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1 Introduction and main result

The study of fractional Sobolev spaces and the corresponding nonlocal equations has received
a tremendous popularity in the last two decades considering their intriguing structure and great
application in many fields, such as social sciences, fractional quantum mechanics, materials science,
continuum mechanics, phase transition phenomena, image process, game theory, and Levy process,

see [34, 35] and references therein for more details.

On the other hand, in recent years, a great deal of attention has been paid to the study of
differential equations and variational problems involving p(z)-growth conditions since they can
be used to model a variety of physical phenomena that occur in the fields of elastic mechanics,
electro-rheological fluids (”smart fluids”), and image processing, etc. The readers are guided to

[19, 20, 27] and its references.

It is only normal to wonder what results can be obtained when the fractional p(-)-Laplacian is used
instead of the p(-)-Laplacian. The fractional p(-)-Laplacian has also recently been investigated in
elliptic problems; see [8, 10, 25, 26]. U. Kaufmann et al. [26] presented a new class of fractional
Sobolev spaces with variable exponents in a recent paper. The authors in [8, 9] showed some

additional basic properties on this function space as well as the associated nonlocal operator.

They used the critical point theory in [4] to prove the existence of solutions for fractional p(-)-
Laplacian equations. K. Ho and Y.-H. Kim [25] managed to obtain fundamental imbeddings for
a new fractional Sobolev space with variable exponents, which is a generalization of previously

defined fractional Sobolev spaces.

Let © C RN (N > 1) be a bounded open set with Lipschitz boundary and let p : Q x Q — (1, 4+o0)
be a continuous bounded function. The purpose of this paper is to establish the existence of

nontrivial weak solutions for the following fractional p(z)-Laplacian problems with discontinuous

nonlinearities.
(= Dp))*u(@) + |u(@) 1@ ~2u(z) + AH (z,u) € — [¢(z,u),¥(z,u)] inQ, (L1)
u=0 on RM\Q, '

where ps < N with 0 < s <1 and (—A,))* is the fractional p(x)-Laplacian operator defined by

s _ |u(@) = u(y) P92 (u(z) —u(y)) N
(—A)p(z)u(w) =p.v. ~/RN\BE(;3) iz — gy dy, rzeR (1.2)

Vr € ), where p.v. is a commonly used abbreviation in the principal value sense and let p €

C(RYN x RY) satisfying

+
\

1<p~ = min _p(z, y) <p(z, y) <p" = max _p(z, y) < +oo, (1.3)
(z,9)€QxQ (z,y)EQXQ

p is symmetric 7. e.
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and Be(z) := {y e RN : |z —y| <e}.
Let as denote by:

Bz) = ple, @), Vo e Q.
Furthermore, the Carathéodory’s functions H satisfy only the growth condition, for all s € R and
a. e x €

(Ho) [H(z,5)| < o(e(x) +]s]1™71),

where ¢ is a positive constant, e(x) is a positive function in L (*)((Q).

In the simplest case p = 2, we have the well-known fractional Laplacian, a large amount of papers
were written on this direction see [6, 15]. Moreover, if s = 1, we get the classic Laplacian. Some
related results can be found in [21, 39, 40, 41, 42]. Notice that when s = 1, the problems like (1.1)
have been studied in many papers, we refer the reader to [1, 5, 24], in which the authors have
used various methods to get the existence of solutions for (1.1). In the case when p = p(z) is a
continuous function, problem (1.1) has also been studied by many authors. For more information,

see [11, 23].

In order to prove the existence of nontrivial weak solutions, the main difficulties are reflected in the
following aspect, we cannot directly use the topological degree methods in a natural way because
the nonlinear term v is discontinuous. In order to overcome the discontinuous difficulty, we will
transform this Dirichlet boundary value problem involving the fractional p-Laplacian operator
with discontinuous nonlinearities into a new one governed by a Hammerstein equation. Then,
we shall employ the topological degree theory developed by Kim in [29, 28] for a class of weakly
upper semi-continuous locally bounded set-valued operators of (Sy) type in the framework of real
reflexive separable Banach spaces, based on the Berkovits-Tienari degree [12]. The topological
degree theory was constructed for the first time by Leray-Schauder [31] in their study of the
nonlinear equations for compact perturbations of the identity in infinite-dimensional Banach spaces.
Furthermore, Browder [14] has developed a topological degree for operators of class (S ) in reflexive
Banach spaces, see also [37, 38]. Among many examples, we refer the reader to the classical works

[2, 3, 18, 45] for more details.

To this end, we always assume that ¥ : 2 x R — R is a possibly discontinuous function, we “fill
the discontinuity gaps” of 1, replacing ¢ by an interval [ »(x, u), (x, u)}, where

P(x,s) =liminf(z,n) = lim inf (z,n),

- n—s 50+ |n—s|<s

Y(x,s) =limsupy(z,n) = lim sup ¥(z,7n).
n—s 0=0% |p—s|<s

Such that
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(H1) v and ¢ are super-positionally measurable (i. e., ¥(-,u(-)) and ¥ (-, u(-)) are measurable on

Q for every measurable function v : 2 — R).
(H3) 1 satisfies the growth condition:
[, 5)| < b(@) + e(@)]s]" 71,

for almost all z € Q and all s € R, where b € LY @) (Q), ¢ € L>(2), where 1 < y(z) < p()
for all z € Q.

s,p(x, . s:p(@,y) *
First of all, we define the operator N acting from W P(29) () into 2(W0 ) by

Nu={pe (Wosvp(wvy)(m)* \ 3he LP@(Q);
Y(z,u(z)) < h(z) <Pz, u(z)) a. e z€Q

and <(P,’U> Z/thd:v V’UEWOS’p(I’y)(Q)}'

In this spirit, we consider F : WP (Q) —» (W;’p(w’y)(Q))* such that

_ [u(z) — u(y) P02 (u(z) — u(y))(v(@) — v(y)
(Fu,v) = /stz oy dzdy, (1.5)

for all v € W% () and the operator A : Wy — W setting by

(Au,v) = A |u(x)|q(x)72(u(:c)v(:c) + AH(z,u))v(z)dx, Yu,v e Wy,

where the spaces Wos’p(x’y)(ﬂ) := Wy will be introduced in Section 2.
Next, we give the definition of weak solutions for problem (1.1).

Definition 1.1. A function u € Wos’p(m’y)(ﬂ) is called a weak solution to problem (1.1), if there

exists an element ¢ € Nu verifying

(Fu,v) + (Au,v) + (p,v) =0, forall ve WOS"p(z"y) Q).

Now we are in a position to present our main result.

Theorem 1.2. Assume that ¢ satisfies (H1), (H2) and H satisfies (Hy). Then, the problem (1.1)

has a weak solution u in W(f’p(w’y)(Q).

2 Preliminaries

2.1 Lebesgue and fractional Sobolev spaces with variable exponent

In this subsection, we first recall some useful properties of the variable exponent Lebesgue spaces

LP®)(Q) . For more details we refer the reader to [22, 30, 44].
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Denote

C(@) = {he O@)] inf h(x) > 1).

For any h € C,(Q) , we define
Rt :=max{h(z), x € Q}, h~ :=min{h(z), z € Q}.
For any p € C,(Q) we define the variable exponent Lebesgue spaces

LP@)(Q) = {u; u:Q — R is measurable and [ |u(z)[P®dx < —i—oo} .

Q

Endowed with Luxemburg norm

. u
(o) = inf {/\ >0/ ppt) (X) < 1}
where
pp(y (u) = / lu(z)[P® dz, Yu € LP*)
Q

(LP@)(Q), I[llpz)) is a Banach space, separable and reflexive. Its conjugate space is LP'@)(Q)
1

where —— +

p(x)  p'(z)
Proposition 2.1. (/22]) For any u € LP(*)(Q) we have

=1 for all z € 2. We have also the following result

(i) Nullpzy < 1(=1>1) & ppy(u) < 1(=1;> 1),

p+

(i6) Nullpa) = 1= [ull%) < ooy (0) < llull2,

—~

T

(ii1) |[ullp@) < 1= [ull} o) < ppy(u) < Hu”zjz(iﬂﬁ)

—~

From this proposition, we can deduce the inequalities

llullpezy < ppey(u) +1, (2.1)

- +
Py (u) < ||U||g(z) =+ ||U||g(z)- (2.2)

If p,q € C(Q) such that p(z) < ¢(z) for any z € Q, then there exists the continuous embedding
LI0(Q) - L7(Q)

Next, we present the definition and some results on fractional Sobolev spaces with variable exponent
that was introduced in [8, 26]. Let s be a fixed real number such that 0 < s < 1, and let
q:9Q— (0,00)and p: QxQ — (0,00) be two continuous functions. Furthermore, we suppose that
the assumptions (1.3) and (1.4) be satisfied, we define the fractional Sobolev space with variable
exponent via the Gagliardo approach as follows:

ju(z) — u) P
“Q ,\P(iy)|x — y|N+5p(z,y)

W = wea@r@v)(Q) = {u € L1)(Q) / dzdy < +o0,
Q

for some \ > O} .
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We equip the space W with the norm

HUHW = Hqu(x) + [u]s.,p(z.,y)a

where [, ,(z,y) is a Gagliardo seminorm with variable exponent, which is defined by

. , Ju(a) — u(y) [P
[U] s p(z,y) = Inf {)\ >0: /QXQ Nz = [N drdy <15.

The space (W, || - ||lw) is a Banach space (see [17]), separable and reflexive (see [8, Lemma 3.1]).

We also define W, as the subspace of W which is the closure of C§°(€2) with respect to the norm
|| - |lw. From [7, Theorem 2.1 and Remark 2.1]

- llwo = [spew
is a norm on Wy which is equivalent to the norm || - ||y, and we have the compact embedding
Wy < L1®) . So the space (Wo, |- |lw,) is a Banach space separable and reflexive.

We defne the modular p,..y : Wo — R by

lu(z) — u(y)|p(z-,y)
() () axa |z —y|N+sr@y)

The modular p, checks the following results, which is similar to Proposition 2.1 (see [43, Lemma

2.1))

Proposition 2.2. ([30]) For any u € Wy we have

. - +
(i) Nullwy = 1= Nlullfy, < ppe. () < [lulliy,,

.. + -
(it) Nullwy <1 = [lullfy, < pp. (W) < ully,:

2.2 Some classes of operators and an outline of Berkovits degree

Now, we introduce the theory of topological degree which is the major tool for our results. We
start by defining some classes of mappings. Let X be a real separable reflexive Banach space with
dual X* and with continuous dual pairing (-, -) between X* and X in this order. The symbol —

stands for weak convergence. Let Y be another real Banach space.
Definition 2.3.

(1) We say that the set-valued operator F : Q C X — 2Y is bounded, if F maps bounded sets

into bounded sets;

(2) we say that the set-valued operator F : Q C X — 2Y is locally bounded at the point u € €2, if

there is a neighborhood V' of u such that the set F(V) = U Fu is bounded.
ueV
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Definition 2.4. The set-valued operator F : Q C X — 2Y is called

(1) upper semicontinuous (u.s.c.) at the point u, if, for any open neighborhood V of the set Fu,
there is a neighbhorhood U of the point u such that F(U) C V. We say that F is upper

semicontinuous (u.s.c) if it is u.s.c at every u € X;
(2) weakly upper semicontinuous (w.u.s.c.), if F=1(U) is closed in X for all weakly closed set U
nY.

Definition 2.5. Let Q be a nonempty subset of X, (un)n>1 € Q and F: Q C X — 2X"\ (. Then,

the set-valued operator F' is

(1) of type (S4+), if up, — w in X and for each sequence (hy) in X* with h, € Fu, such that

lim sup(hyp, u, — u) <0,

n—oo

we get uyp — u in X;
(2) quasi-monotone, if u, — u in X and for each sequence (wy) in X* such that w,, € Fu, yield

lim inf (wy,, wy, — u) > 0.
n— o0

Definition 2.6. Let 2 be a nonempty subset of X such that Q@ C 1, (up)p>1 C Q and T :
Q1 C X — X* be a bounded operator. Then, the set-valued operator F : @ C X — 2%\ () is of

type (S+)1, if

Up — U N X,
Tu, =y in X%,

and for any sequence (hy,) in X with hy,, € Fu, such that

lim sup{h,,, Tu, —y) <0,

n—r oo

we have u, — u in X.

Next, we consider the following sets :

F1(Q) :={F :Q — X*|F is bounded, demicontinuous and of type (S4)},
Fr(Q) :={F :Q — 2X|F is locally bounded, w.u.s.c. and of type (Sy)r},

for any 2 C Dp and each bounded operator T': 2 — X*, where D denotes the domain of F'.
Remark 2.7. We say that the operator T is an essential inner map of F, if T € F1(G).

Lemma 2.8. (/29, Lemma 1.4]) Let X be a real reflexive Banach space and G C X is a bounded

open set. Assume that T € F1(G) is continuous and S : Dg C X* — 2% weakly upper semicon-

tinuous and locally bounded with T(G) C Ds. Then the following alternative holds:
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(1) If S is quasi-monotone, yield I + S oT € Fr(G), where I denotes the identity operator.

(2) If S is of type (S4.), yield S o T € Fr(G).

Definition 2.9. ([29]) Let T : G C X — X* be a bounded operator, a homotopy H : [0,1]xG — 2%
is called of type (Sy ), if for every sequence (ti,ux) in [0,1] x G and each sequence (ay) in X with
ai € H(tg,ug) such that

up —u €X, tp—=>te€l0,1, Tur—y in X" and limsup{ar, Tu; —1y) <0,

k—o0

we get up — uw in X.

Lemma 2.10. (/29]) Let X be a real reflexive Banach space and G C X is a bounded open set,
T : G — X* is continuous and bounded. If F, S are bounded and of class (Si)r, then an affine
homotopy H : [0,1] x G — 2% given by

H(t,u) == (1 —t)Fu+tSu, for(t,u)€[0,1] x G,
is of type (S1)r.

Now, we introduce the topological degree for a class of locally bounded, w.u.s.c. and satisfies

condition (S )r for more details see [29)].
Theorem 2.11. Let
L={(F.G,9)|G €0, T e Fi(G), F € Fr(G), g ¢ F(0G)},

where O denotes the collection of all bounded open sets in X. There exists a unique (Hammerstein
type) degree function
d:L—27

such that the following alternative holds:

(1) (Normalization) For each g € G, we have d(I,G,g) = 1.
(2) (Domain Additivity) Let F € Fr(G). We have
d(F,G,g) = d(F,G1,g) +d(F,Ga,9),
with G, Go C G disjoint open such that g & F(G\(G1 U G2)).

(3) (Homotopy invariance) If H : [0,1] x G — X is a bounded admissible affine homotopy with
a common continuous essential inner map and g: [0,1] = X is a continuous path in X such
that g(t) & H(t,0G) for allt € [0,1], then the value of d(H(t,-),G, g(t)) is constant for any
t €10,1].

(4) (Solution Property) If d(F, G, g) # 0, then the equation g € Fu has a solution in G.
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3 Proof of Theorem 1.2

In the present section, following compactness methods (see [18, 32]), we prove the existence of weak
solutions for the problem (1.1) in fractional Sobolev spaces. In doing so, we transform this elliptic
Dirichlet boundary value problem involving the fractional p-Laplacian operator with discontinuous
nonlinearities into a new problem governed by a Hammerstein equation. More precisely, by means
of the topological degree theory introduced in section 2, we establish the existence of weak solutions

to the state problem, which holds under appropriate assumptions. First, we give several lemmas.

Lemma 3.1. Let 0 < s <1 and 1 < p(x,y) < 400, (or spy < N) the operator F defined in (1.5)

18
(i) bounded and strictly monotone operator.

(ii) of type (S+).

Proof. (i) It is clear that F is a bounded operator. For all £,7 € RY, we have the Simon

inequality (see [36]) from which we can obtain the strictly monotonicity of F:

1€ =P < e, (JE[P72€ = In[P~2n) (€ — n); p>2

[SIS]

€=l < Gy (Il=2¢ = Il ~2n) (¢ = )] " (lel” + ) =" 1<p<2,

here (1)_pad0 L
where ¢, = | = n = .
P 2 L

(i1) Let (up) € Wos’p(m’y)(ﬂ) be a sequence such that u,, — u and lim sup(Fu, — Fu,u, —u) < 0.

n—oo
In view of (i), we get
lim (Fu, — Fu,u, —u) =0.
n—oo
Thanks to Proposition 2.1, we obtain
un(z) = u(zx), a.e. x €. (3.1)

In the sequel, we denote by L(z,y) = |z — y| NV —P@¥),
By Fatou’s lemma and (3.1), we get

lim inf/ |t () = wp (y)|PEY L2, y)dady > / lu(z) — u(y)[P@Y L(x, y)dedy. (3.2)
n=+o0 Jaxo QxQ
On the other hand, from u,, — u we have

lim (Fun, u, —u)= lim (Fu, — Fu,u, —u) =0. (3.3)

n—-+oo n—-+o0o
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Now, by using Young’s inequality, there exists a positive constant ¢ such that

(Pt 4y, — ) = / i () — e (3) P9 L, ) ey
[ Tunla) = ua )P 2) = () ) (o)) L ) dndy
> / () — tn(3) P59 L, ) ey (3.4)
= [ @) = )P ) = (o) L o, )y
QxQ
> /Q Jun(a) = 0, ()" L)y

o[ fule) = o) P L, y)dody
QxQ

combining (3.2), (3.3) and (3.4), we obtain

lim [un (@) = un (y)["“Y Lz, y)dady :/ ju(@) = u(y) [PV Lz, y)dzdy. (3.5)
n=+oo Joxq axQ
According to (3.1), (3.5) and the Brezis-Lieb lemma [13], our result is proved. O

Proposition 3.2. ([16, Proposition 1]) For any fized x € Q, the functions ¥(z, s) and ¢ (z, s) are

upper semicontinuous (u.s.c.) functions on RY.

Lemma 3.3. Let Q C RY (N > 1) be a bounded open set with smooth boundary. The operator
A WePE(Q) — (WP @V ()" defined by

(Au,v) = /Q(|u(x)|q(w)_2u(x) + AH (z,u))vdx, Vu,v € Wy

is compact.

Proof. The proof is broken down into three sections.

Step 1. Let ¢: Wy — qu(z)(Q) be the operator defined by
pu(z) = —|u(@)|"®2u(z) for ueW, and zeQ.

It is obvious that ¢ is continuous. Next we show that ¢ is bounded. For every u € Wy,

we have by the inequalities (2.1) and (2.2) that
a(z)—1 q' (z) 0 0
I9ully < puy(@w) +1= | ‘|u| ‘ dz +1= pygy(u) < [lull 2, + ullZg,, +1.
By the compact embedding Wy << L) (Q) we have
- +
I ullge < const (Ilullfy, + llullfy, ) +1.

This implies that ¢ is bounded on Wj.
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Step 2. We show that the operator v defined from Wy into Lp,(x)(ﬂ) by
Yu(r) = —AH(z,u) for weW, and z€Q
is bounded and continuous. Let u € Wy, by using the growth condition (Hp) we obtain
lull? ) < /Q INH (2, w)[” @) d
< ('@ /Q (le(@)P'® 4 u] 9D @) g
< (9)\)10/(96)/9 (|€(I)|p’(r) + |u|(p(x)*1)p'(r))dx (3.6)

< (N / le(@)[P' @ da + (oA @) / P
@ Q
< (@) O llellbfy + llells ) + @07 O (ullp, + lullbe,)
< Co(lullfyl + Nullfy, + 1),
where C,, = max ((Q/\)p'(z)(”eHZ:z;) +|le| g;(;)), (g)\)p’(x)). (Due to e(z) is a positive function
in LPI(I)(Q)).
Therefore 1 is bounded on WSxQ(w)xP(w,y)(Q)'

Next, we show that 1 is continuous, let u,, — u in W49@)P@¥)(Q), then u,, — u in LP*)(Q).
Thus there exists a subsequence still denoted by (u,,) and measurable function ¢ in LP(*)(Q)
such that

|un ()] < ¢(2),
for a.e. z € and all n € N. Since H satisfies the Carathéodory condition, we obtain
H(z,un(x)) = H(x,u(z)) ae. ze. (3.7)
Thanks to (Hp) we obtain
|H (2, un(2))] < o(e(x) + ()] 7))

for a.e. z € Q and for all kK € N.
Since

e(z) + lp(x) P € LP (@),
and from (3.7), we get
| 1H @, (@) - H(z,u(x))|” @ dz — 0,
by using the dominated convergence theorem we have

Yur — Yu  in Lp/(z)(ﬂ).

Thus the entire sequence (¢u,) converges to ¢u in Lp/(””)(Q) and then v is continuous.
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Step 3. Since the embedding I : Wy — L(*)(Q) is compact, it is known that the adjoint operator
I*: Lq/(””)(Q) — Wy is also compact. Therefore, the compositions I*o¢ and I*o) : Wy — Wy
are compact. We conclude that S = I* o ¢ + I* o ¢ is compact. [l

Lemma 3.4. Let Q C RN (N > 1) be a bounded open set with smooth boundary. If the hypotheses
(H1) and (H2) hold, then the set-valued operator N defined above is bounded, upper semicontinuous
(u.s.c.) and compact.
Proof. Let A : LP®(Q) — 2L" () b a set-valued operator defined as follows
Au={he LY @) Yz, u(z)) < h(z) < P(z,u(z)) a. e x€Q}.
Let u € Wy, by the assumption (Hz) we obtain
max { [§(z, s)|; [(z, )| } < bla) + ()]s
for all (z,t) € Q x R where 1 < y(z) < p(z) forall z € R .
As a result
/Q |E(x,u(x))|p,(z)d:v < 2p,++1( o |b($)|p/(x)dx + /Q |C|p,(x)|u($)|p(z)d$)-

A same inequality is shown for (z, s), it follows that the set-valued operator A is bounded on

Wo(Q2). It remains to prove that A is upper semi-continuous (u.s.c.), i. e.,
Ve >0, 30 >0, |lu—uolp<d = AuC Aug+ B,
where B, is the e-ball in L¥'(®)(Q).

To come to an end, given ug € LP(®)(Q), let us consider the sets

where

K, = { €9, it It — uo@) < —, then [(,2), Bz, )] C |4 uoe)) — 5, Bl uole)) + %[} ,

m being an integer, [t| = Jmax, [t;| and R is a constant to be determined in the following pages.
2

In view of Proposition 3.2, ‘we define the sets of points as follows

Gm,s = ﬂ KTa
reRN
where RYY denotes the set of all rational grids in RY. For any r = (rq,...,rn) € RY,

N 1 1 il 1 1
KT:{x€Q|uo(x)eCil:[l}ri—E,Ti—i—E[}U{x€Q|u0(x)eil:[jm—g,m—i—g[}
>

N {x € Q| (x,r) < Pz, up(z)) + % and Y (z,7)
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so that K, and therefore G, . are measurable. It is obvious that
Gl,s C G2,e C--

In light of Proposition 3.2, we have

therefore there exists mg € N such that
M(Gge) > m(Q) — =. (3.8)

But for each € > 0, there is = n(e) > 0, such that m(T) < n yields

27 [ 2P+ @)@ D@ < (5)" (39)
T
because of b € LP () (Q) and uy € LP®)(1).
Let now
. 1 n = 1 £ p;+
0<d< mln{m—o (5) ' opt 2 (@) ) (3.10)
2e 1
R>max{—,3(m(ﬂ))P}7 (3.11)
n
where

ptoif flu—uollp) <1
p~ if [lu = uollp@) > 1.

1
Suppose that [[u — ugl|,(») < ¢ and define the set G = {x € O\ |u(x) — up(z)| > —}, we get

mo
m(G) < (mod)P®) < g (3.12)
If x € Gy o \G, then, for any h € Au,

and

Let
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and
E(x,uo(d?))a for ze€ KT,

U)(:C) = h(iC) ) fOI‘ €T € KO;
Pz, uo(z)), for ze K.

Hence w € Aug and
lw(z) — h(z)| < % for all 2 € Gg.e \ G. (3.13)

From (3.11) and (3.13), we have

"+

'+
— (@) @dz < (2) m@) < (2) . 3.14
Jo ) = Qe < () i < (3) (3.14)
Assume that V' is a coset in Q of Gy \ G, then V = (Q\ Gpy.e) U (Grpe N G) and

m(V) < m(Q\ Gmg.e) + 1(Gmg.e N G) < % +m(G) <1.

According to (3.8), (3.11) and (3.12). From (H3), (3.9) and (3.10), we obtain
Jote) = oIl Utz < [ o)l + o) e
v 1%
<2 ([ @+ @ un0) P+ o)) 4 o)l
v
< 2?'*—1( / 2lb(a) [ 4 ¢ () (2 + 1) o ()" dr
1%

+ 2;/*—1(/ 2p+_1cp/(m)(:v)|u(:v) - uo(x)|p(w)dx) (3.15)
%
< / 2lb(a) [P 4 ') () (277 4 1) o ()P da
v

+ 2P++p t_9 Hcp + ||L°°(Q) ‘/V |u($) _ u0($)|p(z)d$

p,+ ’ ’
< (%) +2P++p +_9 ||cp+HLoo(Q)66 < 2(

g)p : < sp,+

Thanks to (3.14), (3.15) and (2.1), we get [|w — Al ) < [ |w(z) — h(z)|P @de +1 < e.

Hence A is upper semicontinuous (u.s.c.). Hence N' = I* o A o I is clearly bounded, upper semi-

continuous (u.s.c.) and compact. O
500w () *

Next, we give the proof of Theorem 1.2. Let S := A+ N : Wos’p(m’y)(ﬂ) — 2(W0 P (@) ,

where A and N were defined in Lemma 3.3 and in section 2 respectively. This means that a point

u € Wos’p(x’y)(Q) is a weak solution of (1.1) if and only if
Fu € —Su, (3.16)

with F' defined in (1.5). By the properties of the operator F given in Lemma 3.1 and the Minty-

Browder’s Theorem on monotone operators in [45, Theorem 26 A], we guarantee that the inverse
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operator T := F~1 : (Wos’p(x’y)(Q))* — WOS"p(z"y) (Q) is continuous, of type (Sy) and bounded.
Moreover, thanks to Lemma 3.3 the operator S is quasi-monotone, upper semicontinuous (u.s.c.)

and bounded. As a result, the equation (3.16) is equivalent to the abstract Hammerstein equation
u=Tv and wvé€—-SoTw. (3.17)

We will apply the theory of degrees introduced in section 3 to solve the equations (3.17). For this,

we first show the following Lemma.

Lemma 3.5. The set
B = { v € (WO)* such that v € —tSoTv  for some t €0, 1]}

is bounded.

Proof. Let v € B, so, v+ ta = 0 for every t € [0,1], with a € S o Tv. Setting u := Tv, we can
write a = Au + ¢ € Su, where ¢ € Nu, namely,

(v} = /Q h(ayu(e)de,

for each h € LP' ) (Q) with ¢(z, u(z)) < h(z) < P(z,u(x)) for almost all z € Q.
If ||u|lw, < 1, then | Tv|lw, is bounded.
If Jullw, > 1, then we get by the implication (i) in Proposition 2.1 and the inequality (2.2) and
using (Hy), the Young inequality, the compact embedding Wy << L(*)(Q), the estimate
1Tl = llully,
< P, (1)
< tl{a, Tv)|

St/ || 7@ da:—i—t/ )\|H(:17,u)|ud:17—|—t/ |hu|dx
Q Q Q

St/ |u|q(m)+tcp,/ |,\H(I’u)|q/(m)dx+t0p/ |u|q(;ﬂ) de
Q Q Q

4 C,yt (/ |u|”<m)dx) + Cv,t (/ |h|'y/(lﬂ)dx)
Q Q

< Const ([[ull?yy + lull &y + lull 2y + Il +1)
< Const (|Jullfy, + lullfy, + lullly, + Il +1)

+ +
< Const(HTUH%VO + 1Ty, + 1)'

Hence it is obvious that { Tv | v € B } is bounded.

As the operator S is bounded and from (3.17), we deduce the set B is bounded in (WO)*. O
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Thanks to Lemma 3.5, we can find a positive constant R such that
||v|\(WO)* <R forany wveEB.
This says that
ve—tSoTv foreach wvedBgr(0) andeach ¢e][0,1].
Under the Lemma 2.8, we get

I+ SoT e Fr(Br(0)) and I=FoT € Fr(Bg(0)).

Now, we are in a position to consider the affine homotopy H : [0, 1] x Br(0) — 2(W°) defined by

H(t,v) =1 —-t)Iv+t(I+SoT)v for (t,v)€[0,1] x Br(0).

By applying the normalization and homotopy invariance property of the degree d fixed in Theorem
2.11, we have

d(I + S o T, Br(0),0) = d(I, Bg(0),0) = 1.

It follows that, we can get a function v € Bg(0) such that
ve—-SoTv.

Which implies that u = T'v is a weak solution of (1.1). This completes the proof.
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