique of solution is achieved if we introduce a compliance 
matrix, which directly connects stresses and displacements so that we eliminate the need to integrate the dislocation 
densities at each step of the incremental solution. For each increment of the external loads, the stiffness matrix EijEP in (5) 
needs to be updated, using the configuration of stresses and displacements at the beginning of the increment. Details of 
the technique are provided in [12]. 
The stress intensity factors at the crack tip are computed from the unknown functions (j), through an extrapolation to 
the singular point u=+1: 
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 RESULTS 
 

n this Section we summarise the results that we have obtained, applying the method to a simple geometry, consisting 
of an edge crack in a half-plane. The material is linear elastic and a state of plain strain is assumed. Compressive and 
tangential stresses are applied remotely, such that uniform normal and shear stresses, p and q respectively, act along 

the crack line (see Fig. 1b). In order to explore the influence of the roughness ratio, we have performed several analyses, 
varying the ratio c/L and computed the mode II SIF at the crack tip. All the results presented in this Section are 
normalised with respect to the crack length c and the mean normal pressure p.  
In Fig.2 we show the variation of the normalised SIF during the increment of external loads, considering two different 
values of the asperity angle 𝛼. We observe that KII is null until the stress ratio q/p reaches 0.5, which is the value of the 
coefficient of friction f chosen in the simulation: this was expected, since the stress distribution due to the external loads is 
constant. For q/p>0.5, we notice an increase, which is more pronounced for shorter cracks, i.e. for c/L tending to 1. 
In Fig.3 we show the variation of the SIF, evaluated at q/p =1, with the angle of roughness, for three different values of 
c/L. We can appreciate the effect of the roughness angle, which causes a decrease of the mode II SIF: as already noticed 
in [12],the reason for this is that the surface roughness generates a resistance to sliding, which is added to the one due to 
friction. However, while the decrease is almost linear for short cracks, for bigger c/L ratios we observe a greater 
reduction, although it appears to attenuate at bigger roughness angles.  
 

 
Figure 2: The normalised stress intensity factor KII versus the applied load ratio q/p. Different relative crack lengths c/L are 
considered. f =0.5. (a) Angle of the surface asperity =2° and (b) angle of the surface asperity =5°. The inset shows the loading 
history. 
 
Finally, we explore the effect of the ratio c/L, considering two different cases: in Fig.4a, we keep the angle 𝛼 constant, 
while in Fig.4b we keep constant the height h of the asperities. Indeed, throughout the other simulations, we have always 
kept the asperity angle constant: as a consequence, a change in the ratio c/L implies also a change in the height h of the 
saw-tooth.  
 
 
CONCLUSIONS 
 

he crack tip stress fields in brittle and quasi-brittle material can be highly influenced by the surface interaction due 
to microscopic asperities. As a result, the stress intensity factor might differ from the theoretical values computed 
according to the relationships of LEFM, which assumes a crack with flat and smooth surfaces. 
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In the present paper a numerical algorithm, based on the distributed dislocation technique, is used in combination with a 
non-linear interface model to characterise the near-tip stress field of rough and frictional cracks. The interface roughness 
and the frictional effects are included through a rigid-plastic constitutive relationship between stresses and relative 
displacements along the crack. The stress intensity factors are computed through a numerical solution of singular integral 
equations, adopting an iterative algorithm developed by the authors, which has proved to be effective in different 
geometries and loading scenarios.  
Specifically, the model is used here to examine the influence of a size effect parameter, related to the ratio between the 
crack roughness period and the length of the crack. The results confirm a crack shielding effect due to roughness and 
friction, that is, a reduction in the mode II stress intensity factor for increasing roughness (notably, the asperity angle). 
Moreover, we show that the crack shielding is more pronounced for longer cracks. 
 

 
 

Figure 3: Variation of the normalised SIF KII with respect to the roughness angle, for q/p=1. 

 
 
Figure 4: (a) Variation of the normalised SIF KII with respect to the relative crack length c/L, for q/p =1. The angle of the surface 
asperity is kept constant. (b) Variation of the normalised SIF KII with respect to the relative crack length c/L, for q/p =1. The height of 
the surface asperity is kept constant. The coefficient of friction is equal to 0.5 in all the simulations. 
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