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Abstract : In this paper, the invariant Subspace Problem is studied for the class of non-Archimedean
compact operators on an infinite-dimensional Banach space E over a nontrivial complete non-

Archimedean valued field K. Our first main result (Theorem 9) asserts that if K is locally compact,

then each compact operator on E possessing a quasi null vector admits a nontrivial hyperinvariant
closed subspace. In the second one (Theorem 17), we prove that each bounded operator on E which

contains a cyclic quasi null vector can be written as the sum of a triangular operator and a com-

pact shift operator, each one of them possesses a nontrivial invariant closed subspace. Finally, we
conclude that if K is algebraically closed, then every compact operator on E either has a nontrivial

invariant closed subspace or is a sum of upper triangular operator and shift operator, each of them

is compact and has a nontrivial invariant closed subspace.

Key words: Invariant subspace, hyperinvariant subspace, compact operator, t-orthogonal basis, quasi

null vector, triangular operator, shift operator.
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1. Introduction

One of the most important problem in operator theory is the invariant
subspace problem, which is concerned with the existence of invariant subspaces
of a bounded operator on separable infinite-dimensional Banach space. This
problem is one of the best-known unresolved problem in functional analysis. It
is not clear exactly when the problem was formally posed. Some believe that
the interest aroused by this problem stems from a Beurling’s paper [6] and
an unpublished work by von Neumann in which he had shown that compact
operators on a complex Hilbert space of dimension at least 2 have nontrivial
invariant closed subspaces. Since then, research into the existence of invariant
subspaces is intensively launched. A number of authors worked on extending
this result and significant progress was made from then until now.
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In 1954, Aronszajn and Smith [3] generalized the result obtained by von
Neumann to compact operators on an infinite-dimensional Banach space over
the complex field C.

In 1966, Bernstein and Robinson [5], using nonstandard analysis, proved
that each polynomially compact operator on a complex Hilbert space has a
nontrivial invariant closed subspace. In the same year, Halmos [10] gave a
proof of the same result by a similar method, but avoiding the nonstandard
analysis tools.

In 1968, Arveson and Feldman [4] proved that if T is a quasitriangular
operator on a Hilbert space (an operator satisfying limn ‖TPn − PnTPn‖ = 0
for some sequence (Pn)n of orthogonal projection operators which converges
strongly to the identity I), then T has a nontrivial invariant closed subspace if
the closed algebra generated by T and I contains a nonzero compact operator.

In 1973, Pearcy and Salinas [14] proved that if T is a quasitriangular
operator on a Hilbert space H and R(T ), the norm closure of the rational
functions of T , contains a nonzero compact operator, then there exists a non-
trivial invariant closed subspace under all operators in R(T ). In the same
year, appeared the famous theorem of Lomonosov [12]. This theorem gener-
alized all the preceding results. Lomonosov showed that each operator on a
Banach space that commutes with a nonzero compact operator has a nontriv-
ial hyperinvariant closed subspace. He used new techniques in his proof like
Schauder’s fixed point theorem. Then, the theorems due to von Neumann,
Aronszajn and Smith, Bernstein and Robinson, become direct corollaries of
this theorem. The Lomonosov’s theorem obtained was a more general result
than anyone had even hoped to be able to prove. In the same year, Hilden
found a proof of Lomonosov’s theorem without using Schauder’s fixed point
theorem, and with only the most elementary notions of functional analysis
(see [16, p. 158]).

In 1977, Michaels [13] presented the Hilden’s proof with more simplifica-
tions, making it accessible to nonspecialists. At this time, the Lomonosov
result seemed so strong that some authors wondered if his hypothesis (com-
mutativity with a compact operator) could even be true for all operators. Un-
fortunately, in 1980 Hadwin, Nordgren, Radjavi and Rosenthal [9] constructed
an operator not satisfying such hypothesis. In the non-Archimedean setting,
in 2008 Sliwa [20] proved that every infinite-dimensional non-Archimedean Ba-
nach space of countable type admits a bounded operator without a nontrivial
invariant closed subspace.
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In this paper, taking inspiration from Hilden’s proof techniques of
Lomonosov’s Theorem, we prove that each compact operator on an infinite-
dimensional Banach space over a locally compact non-Archimedean valued
field in which there exists a quasi null vector have a nontrivial hyperinvariant
closed subspace (Theorem 9). We prove also that each bounded operator on
infinite-dimensional non-Archimedean Banach space which contains a cyclic
quasi null vector can be written as the sum of a triangular operator and a
compact shift operator, each one of them has a nontrivial invariant closed
subspace (Theorem 17).

2. Preliminary and auxiliary results

In this section, we collect some auxiliary results of non-Archimedean
analysis that we need later.

Let K be a field, a valuation on K is a function |.| : K→ [0,∞) such that
for all a, b ∈ K:

(i) |a| = 0 if and only if a = 0;

(ii) |ab| = |a||b|;
(iii) |a+ b| ≤ |a|+ |b| (the triangle inequality).

The pair (K, |.|) is called a valued field. We frequently write K instead of
(K, |.|). A valuation |.| on K is:

• non-trivial if |a| 6= 1 for some a ∈ K\{0};
• non-Archimedean if |a+ b| ≤ max{|a|, |b|} for all a, b ∈ K;

• complete if K is complete with respect to the metric d(a, b) = |a − b|
induced by the valuation |.|.

For fundamentals on non-Archimedean valued field we refer to [15, 21].
Throughout this paper, K := (K, |.|) is a non-Archimedean non-trivially

valued complete field. The closed unit ball and the open unit ball in K are
respectively BK = {λ ∈ K : |λ| ≤ 1} and BK = {λ ∈ K : |λ| < 1}. The
residue class field of K is k = BK/BK. We say that K is locally compact if
each point has a compact neighbourhood. So, clearly K is locally compact
if, and only if, the unit ball BK of K is compact. And we have the following
characterization of a locally compact field:

Theorem 1. ([15, p. 9]) K is locally compact if, and only if, the valua-
tion is discrete and the residue class field is finite.
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The most known example of a non-Archimedean valued field is the field of
p-adic numbers Qp which is locally compact (see [15, p. 9]).

We say that K is spherically complete if any decreasing sequence of closed
balls in K has a non-empty intersection (see [15, p. 4]).

Now let E be a vector space over K. A norm ‖.‖ on E is called non-
Archimedean if it satisfies the following strong inequality:

‖x+ y‖ ≤ max{‖x‖, ‖y‖} for all x, y ∈ E.

It is easy to verify that if ‖.‖ is a non-Archimedean norm in E, then for x, y ∈ E
with ‖x‖ 6= ‖y‖ we have ‖x+ y‖ = max{‖x‖, ‖y‖}. We say that E := (E, ‖.‖)
is a non-Archimedean Banach space if the norm ‖.‖ is non-Archimedean on E,
and it is complete with the topology induced by the metric d(x, y) = ‖x− y‖.

If E contains a countable set Y such that its linear hull is dense in E,
i.e., [Y ] = E, then we say that E is of countable type. Let t ∈ (0, 1], A
vector x ∈ E is t-orthogonal (orthogonal, when t = 1) to y ∈ E\{0} if
d(x,Ky) := dist(x,Ky) ≥ t‖x‖, where dist(x,D) := infd∈D ‖x − d‖(D ⊆ E)
and Ky denotes a one-dimensional linear subspace generated by the element
y. We note x⊥ty. By the principle of van Rooij (see [15, p. 23]), if x⊥ty then

‖λx+ µy‖ ≥ tmax{‖λx‖, ‖µy‖} for all λ, µ ∈ K.

So, the t-orthogonality is a symmetric relation. We say that a subset X of
E\{0} is t-orthogonal (orthogonal, when t = 1) system if for each x ∈ X,
x⊥ty for all y ∈ [X\{x}]. Clearly, a subset X = {x1, x2, . . . , xn, . . . } ⊆ E\{0}
is t-orthogonal if, and only if, each finite subset of X is t-orthogonal, i.e.,∥∥∥∥∥

m∑
i=1

λixi

∥∥∥∥∥ ≥ t m
max
i=1
‖λixi‖

for all λ1, . . . , λm ∈ K and all x1, . . . , xm ∈ X, where xi 6= xj for i 6= j. And
{x1, x2, . . . , xn, . . . } is orthogonal if, and only if,∥∥∥∥∥

m∑
i=1

λixi

∥∥∥∥∥ =
m

max
i=1
‖λixi‖.

If A and B are two subset of E, we say that A and B are t-orthogonal
if for every (a, b) ∈ A × B we have a⊥tb. Then, we write A⊥tB. A se-
quence (xn)n in E is called a t-orthogonal (orthogonal, when t = 1) basis of
E if {x1, x2, . . . , xn, . . . } is t-orthogonal and every x ∈ E has an expansion
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x =
∑+∞

n=1 λnxn, where λn ∈ K for every n ∈ N. The basis is orthonormal if,
in addition, ‖xn‖ = 1 for all n ∈ N.

For more background on non-Archimedean normed space over valued field
and more details we refer the reader to [21, 18]. Now, we recall the following
important theorem:

Theorem 2. ([15, p. 30]) If E is of countable type, then for each t ∈
]0, 1[, E has a t-orthogonal basis. In addition, if K is spherically complete, E
has an orthogonal basis.

We call a nonempty subset X of E absolutely convex if ax + by ∈ X for
all x, y ∈ X and a, b ∈ BK. Let X be any subset of E, By Co(X) we denote
the absolutely convex hull of X, which is the smallest absolutely convex set
in E that contains X. A subset X of E is said to be compactoid if for every
ε > 0 there exists a finite set A ⊂ E such that X ⊂ B(0, ε) + Co(A) (where
B(0, ε) = {x ∈ E : ‖x‖ ≤ ε}). Amice [2] proved that if K is locally compact,
then a subset of E is compactoid if, and only if, it is precompact, then each
complete compactoid subset of E is compact. It’s easy to see that if K is not
locally compact, any convex set (a translation of absolutely convex set) in E
containing at least two points, is not compact.

An operator on E is a linear map T : E → E. By B(E) we denote the
algebra of all bounded operators on E.

Now, we recall the definitions of completely continuous and compact
operators on non-Archimedean Banach space.

Definition 3. Let T be an operator on E, we say that T is:

1. completely continuous if T (B(0, 1)) has a compact closure [19, 7];

2. compact if T (B(0, 1)) is a compactoid (see [21, p. 142]).

We note that the first definition have no sense if K is not locally compact,
and the two definitions coincide when K is locally compact (see [21, p. 142]).

Similarly as in classical Hilbert space analysis, we have the following result:

Theorem 4. ([21, p. 142]) Let T ∈ B(E). Then T is compact if, and
only if, for every ε > 0, there exists an S ∈ B(E) such that S is a finite rank
operator and ‖T − S‖ ≤ ε.

This means that the compact operators are exactly the (norm) limits of
finite rank operators. The spectral theory on compact operators in classical
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analysis can be successfully extended to the set of compact operators in non-
Archimedean analysis, see [8, 17].

The spectrum σ(T ) := {λ ∈ K : T − λI is not invertible} of a compact
operator T is at most countable with 0 as its only possible accumulation point,
so in particular it is compact (see [17, p. 17]). Moreover, each nonzero element
of the spectrum is an eigenvalue (see [17, p. 16]). One also has the Fredholm
alternative (see [17, p. 15]). And also, as in classical analysis over complex
field, if K is algebraically closed then every compact operator T is spectral
in the following sense: max{|λ| : λ ∈ σ(T )} = limn ‖Tn‖

1
n . For more on

compact operators, see [7, 8, 17, 19].

3. Definitions and main results

We are now ready to state and prove the main results of this paper.

Definition 5. Let T be an operator on a Banach space E, and M a
nontrivial ({0}  M  E) closed subspace of E. We say that M is:

1. invariant if TM ⊆M.

2. hyperinvariant if M is invariant for each element of {T}′ = {S ∈ B(E) :
TS = ST} (the commutant of T ).

We note that a bounded operator on a Banach space is said locally quasinil-
potent at a vector x if limn ‖Tnx‖

1
n = 0 [1]. We point out that T can be not

locally quasinilpotent on certain nonzero vector x, and lim infn ‖Tnx‖
1
n = 0.

In this case we shall say that x is T -quasi null vector. It turns out that
this property can be a very useful tool for the study of invariant subspaces.
Note that even a compact operator may not have a T-quasi null vector. For
example, we consider the operator T on c0(Qp) (the non-Archimedean Banach
space of null sequences on Qp) defined by:

Ten = pnen for all n ≥ 1 ,

where (en)n is the standard orthogonal basis of c0(Qp). It is clear that T is
compact. Let x = (xk)k be a nonzero element of c0(Qp). Then, x =

∑
k≥1 xkek

and for each n ≥ 1, Tnx =
∑

k≥1 xkp
nkek. Let r ≥ 1 be such that xr 6= 0. So

‖Tnx‖ = max
k≥1
|xk||pnk| and ‖Tnx‖

1
n ≥ |xr|

1
n

1

pr
.

Therefore, T cannot have a T -quasi null vector.
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Lemma 6. Let (αn)n be a real sequence such that lim infn α
1
n
n = 0. Then,

for each real β we have lim infn β
nαn = 0.

Proof. Let β ∈ R. Then for each n ≥ 1 we have (βnαn)
1
n =βα

1
n
n .

Proposition 7. x is T -quasi null vector if, and only if, x is λT -quasi null
vector for each λ ∈ K\{0}.

Proof. Let λ ∈ K\{0}. For each n ≥ 1, ‖(λT )nx‖
1
n = |λ|‖Tnx‖

1
n .

Lemma 8. ([15, p. 18]) Let E := (E, ‖.‖) be a normed space over a dis-
cretely valued field K. Then there is an equivalent norm ‖.‖′ on E for which
‖.‖′ is solid (i.e., ‖E‖′ ⊆ |K|).

We note that if T is an operator on (E, ‖.‖) and ‖.‖′ is another non-
Archimedean norm on E that is equivalent to ‖.‖. Then, every T -quasi null
vector of (E, ‖.‖) is also a T -quasi null vector of (E, ‖.‖′). Every closed invari-
ant (resp. hyperinvariant) subspace of T in (E, ‖.‖) is closed invariant (resp.
hyperinvariant) subspace of T in (E, ‖.‖′). So with this argument and Lemma
8, we can, without loss of generality, assume that the non-Archimedean norm
in E is solid.

Now we are ready to show that on non-Archimedean Banach space over a
locally compact field every compact operator with a T -quasi null vector has a
nontrivial hyperinvariant closed subspace.

Theorem 9. Let (E, ‖‖) be a non-Archimedean Banach space over a lo-
cally compact field K and T be a compact operator on E. If there exists a
T -quasi null vector in E, then there exists a nontrivial hyperinvariant closed
subspace of T .

Proof. Without loss of generality, we can assume that T is an injective op-
erator, and ‖T‖ = 1. Let z be a T -quasi null vector in E. So lim infn ‖Tnz‖

1
n =

0. Let λ0 ∈ K be such that ‖T (λ0z)‖ > 1. And let z0 = λ0z, so ‖z0‖ =
‖T‖‖z0‖ ≥ ‖Tz0‖ > 1. For each λ ∈ K, by Lemma 6,

lim inf
n
|λ|n‖Tnz0‖ = |λ0| lim inf

n
|λ|n‖Tnz‖ = 0 .

For each x ∈ E, set

Hx :=
{
Sx : S ∈ {T}′

}
.
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Then, Hx is an hyperinvariant subspace of T . Then, so is Hx for each x. Since
for each x ∈ E\{0}, Hx 6= {0}, we have the result unless Hx = E for each
x ∈ E\{0}. So, assume a contradiction and suppose that we have this. Let
B := B(z0, 1) be a closed unit ball in E. For each x ∈ E\{0}, z0 ∈ E = Hx,
then there exist y ∈ Hx such that ‖y − z0‖ ≤ 1. And there exists S ∈ {T}′

such that y = Sx. Hence, ‖Sx− z0‖ ≤ 1, and Sx ∈ B. Therefore,

E\{0} ⊆
⊔

S∈{T}′
{x ∈ E : Sx ∈ B}.

For each S ∈ {T}′ , let U(S,B) := {x ∈ E : Sx ∈ B}. Clearly U(S,B) is
open in E for each S ∈ {T}′ . Since 0 6∈ B, we have 0 6∈ T (B). Then,

T (B) ⊆
⊔

S∈{T}′
U(S,B) .

Since T is compact, there exist S1, . . . , Sn ∈ {T}
′

such that

T (B) ⊆
n⊔
i=1

U(Si,B).

T z0 ∈ T (B) ⇒ there is i1 ∈ {1, . . . , n} such that Tz0 ∈ U(Si1 ,B) ⇒ Si1Tz0 ∈
B ⇒ TSi1Tz0 ∈ T (B) ⇒ there is i2 ∈ {1, . . . , n} such that TSi1Tz0 ∈
U(Si2 ,B) ⇒ Si2TSi1Tz0 ∈ B. And we continue like this so much we would
like. Then for each k ≥ 1, there exist Si1 , . . . , Sik ∈ {T}

′
such that

SikTSik−1
T · · ·Si1Tz0 ∈ B.

Since the non-Archimedean norm of E is solid, let λ ∈ K\{0} be such that
|λ| = max1≤j≤k ‖Sij‖. So, we have (λ−1Sik) · · · (λ−1Si1)(λT )k(z0) ∈ B ⇒
‖(λ−1Sik) · · · (λ−1Si1)(λT )k(z0)− z0‖ ≤ 1. Since ‖z0‖ > 1, we have

‖(λ−1Sik) · · · (λ−1Si1)(λT )k(z0)‖ = ‖z0‖ > 1.

Since ‖λ−1Sir‖ ≤ 1 for all 1 ≤ r ≤ k, we get ‖(λT )kz0‖ > 1. Hence,
|λ|k‖T kz0‖ > 1 for each k ≥ 1, which is a contraction. And the result
follows.

Remark 10. It is known that the closure of the range of a compact operator
is of countable type (see [21, p. 134]). So, if the Banach space E is not of
countable type, this closure is a nontrivial hyperinvariant closed subspace.
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We note that if E is not of countable type, then every operator T on E
does not have a cyclic vector (a vector x ∈ E such that [Tnx , n ≥ 0] = E).
And so for each nonzero x in E, [Tnx , n ≥ 0] is a nontrivial closed invariant
subspace of T . Therefore, without loss of generality, we assume throughout to
the end of this paper that E is a non-Archimedean Banach space of countable
type. The following lemma and theorem will be needed to prove Lemma 14.

Lemma 11. ([21, p. 66]) Let F be a closed subspace of E and a ∈ E\F.
then for each t ∈]0, 1[ there exist e ∈ E such that [a] + F = [e] + F and e is
t-orthogonal to F. Furthermore, if K is spherically complete, we can choose e
to be orthogonal to F.

Theorem 12. ([15, p. 30]) Let t ∈]0, 1] and let {xn , n ∈ N} be a t-
orthogonal subset of E. If [xn , n ∈ N] = E, then {x1, x2, . . . } is a t-orthogonal
(orthogonal, when t = 1) basis of E.

Lemma 13. ([15, p. 28]) Let e1, . . . , en be distinct nonzero vectors in a
normed space E. Let t2, t3, . . . , tn ∈]0, 1] be such that

dist(e2, [e1]) ≥ t2‖e2‖ ,
dist(e3, [e1, e2]) ≥ t3‖e3‖ ,

...

dist(en, [e1, . . . , en−1]) ≥ tn‖en‖ .

Then {e1, . . . , en} is (t2t3 · · · tn)-orthogonal.

Lemma 14. Let T be a bounded operator on E. Suppose that there exists
a T -quasi null vector in E which is cyclic. Then, for each t ∈]0, 1[, there exists
(en)n, a t−orthogonal basis of E such that:

1. T [e1, . . . , en] ⊆ [e1, . . . , en+1] for all n ≥ 1;

2. lim infn d(T (en), [e1, . . . , en]) = 0.

Proof. Let z be a cyclic T -quasi null vector in E. So, we have

E = [z, Tz, T 2z, . . . ] , (1)

lim inf
n
‖Tnz‖

1
n = 0 . (2)
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Let t ∈]0, 1[. For each n ≥ 1, let Fn := [z, Tz, T 2z, . . . , Tn−1z]. Choose
t2, t3, · · · ∈]0, 1[ such that t ≤

∏
i≥2 ti.

Let e1 = z, Tz ∈ E\F1, then by Lemma 11, there exists e2 ∈ E such that,
[e1, e2] = [e1, T z] = [z, Tz] = F2 and e2 ⊥t2 F1 = [e1]. T 2z ∈ E\F2, then by
Lemma 11, again, there exists e3 ∈ E such that, [z, Tz, e3] = [z, Tz, T 2z] and
e3 ⊥t3 [z, Tz]. Hence, [e3, e2, e1] = [z, Tz, T 2z] and e3 ⊥t3 [e1, e2] = F2.

Continuing on this direction, we construct a sequence (en)n in E such that
for each n ≥ 1 we have:

Fn = [e1, . . . , en] = [z, Tz, . . . , Tn−1z] , (3)

en ⊥tn [e1, . . . , en−1] = Fn−1 . (4)

Then, using Lemma 13 for each n ≥ 2, we conclude that (em)1≤m≤n is
(t2 · · · tn)-orthogonal, so (en)n≥1 is a t-orthogonal sequence in E, and

[e1, e2, . . . ] = [z, Tz, T 2z, . . . ].

Hence, by Theorem 12, (en)n is a t-orthogonal basis of E. And for each n ≥ 1
we have:

T (Fn) = T [e1, . . . , en] = T [z, Tz, . . . , Tn−1z] ⊆ [z, Tz, . . . , Tnz]

= Fn+1 = [e1, . . . , en+1] .

Now, let show that lim infn d(T (en), [e1, . . . , en]) = 0. Since for each sequence
(λn)n of nonzero scalars, (λnen)n is a t-orthogonal basis of E such that for
each n ≥ 1

T [λ1e1, . . . , λnen] ⊆ [λ1e1, . . . , λn+1en+1],

without loss of generality we can assume, that the t-orthogonal basis (en)n
satisfies |ρ| ≤ ‖en‖ ≤ 1 for all n ≥ 1 for some scalar ρ such that 0 < |ρ| < 1.

Let n ≥ 1, en ∈ [z, Tz, . . . , Tn−1z] = Fn−1 + [Tn−1z]. Then, there exist
xn ∈ Fn−1 and λn ∈ K\{0} such that

en = xn + λnT
n−1z.

Hence, Ten = Txn + λnT
nz. So, we have:

d(en,Fn−1) = d(λnT
n−1z,Fn−1) , (5)

d(Ten,Fn) = d(λnT
nz,Fn) . (6)
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Therefore, we have

d(en+1,Fn) = d(λn+1T
nz,Fn) = |λn+1|d(Tnz,Fn) ,

d(Ten,Fn) = |λn|d(Tnz,Fn) .

Hence,

d(Ten,Fn) =
|λn|
|λn+1|

d(en+1,Fn)

≥ |λn|
|λn+1|

t‖en+1‖ ≥ t|ρ|
|λn|
|λn+1|

.

(7)

Then, by (6), we have d(λnT
nz,Fn) ≥ |λn|

|λn+1| t|ρ| ⇒
t|ρ|
|λn+1| ≤ ‖T

nz‖. So, by

(2), lim infn( 1
|λn+1|)

1
n = 0. Since for all n ≥ 1

(
n∏
k=1

|λk|
|λk+1|

) 1
n

=

(
|λ1|
|λn+1|

) 1
n

,

we have

lim inf
n

(
n∏
k=1

|λk|
|λk+1|

) 1
n

= 0.

Then, there exists a subsequence
( |λkj |
|λkj+1|

)
j

of
(
|λk|
|λk+1|

)
k

such that,

lim
j

( |λkj |
|λkj+1|

)
= 0 .

On the other hand, by (7), for each j ≥ 1 we have

d(Tekj ,Fkj
) =

|λkj |
|λkj+1|

d(ekj+1,Fkj
)

≤
|λkj |
|λkj+1|

‖ekj+1‖ ≤
|λkj |
|λ

kj
+1|

.

Then, limj d(Tekj ,Fkj
) = 0. And lim infn d(T (en),Fn) = 0.
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In the classical analysis, an operator T acting on complex Hilbert space
H is said to be triangular, if there exists a sequence {Pn} of (orthogonal)
projections of finite rank on H converging strongly to I and satisfying
(I −Pn)TPn = 0. That is equivalent, that T have an upper triangular matrix
with respect to some orthonormal basis of H [11].

In the same context, in a non-Archimedean Banach space of countable
type, we give the following definition:

Definition 15. Let T be a bounded operator on E. We say T is a
triangular operator, if there exist t ∈]0, 1] and a t−orthogonal basis (en)n
of E, such that for each n ≥ 1, [e1, e2, . . . , ekn ] is invariant for T , where (kn)n
is a strictly increasing sequence in N∗.

Remark 16. If K is algebraically closed, every triangular operator is an
upper triangular operator (have an upper triangular matrix in such a t-
orthogonal basis). Indeed, for all n ≥ 1, let Fn = [e1, e2, . . . , ekn ] and F0 =
{0}. Since T (Fn) ⊆ Fn for all n ∈ N, then by the well known result, that
every operator in finite dimensional space over K is upper triangular, we have
for all n the quotient operator Sn defined in Fn+1/Fn by Sn(x) = S(x) for
all x ∈ Fn+1/Fn, is upper triangular. So obviously there is (bn)n ⊆ E\{0}
such that [b1, b2, . . . ] = E with the property that T ([b1, . . . , bn]) ⊆ [b1, . . . , bn]
for all n ∈ N∗. Therefore, according to the same first part of proof of Lemma
14, we can construct a t-orthogonal sequence (ln)n where t ∈]0, 1[, such that
[b1, . . . , bn] = [l1, . . . , ln] for all n ∈ N∗. So T ([l1, . . . ln]) ⊆ [l1, . . . , ln] for
all n ∈ N∗ and (ln)n is t-orthogonal basis of E, hence we have T is upper
triangular operator.

Now, we state our second main result.

Theorem 17. Let T be a bounded operator on E. If there exists a cyclic
T -quasi null vector in E, then T can be written as the sum of triangular
operator and a compact shift operator, each one of them possesses a nontrivial
invariant closed subspace.

Proof. Let t ∈]0, 1[. By Lemma 14, there exists (en)n, a t-orthogonal basis
of E such that T (Fn) ⊆ Fn+1 and lim infn d(Ten,Fn) = 0, where Fn :=
[e1, . . . , en] for all n ≥ 1. Without loss of generality, we can assume that
|ρ| ≤ ‖en‖ ≤ 1 for all n ≥ 1 for some scalar ρ with 0 < |ρ| < 1. Then, there
exists a sequence (kj)j in N such that limj d(Tekj ,Fkj ) = 0.
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For each n ≥ 1, Ten ∈ Fn + [en+1]. So, there exist yn ∈ Fn and λn ∈ K
such that Ten = yn + λnen+1. For each j ≥ 1,

d(λkjekj+1,Fkj
) ≥ t‖λkjekj+1‖ ≥ t|λkj ||ρ| .

Then, limj |λkj | = 0.
Let MT be the matrix of T in the basis (en)n. For each n ≥ 1, let yn =

λn1e1 + · · ·+ λnnen, (λn1 , . . . , λ
n
n) ∈ Kn. Then MT is given by:

MT =



λ1
1 λ2

1 λ3
1 . . . . . .

λ1 λ2
2 λ3

2 . . . . . .

0 λ2 λ3
3 . . . . . .

0 0 λ3 . . . . . .

0 0 0 . . . . . .

. . . . . . . . . . . . . . .

. . . . . . . . . . . . . . .


.

Let S be the operator defined on E by:

Sen :=

{
Ten if n 6= kj ,

yn if n = kj .
(∀n ≥ 1).

It is clear that the matrix of S in the basis (en)n is obtained from MT by
putting 0 in the place of λkj for all j ≥ 1.

Consider the operator U = T − S which is defined by:

Uen :=

{
0 if n 6= kj ,

λkjekj+1 if n = kj .
(∀n ≥ 1).

U is a shift operator on E, and for each x =
∑+∞

n=1 xnen,

U(x) =
+∞∑
j=1

λkjxkjekj+1 .

We obviously have that [e1, e2, . . . , ekj ] is invariant under S for all j. Then, S
is a triangular operator. It remains to show that U is compact.

For each j ≥ 2, let Uj := PjU , where Pj is a projection on Fkj parallel

to [ekj+1, ekj+2, . . . ]. It is clear that Uj is a finite rank operator. Let x =
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∑+∞
n=1 xnen ∈ E\{0}. For each ε > 0, there exists j0 ≥ 1 such that |λkj | ≤ t

‖x‖ε
for all j ≥ j0. Then, for each j ≥ j0, we have

‖U(x)− Uj(x)‖ = ‖
+∞∑
r≥j

λkrxkrekr+1‖ ≤ sup
r≥j
|λkr ||xkr |‖ekj+1‖

≤ t

‖x‖
ε sup
r≥j
|xkr | ≤

t

‖x‖
ε
‖x‖
t

= ε .

Hence, U = limj Uj . Therefore, U is a compact operator.

As a consequence of Theorem 17, we conclude the following important
result.

Corollary 18. If K is algebraically closed, then every compact operator
in E either has a nontrivial invariant closed subspace or is a sum of two
compact operators, one is upper triangular and the second one is a shift.

Proof. Let T be a compact operator in E, we assume that the set of points
of the spectrum of T is equal to {0} and T has a cyclic vector (otherwise T has
a nontrivial closed invariant subspace (see [17, p. 15]), then with [17, Theorem

6.14], we have limn ‖Tn‖
1
n = 0, so limn ‖Tnz‖

1
n = 0 for all z ∈ E. This, with

Remark 16 and Theorem 17 completes the proof.
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