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1 Introduction

Global existence for nonlinear wave equations is an important mathematical topic. Mathemati-
cians, including F. John, S. Kleinerman, L. Hormander, etc., have made investigations to this
subject. The first non-trivial long-time existence result was established by F. John and S. Klein-
erman in [19], where it is proved the almost global existence for a class 3D quasilinear scalar wave
equations. Global existence for 3D quasilinear wave equations was established firstly by S. Klein-
erman in [20] and by D. Christodoulou, independently by S. Kleinerman, in [5]. The problem in
2D case is quite delicate. Introducing the ghost weight, in [1] was proved the global well-posedness
for a class 2D nonlinear wave equations. Using a class Hardy-type inequality depending on the
compact support of the initial data, in [21] was proved almost global existence for 2D case. Here
we propose a new approach for investigations for classical solutions of a class 2D nonlinear wave

equations. We investigate for existence of at least two positive solutions for the following IVP

ue — Au = f(t, z,u,up, uyz), t>0, r = (x1,15) € R?,
u(0, z) = up(z), r = (21,29) € R?, (1.1)
ut (0, ) = up (), r = (21,29) € R?,

where Au = Uy, 4, + Uzpuy, Uz = (Uzy s Uy )-

The initial value problem (1.1) has attracted considerable attention in the mathematical community
and the well-posedness theory in the Sobolev spaces for polynomial type nonlinearities has been
extensively studied. The case of exponential nonlinearity was recently investigated (see [18] and
references therein). In particular, if the nonlinearity f and the initial data wug,u; are smooth then
the Cauchy problem (1.1) has a classical local (in time) solution. This follows from Duhamel’s
formula via the usual fixed point argument in the space H} . x H, lsozl, s > 2. Such an s guarantee
that u,u;, Vu are in L°°. Note that u € H; A means that the H° norm over a ball centered at xg
and with radius 1 is uniformly bounded by a constant independent of xy. We refer the reader to
[23] and references therein for more properties and information on nonlinear wave equations. In

[17] is proved existence and uniqueness of generalized solutions of the first initial boundary value

problem for strongly hyperbolic systems in bounded domains. In the case when
ft, o u,up,uy) = flu(z)), t>0, xR

and

up(z) = ui(x) =0, = €R?

the problem (1.1) is investigated in [14] where the authors prove existence of at least one nontrivial

classical solution of the problem (1.1).
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We make the following assumptions on the non-linearity and initial data trough the paper.

(Hl) Ug, U1 € CQ(RQ),

o
IN

Uo, |u011 |7 |u0$111 |; |U/09:2 |; |u0x2x2| S r,

0 S uy, |ulzl|7 |u11111|a |u112|7 |u1z2z2| S r on Rza

where r > 0 is a given constant.

(H2) f€C(]0,00) x RY),

0 < f(t7x7w17w27w3’w4)
l
< (a; (t, 2)|wi [P + bj(t, ) [wa "7 + ¢ (t, x)|ws[? + d; (¢, x)wa|?) ,

1

<

(t,x) € [0,00) x R?, where aj,bj,c;j,d; € C([0,00) x R?),
OSCLj,bj,Cj,djSCL, pj>O, jE{l,...,l},
where a > 0 and [ € N are given constants.

Our main result reads as follows.

Theorem 1.1. Suppose (H1) and (H2). Then the IVP (1.1) has at least two nonnegative classical

solutions.

To prove our main result we use a new topological approach. This approach can be used for
investigations for existence of at least one and at least two classical solutions for initial value
problems, boundary value problems and initial boundary value problems for some classes ordinary
differential equations, partial differential equations and fractional differential equations (see [2,
3,4, 7,10, 12, 13, 15, 16] and references therein). So far, for the authors they are not known

investigations for existence of multiple solutions for the IVP (1.1).

The paper is organized as follows. In the next section, we give some auxiliary results. In Section

3, we prove our main result. In Section 4, we give an example.
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2 Auxiliary Results

Let X be a real Banach space.

Definition 2.1. A mapping K : X — X is said to be completely continuous if it is continuous

and maps bounded sets into relatively compact sets.

The concept for k-set contraction is related to that of the Kuratowski measure of noncompactness

which we recall for completeness.

Definition 2.2. Let Qx be the class of all bounded sets of X. The Kuratowski measure of non-

compactness o : Qx — [0,00) is defined by

a(Y) = inf 5>0:Y:UYJ~ and diam(Y;) <6, je{l,...,m} »,

j=1
where diam(Y;) = sup{|lz — y||x : =,y € Y;} is the diameter of Y;, j € {1,...,m}.
For the main properties of measure of noncompactness we refer the reader to [6].

Definition 2.3. For a given number k > 0, a map K : X — X is said to be k-set contraction if
it is continuous, bounded and

a(K(Y)) < ka(Y)

for any bounded set Y C X.

Obviously, if K : X — X is a completely continuous mapping, then K is 0-set contraction.

Definition 2.4. Let X and Y be real Banach spaces. A mapping K : X — Y s said to be

expansive if there exists a constant h > 1 such that
Kz — Kylly > hllz — ylx
for any x,y € X.

Definition 2.5. A closed, convex set P in X is said to be a cone if
(1) ax € P for any a > 0 and for any x € P,

(2) x,—x € P implies x = 0.
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Let P C X be a cone and define

P* =P\{0},
Pr, = {u EP: v < rl},

Pris = {u eP:ry <|u| < 7‘2}

for positive constants 71,79 such that 0 < r; < ro. The following result will be used to prove

Theorem 1.1 . We refer the reader to [8] and [11] for more details.

Theorem 2.6. Let P be a cone of a Banach space E; Q a subset of P and Uy, Us and Us three
open bounded subsets of P such that U, CcUs CUs and 0 € Uy. Assume that T : Q — P is an
expansive mapping with constant h > 1, S : Uz — E is a k-set contraction with 0 < k < h—1 and
S(Us) € (I =T)(%2). Suppose that (U \U1) NQ # 0, (Us\ U2) NQ # 0, and there exists ug € P*
such that the following conditions hold:

(1) Sx# (T —=T)(x — Aug), for all X\ >0 and x € OU; N (Q + Aug),
(il) there exists € > 0 such that Sx # (I — T)(Ax), for all X>1+¢€, € 0Us and Az €

(iii) Sz # (I = T)(xz — Aug), for all X >0 and x € OU5 N (2 + Aug).

Then T 4+ S has at least two non-zero fixed points x1,x2 € P such that
z1 € U N and 25 € (Ug\UQ)ﬁQ

or

] € (UQ\Ul)ﬂQ and Ty € (Ug\UQ)ﬂQ

Note that (see [9]) the function

__ 1 H{i-7—|z—¢]) 2
G(t,z,7,§) = o =)= e =€ t,7>0, z,6€R?

where |z — &| = /(21 — &)% + (22 — &)2, is the Green function for the two-dimensional wave

equation

uge — Au = h(t, x), t>0, x=(x1,1)€R?

u(0,2) = u(0,2) =0, == (21,29) € R?,
where H(-) denotes the Heaviside function. Observe that

Gt,x,7,6) <0, t,7>0, xR
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A key lemma in our proof is the following.

Lemma 2.7. For hy,he,p > 0, we have

/ /Oo(hl + hoT)PG(t, z,7,&)drde| < (hy + haot)PI(t), (t,x) € (0,00) x R, (2.1)
R2J0

where 1(t) =t + t2(1 + | logt|).

Proof. Let hq,ha,p >0 and ¢t > 0. One has

t—|z—¢| P
/ / (h1 + hat)PG(t, 2, 7, €) def‘ < 7/ / (It har)? e
R2 e—€|<t V=72 — [z —¢P

(h1 + haot)
< %/ . (loa(t + /& — Tz — &) ~ log | — €] ) de
/ log(t + \/t? — |z — &|?)dE — / log |x — §|d§>
lz—€|<t

t
log(2 d¢ — 27r/ 71 log ridry
\1 &<t 0

£2
7t? log(2t) <t2 logt — 2))

2
t2log(1 + 2t) + t2|log t| + )

hl + hgt (
(hy + hat)? + hgt (
h1 Jr th

h1 + hgt

il
(ha + hat)? +h2t <
il

2
263 + ?|log t| + )

< (b1 + hot)? (£ + (1 + |logt])) .

This gives (2.1) as desired. O

We make the change u = v + ug + tu;. Then, we get the IVP

vy — Av = f(t,z,v + ug + tu, vy + U1, Vg + Uog + tuiz) + Aug + tAug
= filt,z,v,v6,0,), t>0, xR (2.2)
v(0,2) = v(0,x) =0, z€R%
Lemma 2.8. Suppose (H2). If wy € R, |wi| < b, k € {1,...,4}, for some positive b, then
1

f(tvx7w17w2,W3,w4) < 4@2[)1’]‘.
j=1
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Proof. We have

0

IN

f(t7x7wlvw27w37w4)

(aj(t, 2)[wr [P+ b; (t, 2)[wa| P + ¢;(t, @) [ws [P + d; (¢, ) wal™)

<
Il
—_

1

< (abP? + abPi + abP? + abP?)

<.
Il
—

1
= 4a2bpj7 (t, x, w1, wa, w3, wy) € [0,00) x RE.
j=1

This completes the proof. O

Let E = C?([0,00) x R?) and for any u € E, denote
foll = o { o oles Bl s Do llcs € (1,2},
provided that it is finite, where
[ole =" sup |o(t,z)].
(t,x)€[0,00) xR2

Lemma 2.9. Suppose (H1) and (H2). Let v € E, ||v|| < b, for some positive b. Then

!
flt,z,v 4+ ug + tug, vp + w1, vz + Uog + tury) < 4aZ(b+7‘(1 + )P, (t,x) € [0,00) x R%

j=1
Proof. Let
w1 = v+ ug + tuy,
wg = v + ug + tug,
w3 = url + UOxl + tulmla
Wy = Vgy + Uogy + TUI4,-
Then

lwj| <b+r(l+t), je{l,...,4}, t>0.

Hence and Lemma 2.8, we get the desired result. This completes the proof. O
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Lemma 2.10. Suppose (H1) and (H2). Let v € E, ||v|| < b, for some positive b. Then

Aultsz,v,000)] <4034 r(L+ 0 +2r(1+1), (L) € [0,00) x B2,
j=1

Proof. By (H1), we get
|Aug| < 2r, |Auy| <27 on RZ

Using Lemma 2.9, we obtain

|f1(t,CC,'U,rUt,’Ux)| S f(t,l',’() + uop + tUl,’Ut + U, Uy + Uz +tu1:r) + |Au0‘ + t|Au1|

l
<40 (0 +r(1+8)P +2r(1+1), (t2) € [0,00) x R2,

This completes the proof.

Now, applying Lemma 2.10 and (2.1), we obtain the following result.

Lemma 2.11. Suppose (H1) and (H2). Then

/R 2 /0 G(t, 2,7, €) fi (. €,0(r, €), 0a(7, €), va (7, €))drde

l

< 4a) (b+r(L+6))P +2r(1+1) | I(t)
l l
< 4a) 20+ 1) +4ad (2r)Pitr 201+ t) | I(t), (t,z) € [0,00) x R,

j=1

Take a nonnegative function g € C([0,00) x R?). Suppose that v € E is a solution to the integral

equation.

1 t Xy T
= */ / / (.’El —81)2(1'2 — 82)2(t—t1)2g(t1,81,SQ)U(tl,Sl,SQ)dSstldtl

16%// / ac1—81 2—82) (t—t1 t1,81732/ / / G(t1, 81, 52,t2,61,&2)

X fi(ta, &1, 82, v(t2, &1, &), ve(ta, €1, &2), ve(t2, &1, &2))dladEadS 1 dsads dl

t >0, (z1,22) € R2. We differentiate three times in ¢, three times in z; and three times in zo the

equation (2.3) and we obtain

0=g(t,x)v(t,z) — —g (t,x /R2/ G(t,x,7,8) f1(1, &, v(T, &), ve(T,§), va (7, &))dTdE,



Two nonnegative solutions for two-dimensional nonlinear... 401

t >0, x € R?, whereupon

0= v(t,x) - % A2A G(t7l’,’7'7f)fl(T,£7U(T,£),’l)t(’7',f),’l)m(7', f))d’l’d57

t >0, x € R2. Hence, using the Green function, we conclude that v is a solution of the IVP (2.2).
Thus, any solution v € E of the integral equation (2.3) is a solution to the IVP (2.2).

(H3) Let m > 0 be large enough and A, 1, L1, Ry be positive constants that satisfy the following
conditions

2
T1<L1<R1, ry <, R1>(+1>L1,
om

l

L4
R1+4az (R1+7) p1+4a22r"7+2r <%.

=1

(H4) There exists a nonnegative function g € C([0, 00) x R?) such that

t x1 x2
a(t 21, 2) = / / / sign(z1)sign(z2)g(t1, 51, 52)
0 0 0

X (1 + |z — s1| + (21 — 51)2) (1 + |22 — s2| + (22 — 52)2)

l
X (1+(t—t)+(t—t)?) [ 14+ | 1+t + D> 1 | I(ta) | dsadsidty
j=1

S A7 (t,l’l,l'g) € [0,00) X RQ‘

In the last section we will give an example for the constants m, A, r, L1, Ry and R and for a

function g that satisfy (H3) and (H4). For v € E, define the operator

Fu(t,z1, x2) / / / sign(a1)sign(2) (21 — 51)%(x2 — 52)(t — t1)?g(t1, 51, 52)

X U(tl, S1, 82 dSQdSldtl

sign(a1)sign(2) (21 — 51)%(x2 — 52)(t = 11)?g(t1, 51, 52)
wl L

X[m[m/o G(t1, 81, 82,12,£1,&2)

X f1(t2, 1,82, v(t2, &1, 82), v (t2, &1, €2), V2 (b2, &1, &2) ) dtadbadE 1 dsads 1 dt,

(t,x1,72) € [0,00) x R2.

Lemma 2.12. Suppose (H1)-(H3). Then, for v € E, ||v|| < b, for some positive b, we have

L l
|Fv]| <Al b+4a Z(Q(b—f— )P+ 4a2(2r)pj + 2
Jj=1 j=1
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Proof. Using Lemma 2.11 and (H3), we get

1 t 1 To . .
|Fo(t,z1,20)| < §/ / / sign(z1)sign(@2) (1 — 51)2 (2 — $2)2(t — t1)2g(t1, 51, 52)

|U(t1a 81,52 |d52d81dt1

167r / / / sign(x)sign(zy) (21 — 51)% (w2 — 89)2(t — t1)%g(t1, 51, 52)

G(t1,51,32,t27£17§2)

—oo JO

X f1(t2, 81,82, v(t2, &1, 82), ve(t2, §1, 82), va(ta, &1, &2) ) dladEady |dsads  dt,

l t z1 T2
<bA+ 4a;(2(b +17))Pi /0 /0 /0 sign(z)sign(zy) (1 — 81)% (22 — 89)2(t — t1)?
X g(tl, S1, SQ)I(tl)dSstldtl

l t €1 X2
+ 4“2(27“)” /0 /o /0 sign(x)sign(za) (1 — 81)% (12 — 89)2(t — t1)?

tl, S1, 82 tl (tl)d82d81dt1
+ 27"/ / / sign(z1 )sign(zs)(z1 — s1)% (w0 — 52)%(t — t1)?

X g(tl, S1, 82>(1 + tl) (tl)dSstldtl

l l
<A (b +4a) (2b+7)P +4ay (2r)P + QT) :

Jj=1

(t,x1,22) € [0,00) x R?, and

Fu(t,z1,x2)

<1 t [ [ sentensisntea)ton - 5022 — 520 - t)gltr,51.50)

!at
|’U tl, S1, 82 ‘dSQdSldtl

/ / / sign(z1)sign(z2)(z1 — s1)* (22 — $2)°(t — t1)g(t1, 51, 52)

/ G(t17515823t2a§17§2)
0

X fi(te, &1, 62, v(t2, &1, &2), ve(te, &1, &2), v (ta, &1, &) ) dtadEadEy |dsads dty

< bA

l t T o
+4aZ(2(b+r))pj/0 /O /O sign(z)sign(zs)(z1 — s1) (22 — 52)%(t — 1)

X g(tl, S1, 82)](t1)d$2d81dt1
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l t xry i)
+4a Z(%)pi / / / sign(z)sign(zy) (21 — 51)% (w2 — 82)2(t — t1)
= o Jo Jo
tl, S1, 82 tl)dSstldtl
+ 2r/ / / sign(x)sign(za)(x1 — 51)% (w2 — 89)2(t — t1)

X g(th S1, 82)(1 + tl)I(tl)dSstldtl

l l
SA(b+4ad (20b+r)" +4a Y (2r)P +2r |,
j=1 j=1

(t,x1,m2) € [0,00) x R?, and
2 1 t x1 To

‘((%QFU(t>-'L'1;I2) < Z/ / / sign(zy)sign(z2) (21 — 51)% (22 — 52)%g(t1, 51, 52)
X |v(ti, 1, 82)|dsads1dt;

/ / / sign(zq )sign(za)(z1 — 51) (zg — 52) g(t1, s1,82)

/ G(t1751,82at27§17€2)
0

X fi(te, &1, &2, v(t2, &1, &2), ve(t, &1, &2), Va(ta, &1, &) )dtadEadéy |dsads1dty

l t T xo
<bA+4a Z(Q(b +7))Pi /0 /0 /0 sign(x)sign(zy) (2, — 51)% (22 — 52)2

X g(tl, S1, SQ)I(tl)dSstldtl

a0y @ [ [ st - o2 - o
j=1

tl, S1, 52 tpjl(tl)dSstldtl

+2T/ / / sign(z1 )sign(z2)(z1 — s1)% (22 — 52)°

X g(tl, S1, 82)(1 + tl)I(tl)dSstldtl

! !
<Al[b+4a Z(Z(b—f— r))P + 4a Z(2r)pf +2r|,

Jj=1 Jj=1

(t,x1,72) € [0,00) x R?, and

0
—Fo(t, z1,z2)

1 t Xy xro . .
p < 1/ / / sign(xq)sign(xs) |z — s1](x2 — 52)2(t — tl)zg(tl, S1,82)
1

X |v(ty, 1, 82)|dsads1dts

/ / / sign(z; )sign(wa)|m1 — s1|(w2 — 52)%(t — t1)%g(t1, 51, 52)
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/ G(t17817527t2a§1>£2)
0

x fi(te, &1, &2, v(t2, &1, &), ve(ta, &1, &2), Va(ta, 1, &2) ) dtadEadéy |dsads dty

< bA

l t x1 o
+ 4a Z(Q(b—f— r))Pi /0 /0 /0 sign(z1)sign(zs)|z1 — s1/(z2 — 52)2(t — 11)?2

X g(t17 S1, 52)I<t1)d82d51dt1

l t x1 T2
1032 /0 /0 /O sign(z)sign(za)|1 — 51](z2 — 52)2(t — 11)?
Jj=1

tl, S1, 82 tl (tl)dSstldtl

/ / / sign(z1)sign(a2)|z1 — s1](v2 — s2)%(t — t1)?

X g(th S1, 52)(1 + tl) (tl)dSstldtl

l l
<A (b+4a2(2(b+ )P+ day (2r)P + 2r) :

Jj=1 Jj=1

(t,21,72) € [0,00) x R?, and

2

2
Oxy

Fo(t,zq,22)

1 t T o ) )
< 1/ / / 81gn(z1)51gn(x2)(1:2—52)2(t—t1)29(t1,51,52)
o Jo Jo
X |U(t1,51,52)|d82d51dt1
1 t xry T2 5 5
—/ / / sign(zq)sign(zs)(ze — s2)“(t — t1)°g(t1, S1, S2)
™ Jo Jo 0
/ G(t1,s1,52,t2,£1,62)
0

X fi(ta, &1, 62, v(t2, &1, &), ve(ta, &1, &2), va(t2, &1, &2))dladEady |dsads  dty

<bA

l t 1 T2
+ 4a Z(Q(b +7))Pi /0 /0 /0 sign(x )sign(zs)(xe — s2)2(t — t1)?

X g(tl, S1, Sz)[(tl)dSstldtl

+ 4azl:(2r)pj /Ot /Ow1 /012 sign(z1)sign(z2)(z2 — s2)2(t — t1)?

t17 S1, 82 th (tl)dSQdSldtl

+ 27“/ / / sign(z; )sign(w2) (w2 — s2)%(t — t1)?

X 9(7517 S1, 52)(1 + tl)I(tl)dSstldtl
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! !
<A|b+4a Z(Q(b—&—r))pf +4aZ(27‘)pJ +2r |,

i=1 =1
(t,x1,72) € [0,00) x R2. As above, one can obtain

l l

‘%Fv(t’ r1,22)| < A b+4a Z(2(b +7)% + 4a Z(?r)‘” +2r |,

j=1 j=1
(t,ll:l,fl?g) S [0,00) X RQ, and
0? ! !

‘83:%Fv(t’ r1,72)| < A | b+ 4a ;(2(5 )P4 4aj§::1(2r)pj tor |,

(t,x1,72) € [0,00) x R%. Consequently
! l
IFol < A b+4da) (2(b+7))P +4ay (2r)% +2r
Jj=1 j=1

This completes the proof. O

3 Proof of the Main Result

Let
P={ucE:u>0 on [0,00)xR?}.

With P we will denote the set of all equi-continuous families in P. Note that Fv > 0 for any
v € P. Let € > 0. For v € F, define the operators
To(t,z) = (1+ me)v(t,z) — GTS,

Ly

Sv(t,x) = —eFv(t,x) — mev(t,z) — 10’

(t,z) € [0,00) x R%. Note that any fixed point v € E of the operator T'+ S is a solution to the
IVP (2.2). Define

Uy =P, ={veP:|v|| <r}
Up="Pr, ={veP: || <L},
Us =Pr, ={veP:|v| <R},
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l

A , , L
Ry =Ry + R1+4az (Ry+7)” +4ay (2r)% +2r +?1,

j=1 j=1

Q=Pr, ={veP:|v|] <R}
1. For vy, vy € §2, we have
[Tv1 = Ta|| = (1 + me)[jor — v,

whereupon 7T : 2 — E is an expansive operator with a constant 1+ me > 1.

2. For v € Pg,, we get
Ll
15l < el ol +mellv]l + 75

l
L4
< R1+4a§: (R 1030 4| ity + 52,
j=1

Therefore S(Pg,) is uniformly bounded. Since S : Pr, — E is continuous, we have that

S(Pg,) is equi-continuous. Consequently S : Pr, — E is a 0-set contraction.

3. Let v; € Pg,. Set
1 Ly
vg =01+ —Fvy + —.
m 5m

Note that by the second inequality of (H3) and by Lemma 2.12, it follows that eFv—l—e% >0
on [0,00) x R%. We have v, > 0 on [0,00) x R? and

Ll
[[v2]| < fluall + —||Fv1|| te

A : | L
<R+ oo <R1 +4a Z(Z(Rl + 1)) —|—4aZ(2r)pJ + 2r> +2

- - 5
j=1 Jj=1

R,.

Therefore v9 € Q and

—emuy = —emuy — €F vy —e— — e—

or

L
(I —T)vy = —emug + 61—01 = Svy.

Consequently S(Pgr,) C (I —T)(Q).

4. Suppose that there exists an vy € P* such that T'(v—Avg) € P, v € OPy,, v € IPr, [1(Q2+Aug)
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and Sv = v — Ay for some A > 0. Then

r1 = ||[v — Avg||
= [[Sv]|
> —Sv(t, x)

Ly
= eFu(t,x) + emu(t,z) + “To
>eg (t,x) € [0,00) x R?
- 207 ) ) )

because by the second inequality of (H3) and by Lemma 2.12, it follows that eF'v + eL—(l) >0

2
on [0,00) x R

Suppose that for any ¢; > 0 small enough there exist a u € 0Py, and A\; > 1 + €; such that
Au € Pg, and
Su=(1I-T)Au). (3.1)

In particular, for ¢; > E%m, we have u € 9P, AMiu € Pr,, A1 > 1+ ¢; and (3.1) holds. Since
uw € OPr, and \ju € Pg,, it follows that

2
( + 1) L<M\L= /\1||UH < R;.
om

Moreover,
L
—eF'u — meu — 61—0 = —A\imeu + GE’
or
Fu+—= (A —1)mu
From here,
L L
23 > ||[Fu+ 5= (M = Dmllu|| = (A —1)mL
and
2
— +1 Z )‘17
om

which is a contradiction.

Therefore all conditions of Theorem 2.6 hold. Hence, the IVP (2.2) has at least two solutions vy

and vy so that

and

r1 < ||lvi|l < L1 < |lv2|| < Ry,

u=v1 +ug+tu, w=wvz+u+tu
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are two different positive solutions of the IVP (1.1). This completes the proof.

4 An Example

Let
3 1 1
=1 =2, Ri=r= =200, L;=- =
5 P1 53 1 r ) a ) 1 25 ™ 100’
1
_ 50 _ _ _
m =10, =50, = o0 R =100.
Then
2 Ly
Ri>|—+41q| L1, m<Li<Ry, rmn<-—_.
5m 20
Also,
l l 1
A|Ri+4a) (2(Ri+7) +4a > (2r)P +2r | = 0% (14800 (4)> +800-4 +2)
j=1 j=1
1L
40 20°

Consequently (H3) holds. Now, we will construction the function g in (H4). Let

h(z) = log izi\/fiiz’ I(s) = arctan 151717\5/32, seR.
Then
H(s) = 22/2510(1 — 522) ’
(1 — s11/2 + 522)(1 + s114/2 + 522)
V(s) = 11ﬁfj(j4j 320)7 ceR
Therefore
—00 < slirinoo(l + 54 5%)h(s) < oo,
—00 < slirin:)o(l + 5+ 5%)I(s) < .
Hence, there exists a positive constant C; so that
(1+ s+ s%) <441\/§ log 1 i_ jigijzz + 221\/5 arctan 1511\5/32> <C;, selk
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Note that by [22, p. 707, Integral 79], we have
/ dz 1 o 14 2v/2+ 22 L 1 arctan 22
1424 42 g1_z\/§+22 2v2 1_ 22"
Let
510
§) = , seR,
Q) = T T 15+ 220+ (A 15 + 21
and
g1(t,x1,22) = Q(t)Q(21)Q(x2), te€[0,00), x1,72€R.
Then there exists a constant Cy > 0 so that
t x1 x2
Cy > / / / sign(xy)sign(x2)g1 (1, 81, $2)
o Jo Jo
x (14 [z1 — s1] + (21 — 51)%) (L4 |22 — 82| + (w2 — 52)?)
x (L4 (t—t)+ (t—t1)?) (L4 (L +t1 + 1)1 (t1)) dsadsidty, (¢, z1,22) € [0,00) x R%.
Now, we take
1
g(t,l‘1,$2) = mgl(taxl7x2>7 (tath?) S [O7OO> X RQ'
Then
1
= 1010
t T o
> / / / sign(xzq )sign(z2)g(ty, s1, S2)
o Jo Jo
X (1 + |$1 — Sl| + (J)l — 81)2) (1 + |JJ2 - 82| + (.132 — 82)2)
X (1 + (t — tl) + (t — t1)2) (1 + (1 +t1 + t%)[(tl)) dsodsidty, (t,.’lﬁl,wg) S [0, OO) x R2.
Now, consider the IVP
Ut — Ugyz; — Uzpzy = w(t)u%, (t,21,22) € (0,00) x R,
u(0,2) = us(0,2) =0, (21,22) € R? (4.1)

where
10(9t* =9t +2) t€[0,1]

20 t>1.
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Here l =1,

al(t7x17x2) = ‘w(t)| <a= 2007

bi(t, @1, 22) = c1(t, 1, 22) = di(t, 21, 22) = 0,
(t,x1,22) € [0,00) x R?, and
up(z) =u1(z) =0<1=r (x1,22) € R

We have that (H1) and (H2) hold. The IVP (4.1) has two nonnegative solutions u;(t,z) = 0,
(t,z) € [0,00) x R%, and

(t(1—1))5 (t,z) €[0,1] x R?

us(t,z) =

0 (tz) € (1,00) x RZ.
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