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ABSTRACT

We show that the energy transfer through an open quantum
system with non-degenerate Hamiltonian weakly coupled with
two reservoirs in equilibrium is approximately proportional to
the difference of their temperatures unless both temperatures

are small.

RESUMEN

Mostramos que la transferencia de energia a través de un
sistema cudntico abierto con Hamiltoniano no-degenerado
débilmente acoplado con dos reservorios en equilibrio es aprox-
imadamente proporcional a la diferencia de sus temperaturas

a menos que ambas temperaturas sean pequenas.
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1 Introduction

Energy transfer in classical and quantum systems and the validity of Fourier’s law of heat
conduction have been a hot topic for many years (see [3, 4, 6, 7, 12, 18, 25, 26] and the references
therein). For quantum systems, in particular, after experimental evidence of effective quantum
energy transfer in photosynthesis in some biological systems has been found (see [14, 24]), investi-
gations have focused on understanding to what extent quantum mechanics contributes to transport

efficiency.

Several models have been proposed involving open quantum systems (see e.g. [5, 6, 27]), mostly
phenomenological, and also numerical simulations have been done showing different behaviours.
The interaction of the open quantum system with reservoirs is described through interaction oper-
ators that appear in the dissipative part of the Gorini-Kossakowski-Sudharshan-Lindblad (GKSL)
[17, 22] generator £ of the dynamics, while the Hamiltonian part is given by the commutator with
the system Hamiltonian Hg. However, when the GKSL generator is rigorously deduced from some
scaling (weak coupling or low density limit) both the system Hamiltonian and the interaction op-

erators appear in the GKSL generator £ after non-trivial transformations (see [1, 2, 9, 10, 13, 19]).

In this paper we study models of open quantum systems rigorously deduced from the weak
coupling limit. We consider a quantum system with non-degenerate Hamiltonian Hg coupled with
two reservoirs in equilibrium at inverse temperatures 81 < B2 and study variation of energy due
to couplings with each reservoir. It is well-known (see Lebowitz and Spohn [25] (V.28)) that, by
the second law of thermodynamics, energy (heat) flows from the hotter to the cooler reservoir.
The energy flow, in general, is not proportional to the difference of temperature because of the
nonlinear dependence of susceptibilities on temperature, namely an exact Fourier’s law does not

hold.

However, we rigorously prove that it holds in an approximate way when the temperatures
of reservoirs are not too small or, as an alternative, differences between nearest energy levels are
small. More precisely, we show that the amount of energy flowing through the system, Theorem
4.2, formula (4.5), is approximately proportional to the product of the temperature differences and
a constant (conductivity) which can be interpreted as the average energy needed to jump from a

level to the following higher level.

The paper is organised as follows. In Section 2 we introduce quantum Markov semigroups
(QMS) arising from the weak coupling limit of a non-degenerate system with two Boson reservoirs.
The energy flow is computed explicitly in Section 3, Theorem 3.3, formula (3.7). The dependence
of the energy flow on temperatures is studied in Section 4. Moreover, we also study (Theorem 4.3)
the asymptotic behaviour of the invariant state when the eigenvalues of Hg increase in number

and form a set more and more packed. It turns out that the invariant state converges towards a
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Gibbs state with temperature equal to the mean temperatures of the two baths.

Finally, in Section 5, we consider as system the Ising model Hamiltonian and show that the
energy flow in this case is zero. We have not been able to extend our analysis to quantum spin
chains because their Hamiltonians are highly degenerate and the GKSL generator arising from the
weak coupling limit, albeit explicit, is not easily treatable. In particular, we could not extract the

relevant information on invariant states.

2 Semigroups of weak coupling limit type

We consider an open quantum system with Hamiltonian Hg acting on a complex separable Hilbert
space h with discrete spectral decomposition
Hs =Y enP:, (2.1)
m>0
where ¢, with &, < €, for m < n, are the eigenvalues of Hg and P._ are the corresponding
eigenprojectors. The system is coupled with two reservoirs each one in equilibrium with inverse

temperatures f; < P with interaction Hamiltonians

Hy =Dy @ A*(¢1) + DI @ A™(d1), Haz = Dy ® A*(¢2) + D3 © A™(¢2),
where D, Dy are bounded operators on h and A" (¢;), A~ (¢;) creation and annihilation operators,
in the Fock space of the reservoir j, with test function ¢; .

It is well-known (see [2, 9, 13, 25]) that, in the weak coupling limit, the evolution of the
system observables is governed by a quantum Markov semigroup (QMS) on B(h), the algebra of
all bounded operators in h, with generator of the form

L= Z Ljw (2.2)
j=1,2, weB

where B is the set of all Bohr frequencies
B:={w | Jen,em st. w=2¢, —&, >0} (2.3)

For every Bohr frequency w, £, , is a generator with the Gorini-Kossakowski-Sudharshan-Lindblad

(GKSL) structure (see [17, 22])

1
'Cj,w<x) = i[Hj,wax] - ‘72,“: (D;ij,wx - QD;’wxDj)w + J;DJEWD;,w)
Tt
_ # (Dj,wD;-"wx —2D; ,xDj , + xDj,wD;’w) (2.4)

for all z € B(h), with Kraus operators D; ., defined by

Dj7w = Z PEvrlePEn (2'5)

(En,em)€EBL
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where B, = { (en,em) | €n —em =w }, Fji,w = fj,w'yjfw

_ efiv . 1 24
Viw=Fa 1 e = a1 Jiw= /{yeRs o 195 (W)"dsy

(ds denotes the surface integral) and H, ,, are bounded self-adjoint operators on h commuting with
Hg of the form

Hju = ;D5 Djw+ k] ,DjwDj,
for some real constants nji,w.

In the sequel, following a customary convention to simplify the notation, we also denote

D;w = Dj7w and D‘;’:w = D;_iw and Write
97, ( )*lejF Dt x+ DT zD* _LopF pe (2.6)
juo\ ) = 2w G gt 2x Jw T g,w .

the term of the GKSL generator arising from the interaction with the bath j due the Bohr frequency
w is

»Cj,w = F;wQ;w + Pj,wQ;Cw + i[Hj’&” ]

and the term arising from the interaction with the reservoir j is

L;= Z/Lw

weB

We now make some assumptions on constants in such a way as to ensure boundedness of
operators L;. First of all note that the series ) D7 ,Dj . is strongly convergent. Indeed, for all

vector u =Y P uin h, we have

> (u,D;,Djuy = YN (P, wD;P. u, P _yD;P: u)

w w n,m>0

Z Z <DjP€nu7 Penwajpgnu>

w n>0

2
YD, ul

n>0
2 2
D517 [[ull™

IN

As a consequence, if we assume
. + . +
sup I';", < +00, sup |l€j’w| < +00,
weB weB

for j = 1,2 GKSL generators £; turn out to be bounded. The above condition will be assumed to

be in force throughout the paper.

Remark. Note that £; depends on the inverse temperature 3; only through the constants vfw.

The above notation follows that of [1].
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For all normal linear operator S on B(h) we denote by S, the predual operator acting on the
Banach space of trace class operators on h. Therefore, we denote by T = (T¢)i>0 the QMS on
B(h) generated by £ and by 7. = (Twt)i>0 the predual semigroup acting on trace class operators.
In the same way, 77 (resp. 77 and ’7;]"‘") stand for the QMS generated by £, (resp. £, ., and its
predual semigroup). In this paper we are concerned with normal states, therefore we shall identify

them with their densities which are positive operators on h with unit trace.

We end this section by checking that, if reservoirs have the same temperature g1 = gy = 3

and Zg = tr (e*BHS) < 400, then the Gibbs state has density
g = Zgle*BHS (2.7
and is stationary.

Proposition 2.1. If 1 = 2 = 5 and

Zg = tr (efﬁHS) = Z eiﬁg"dim(Pgn) < 400
n>0

then the Gibbs state (2.7) is invariant for all QMSs generated by L, L1, Lo.

Proof. We begin by observing that for (g, + w,e,), (en,en —w) € B, we can compute directly

(Ej,w)*(Psn) =I'; (Psn_WDjPEn,D;PEn_W - PEnD;(PEn_WDjPEn)+

T gw

F;:w(Pen+wD;PenDjPEn+w - PEnDjPEnJFwD;PEn)'

A state of the form p =3 pe, P, which is a function of the system Hamiltonian Hg (also called

a diagonal state), satisfies

L,; (p) = Z Z(£j1w)*(p5nPEn)

=2 2 (pereTiu = peTT )P, DiPe o Di P+

w (En+wxgn)68w

Z Z (Pa,ﬁwF;fw ~ Pen, F;w)Pan D;PanwajPan-

W (en,en—w)EB,

Now if 81 = 2 = B and p., = e P as in (2.7), we have

+ +

Uiw  Yiw _ oo _ Pentw
— - — - - )

Diw  Yiw Pe.,

for all j = 1,2, so that L.;(p) =0 and p = e #Hs /Z5 is an invariant state for the QMS generated
by L;. Since £ = L1 + L7 it is an invariant state also for the QMS generated by L. O
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3 Energy current

The rate of energy variation in the system, in a state p, due to interaction with the reservoir j is

tr (pL;(Hg)) (see [25] (V.28)). Therefore

tr (pL1(Hs)) — tr (pLa(Hs)) (3.1)

is twice the rate at which the energy flows through the system from the hotter bath to the colder
bath, namely, the energy current through the system.

Adapting a result by Lebowitz and Spohn [25] Theorem 2 and Corollary 1, it is possible to

prove that the energy current is non-negative for finite dimensional systems.

Theorem 3.1. Suppose that h is finite dimensional and let p be a faithful invariant state, then

the energy current (3.1) is non-negative.

Proof. If a system is weakly coupled to a single bath j at inverse temperature §;, it is well-known
that the Gibbs state pg, = Zﬁ_jle_ﬁﬂ'Hs7 with Zg, = tr (e_ﬁjHS), is invariant.
Consider the relative entropy of p with respect to pg, defined by S(plpg,) = tr (p(log(p — log ps;))

which is a notoriously non-increasing function (see [23], Theorem 1.5), i.e.

S (TP T4(05,)) < Solos,),

for all p and ¢ > 0. States 77,(p), j = 1,2 will still be faithful for small , therefore no problem arises
when considering logarithms. Since pg; is invariant, denoting p; := 73 (p), and differentiating we

find
d d
&S(ptngj) = &tr (pt(log pt — log Pﬂj))

d
= tr (p}(log py —log pg,)) + tr (ptdt log m) :

. +oo 1 1
Since for every x > 0, logz = [ (1+S - $+S) ds,

d oo
Slosp= [ (s ) Uils ) s
t 0

so that N
d o _
tr (ptdt log m) = tr (,02/ pe(s + pr) 2d8> =tr(p) = 0.

0
By imposing pg;, = Zgjle_ﬂj As and recalling that pj = L.;(pt), tr (p}) = 0 by trace preservation,
we obtain
d /
35 (Pils;) = tr (pl(log pr —log pg,))

tr (pé(log pi + BiHs — log Zﬁ‘f))

tr (p; log pi) + Bjtr (peL5(Hs)) -
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In particular tr (p}(log p¢)) + B;tr (0:£L(Hg)) < 0 by monotonicity of the relative entropy, namely

—tr (Lyj(pe) log pi) — Bjtr (peL5(Hs)) > 0.

In our context, the entropy production of the system due to interaction with the bath at inverse
temperature 3; is

—tr(Loy(pr) log pr) — Bytr (peLy(Hs)) > 0. (3.2)

Now, for all 3, 81,82 and p stationary state for the system S interacting with both baths, By

taking a sum over j of the inequality before (3.2), we obtain

[Bitr (pﬁl(Hs)) + Botr (pﬁg(HS)) <0.

Moreover, tr (pL1(Hg)) = —tr (pL2(Hg)) and so

(B2 — B1)tr (pL2(Hs)) > 0

In view 81 > B2, we have tr (pL1(Hg)) = —tr (pL2(Hg)) > 0 and the proof is complete. O

In this section we prove a general explicit formula for the energy current in a stationary state
p which is a function of the system Hamiltonian Hg. This not only confirms that it is positive
also for possibly infinite dimensional systems if the eigenvalues of stationary state are a monotone
system (i.e. there are no population inversions), but it allows us to establish proportionality to the

difference of bath temperatures when they are not too small, namely an approximate Fourier law.

Lemma 3.2. For allw € B and j = 1,2 we have

Q;,(Hs)=~wDj ,Dj. Qr,(Hs) =wD;,Dj, (3.3)
and
Li(Hs) =Y w (T}, DjwD;, —T;,D;.Djw) - (3.4)
weB

Proof. Writing Hg as in (2.1) we compute

— 1 * * 1 *
QuHs) = —5D5,Djwls + Dj HsDjw — SHsDj D
= > (emP.,D;P.,D;P. —e, P, D;P., D;P.)
(ensem)€EB
= - Y wP,DP, D;P,
(en,em)€EBL
= —Ww D;’ijWJ.

The proof of the other identity (3.3) is similar. Since [H, ., Hs| = 0 for all j,w, (3.4) follows
immediately. O
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We can now prove our formula for the energy current in a stationary state p which is a function
of the system Hamiltonian Hg. We suppose that the interaction of the system with both reservoirs
is similar; this property is reflected by the assumptions on tr (Pen DI P, Dj) and fi .. In the

sequel, to simplify the notation we also write p,, instead of p,,,.

Theorem 3.3. For any state p which is a function of the system Hamiltonian Hg, i.e.

p=>_puP, (3.5)
n>0
we have
(pLi(Hs) = w D (Ufupm = Tjupn) tr (Pe, D} Pe, D;) (3.6)

weB  (e,em)EB

If the state p is also stationary and, moreover,

(1) tr(P.,DiP., D) =tr(P., D;P,

Em

Dy) for all n,m,
(2) fiw= fow forallw,

then

1 *
tr (pLq1(Hs)) = 52 W f1w ('Yiw _V;w) Z (pm — pn) tr (P, DY F., D1). (3.7)
w€eB (en,em)€EBw

Proof. The proof of (3.6) is immediate from (3.4) and the following identities (cyclic property of
the trace)

tr (P.,, DjwPe, Di,) = tr (P, Djw) P, Db,,) = tr (P, DS Pe Dj)

Em Em

If the state p is stationary, then tr (pLq(Hg)) = tr (0L(Hg)) — tr (pL2(Hs)) = —tr (pL2(Hg)), so
that tr (pL1(Hg)) = (tr (pL1(Hg)) — tr (pL2(Hg))) /2. Computing the right-hand side difference
by means of (3.6) with j = 1,2 we can write 2tr (pL1(Hg)) as

S whe >, (Wewbm = VMwPn = V3wPm + Vawpn) tr (Pe, D P-, Dy)

w€eB (en,em)€EBW
= > whe >, ((We—10)Pm — (V= V2u)pn) tr (P, DiP., D).
weB (en,em)€EBW
Since v, , = ’y;:w + 1 for all j,w, then fyf:w - ’y;:w = Vw — V2 and (3.7) follows. O

Remark. Note that the above identity tr (P. D P D) = tr(P., D5P., Ds) holds whenever
there exists an isometry R on h, commuting with Hg, such that Dy = RD;R*. Indeed, in this

case, R commutes with all spectral projections of Hg and

tr (P., D3 P., Do) tr (P., RDIR*P., RD1R")

tr (P., D*P.

Em

DiR*R)

tr(Per,LDTPe:,nDl) .
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We will see later (Section 5) that this happens when the system interacts in the same way with

the two baths.

Formula (3.7) can be applied to effectively compute the energy current in several models
highlighting the dependence on the difference of temperatures. Indeed, one readily sees that, for
B1, B2 very close the term w (V{tw — WIW) is an infinitesimum of order 51_1 — 62_1 while the other
terms are close to some nonzero values. Moreover, it is also clear from (3.7) that the energy current
is non-negative whenever the invariant state satisfies p,, > p, for all n,m such that ¢, < ¢, i.e.

population inversion does not occur.

However, in order to find more explicit formulae we need additional information on the invari-
ant state. This problem will be studied in the next section. We end this section by the following

example

Example 3.4. Let h = C"™! with orthonormal basis (ex)o<k<n. Consider an n-level system with

Hamiltonian

n
Hg = klex)(ex|
k=0
and interaction operators D1, Do acting as
Djer, = ep1 fork=1,....n Djeq = 0.

Clearly B = {1,2,...,n} but the only nonzero D; ,, are those corresponding to the frequency w =1

and Dy 1 = Dy, Dy = Dy. Moreover, since €, = k,
tr (ngDngk_lDl) =tr (ngDgPEk_ng) =1

for k=1,...,n. By Theorem 3.3 formula (3.6) we have

I
-

n

tr(pLj(Hs)) = Y (Tfiox = Tj1poks1) -
0

S
I

If all 1";%1 (j = 1,2) are nonzero, a straightforward computation shows that the unique stationary

state is N N
-1V - 'ii+13,

= v”\|ek) ekl Vi=

p I_WkZ:O lex) (x| T

and the energy current due to interaction with reservoir j is

n—1
1—v _
tr(pL;(Hs)) = 1_ it (leyk - 11]',11/I€—~_1)
k=0
1—-v"

= 1 — pntl (le - Vrji,l) :

Note that, dropping the index 1 corresponding to the unique effective frequency w to simplify the
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notation, we have

ﬁi f17fr+f27§r>
v i e
] (e_ﬁj__ fle® 1)+ fa (e = 1) )
J fiefr(ef2 — 1) + faeB2(efr — 1)
 heP(l—e ) 4 el —e )
(- e e )

For j =1 we find

e P _ g B
fil —e7P2) + fo(l —e=Fr)

=l = T f(l—e )

and so

1— (0 +13)/(T7 +T5)" Iy fo(1—e P)(e P —e )
1—((Tf +03)/(C7 +T5))"+t fi(l —e P2) + fo(1 — =)

tr (p L1(H)) =

Since F;’ <Iy, this formula, for n big and (1, 82 small becomes

f1f2(ef/31 _ e*ﬁz)
fill —e7P2) + fo(l —e Fr)
f1f2(B2 — Br)
f2B1 + f1B2

Ak (F-4)

tr (p L1(Hs))

%

showing that, in a certain regime of high temperature a Fourier law holds for all choices fi, fo of

the interactions strength.

4 Dependence of the energy current from temperature dif-

ference and conductivity

In this section we consider systems whose Hamiltonian Hg has simple spectrum, namely each
spectral projection P, is one-dimensional, and make explicit the dependence of the energy current

on the difference of temperatures 1/3; and 1/f,.

We begin by noting that, if spectral projections P._ are one-dimensional one can associate

with the open quantum system a classical (time continuous) Markov chain with state space V the
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spectrum sp(Hg) of Hg in a canonical way. Indeed, for every bounded function f on V', we have

L(f(Hs)) =Y f(en)L(Pz,)

n>0

= > | X TP DR DR, | (Fem) = f(en))

wEB, (en,em)EBW J

+ STt P, DP. DiP. | (f(en) = fm)
7

wEB, (en,em)€EB

and we find a classical Markov chain with transition rate matrix Q = (¢nm)

Z] F4;En_5mtr (D;PEMDJPE'IL) ) lf En > Ems
dnm = Zj I‘;fem_antr (D]'PEmD;Psn) , ife, < Em,
- Em;ﬁn Anm, if n=m.

Now, if we consider the conditional expectation

£:B(h) = (2(V;C), @)=Y P. aP.

m>0

where ¢>°(V;C) is the abelian algebra of bounded functions on V', we have that
EolL=LoE. (4.1)

Therefore, by defining the predual map &, such that tr (E.(p)x) = tr (p€(z)), if p is an invariant
state, we have also 0 = E.(L.(p)) = L.(Ex(p)) and

() — Z 7n P,

n>0

gives a one-to-one correspondence between diagonal invariant states of the open quantum system

and invariant measures of the associated Markov chain.

In the following, in order to have at hand an explicit formula for the invariant measure, we
suppose, for simplicity, that the graph associated with the above Markov chain is a path graph
and jumps can occur only to nearest neighbour levels, namely ¢, = 0 for |[n —m| > 2. This
assumption may hold, for instance, if the Hamiltonian Hg is generic in the sense of [8], namely it
is not only non-degenerate but also if ¢, — &, = £,y — &5 then &, = €,,» and €, = &,,,». Moreover,
we assume that ¢, # 0 for |n — m| < 1. In this case the associated classical Markov chain has a
simpler structure allowing one to make explicit computations and describe explicitly the structure

of invariant states (see also [11] in a more general situation).

The explicit expression for the invariant state is p = > p,P-, where

qk,k+1
m= 1] Po (4.2)
0<k<n Ak+1,k
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with

Ak, k+1 = F;€k+l,€ktr (DjPE/chlD;PEk) J

j=1
2
Ak+1.k = Z F;5k+1*5ktr (D;PEijPEkJrl)
j=1

provided that the normalization condition

oI B < (4.3)

n>10<k<n qk+1,k
holds, in which case pg is the inverse of the sum of the above series increased by 1.

With the explicit formula for the invariant state we can find a Fourier’s law for the energy

current through the system. We begin by a technical lemma

Lemma 4.1. The following inequalities hold

11 1 1 11
itz BL Ba _ePe—1 P 1 _ B P
€ 1 2 1 1 g eﬂlw eﬂ2w S 1 1 5 (4.4)

B1 B2 efw 1 +e52w—1 B1 Bo

for all0 < 81 < By and w > 0.

Proof. Note that 1/(e®1* — 1) — 1/(e?** — 1) < 1/(B1w) — 1/(Bow) because the function z

1/(e"™ — 1) — 1/(wz) is increasing on ]0, +-o0o[ since

d 1 1 1 w
el - ) == — >0
dz \ew —1 wz wx? (ewz/Q _ efwac/2)2 -

wz/2 _

by the elementary inequality e e /2 > wz. Moreover, by another elementary inequality

1—efiv < Bjw, we have

efrv P 1 1 1 1
- > 4
Fo_1 P 1 1—ePiw  1_e B = Brw + Bow

and the second inequality (4.4) follows.
In order to prove the first inequality we first write the right-hand side as

(P 1)t — (e 1)
efrw(efiv —1)=1 4 efaw(efew — 1)~1
ebaw _ ofrw
efrwefew/2(ehaw/2 — o=F2w/2) 4 efrwehrw/2(efrw/2 — e—Frw/2)
(BrtBa)w/2 e(B2=B1)w/2 _ o—=(B2—p1)w/2
(1—eBew) 4 (1 —e Fiw)

= €
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Noting that

eBa—B)w/2 _ o= (Ba=Fr)w/2 > 14 (B2 _2ﬁ1)w _ (1 _ (B2 — 61)“)

2
(1—e )+ (1-e™v) < (B+B)w

we find
(P10 — 1)1 — (P2 — 1)1 o o= (Br+B2)/2 (B2 — 51)w.
efrw(efre —1)=1 +efow(efow — 1)1 = (Br+ B2)w
This completes the proof. O

Remark. Note that the inequalities of Lemma 4.1 provide a sharp estimate in terms of the inverse
temperature difference $ — 81 for small 51, B2, i.e. when the average of temperatures 77,75 is big.

Indeed, the difference of the right-hand side and left-hand side is equal to

(1 — e_(51+ﬂ2)w/2) gz Igl
1 2

and for temperatures T; > kp-180 K= 2.49- 10~2! J (approximately the lowest natural temperature
ever recorded at ground level) we have 3; < 1/(kp - 180K) = 4.02 - 10%° J7! so that the quantity
that multiplies B — 3 is

1
— < 1.24-1072%.
B1 + B

Theorem 4.2. Suppose that
(1) tr (PEHD;-‘PEij) =1 for alln,m and all j = 1,2,
(2) fjw=1forallw and all j =1,2,
(3) Jumps can occur only to nearest neighbour levels,

(4) Formula (4.3) holds so that the state p defined by (4.2) with po determined by the normal-

ization condition is invariant.

Then
RIS ER
“mM k(p, Hs) < tr(pLy(Hg)) < M r(p, Hs) (4.5)
ate B B

where fip = inf,,>q e P12 Emii=en)/2 gnq

Hs =Y emuiP.,,  wlp,Hs) = tr (p(fls — Hs)) .

m>0
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Proof. By applying (3.7) in this context, we have

1
tr (p‘cl(HS)) = 5 Z(5n+l - 5n)(pn - Pn+1) (F—li_,en+lfan - 1_‘;—.,6"1,176”)

n>0
]- dn n+1
_ E ’ + +
- 5 (Sn-‘rl - 5n) 1- Pn (F1,gn+175n - F2,5n+175n)
n>0 dn+1,n
+ _ 17t
_ F1;571+1_5n F27En+1_5n
- (5n+1 - En)pn — T .
n>0 1a5n+1_5n + 275n+1_5n

Now the proof follows applying Lemma 4.1 with w = €,,41 — &, to estimate the right-hand side
ratio. O

Remark. Formula (4.5) shows that the energy current tr (pL£q(Hg)) has an explicit dependence
on the difference 5, - By " of the reservoirs’ temperatures. This dependence holds only through
two inequalities, but it suggests the existence of an “approximate” Fourier law (see [4, 21]) for the

current. Clearly there can be further dependecies through the term x(p, Hg), however it holds
inf (ek+1 —€r) < k(p, Hs) < sup (epy1 — €x) -
k

Therefore the energy current depends on the temperature difference mainly through the explicit
term and one could say that there really is an “approximate” Fourier Law. Furthermore it is worth
noticing that, for 8y, B2 fixed, the inequality (4.5) is better the smaller is sup,,~o(Em+1 — €m) S0
that kp, is close to 1 and the inequalities are approximately equalities. However, it should also be
noted that, in this case, k(p, Hg) becomes small as well. Eventually note that, due to the nature of
our system, we cannot investigate spatial properties of energy flow. Therefore our discussion of the
Fourier’s law is concerned with proportionality to temperature difference and not with dependency

on size.

Remark. Since the above QMS are of weak coupling limit type, one can write explicitly the

entropy production (in the sense of [15, 16]).

It is tempting to study in detail what happens when sup,,~o(ém+1 — €m) tends to 0 so that
the eigenvalues of Hg increase in number and form a set more and more packed. In a more precise

way, for all n > 1 we assume that the system Hamiltonian is a self-adjoint operator H én) on an

(n 4+ 1)-dimensional Hilbert space h with simple pure point spectrum (s,(gn)) e with eg = 0
0<k<n
and, for all a,b with 0 < a < b < 400, we have
card{k | a < 5,2") < b}
Jim - = p(la, b]) (4.6)

for some continuous probability density p on [0, +oo[. In other words, the empirical distribution

)

of eigenvalues of H én converges weakly to a probability distribution on [0,+00[ . Suppose, for

simplicity, that p has no atoms, i.e. u({r}) =0 for all » > 0.
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We can now prove the following result on the distribution of eigenvalues of the stationary state

and energy in stationary conditions.

Theorem 4.3. Under the assumptions of Theorem 4.2, for all m > 1, let Hén) be as above and
suppose that (4.6) holds. Let p™ be the invariant state (4.2) and let

B=2(1/p1+1/B)""
be the harmonic mean of the inverse temperatures (i.e. B’l arithmetic mean of Bfl,ﬁgl).

(i) Figenvectors p;"’) of p™ satisfy

(n) _

b
/ e Prdu(r)
lim Z Py = a

—
" K a<er <t} / e Pdu(r)
0
(i) The average energy in the system satisfies
00 —
/ e P rdp(r)
0
= .
/ e Prdp(r)
0

This result reminds the one in [20] where the steady state can be described by a general-

lim tr (p(”)Hé”)) =

n— oo

ized Gibbs state and the steady-state current is proportional to the difference in the reservoirs’

magnetizations.

In the proof we need the following Lemma.

Lemma 4.4. Let E =2/ (,31_1 + ,32_1) be the harmonic mean of inverse temperatures (i.e. ,_7)’;1 18

the arithmetic mean of B;* and By '). For all 1 <k <n and for sup; w; < 1/(3B2),

- ~ - 2
1_ﬁwk§M§1—ﬁwk+<ﬁwk) (4.7)
qk+1,k
where wy, = €41 — € and
o~ Per(1+Fsup; w;) < H G511 o o=Bex(1=Bsup; w;) (4.8)
j=o Li+1.

Proof. By the elementary inequality 1 — e~ #i%s < Bjwy we have

1 1
k1 ePrww — 1 + ePewr — 1
Qkt1k B ePrwi eB2wi
ePrwr — ] T ePawr — 1
_ 2
N B (1-— e—ﬁ1wk)_1 + (1 — e—B2UJk)_1
2wy,

S 1/61+1/p2
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In the same way, by the elementary inequalities 1 —e~#i%s > ijkf(ﬁjwk)Q /2and 1/(1 — Bjwi/2) <
1+ Bjwy, we find for Swy, <1

ekl 2wy,
Qk+1,k 1/ (81 (1 = Prwr/2)) + 1/ (B2 (1 — Pows/2))
ka
= B A B2 + 1B (Lt B 2)
< 1- 2wk
- 1/B1 4+ 1/B2 + 2wy,
= 1— Lﬁk
1+ Bw

and so (4.7) follows.

In order to prove the upper bound in (4.8), note that, since log(1 — z) < —x

k-1 k-1 k—1
log qu7+1 gZIOg(l—Bwj (1—ij))§—26wj (1—Bwj>,
j=o ditLi =0 =0

as a consequence

k—1 k—1
log H q5,5+1 < - Zgwj (1 — Esupwl) = _ng (1 _ Esupwl) )
l l

For the lower bound, we begin by the inequality

k-1 k-1 k-1
dj,j+1 4j,j+1 5
Jj=0 j=0

j=o b+1.g qj+1,5

Note that log(1 — z) + 2 + 22 > 0 for 0 < z < 2/3 and, since Bwj < 2/3 by our assumption, we

have
k=1 k—1 B _ B
log H 4jj+1 > — Zﬂwj (1 + ﬂsupwl) = —Bey, (1 + 5Supwl> .
o Di+1. — I .
J J
This completes the proof. 0

Proof of Theorem 4.3. Let p, be the empirical distribution of the eigenvalues of Hén) ie.

1 n
n — 1 0
Hn n—l—lkz;0 e

and note that
k—1

1 qj,5+1
n+1 Z quj_ilj

n {kla<er<b} j=0
> oal= = - (49)

{k|a<er<b} 1 2j,j+1
n+1 ,;UI;IO Qj+1,j
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Clearly, by Lemma 4.4,
k—1

11 3 qu,j+1 < 11 > o~ Per(1-Bsup; w;)
n+ (k| a<er<b} j=0 Li+1i nr {k|a<er<b}

A

S eEQbsupj wj/ e—Bsk d/.l,n(’f’)
Ja,b]
and also
k—1 o _52 sup,; w; _
1 : SO e s C ‘ UIJ - o Bek
MLk aceesny =0 Dt1 ne {k|a<e,<b}

= e’gz‘”“pj“’a'/ e Per dpen (r).
la,b]

Since sup; w; goes to 0, probability measures p, converge weakly to 1 and the function r — e Br

is bounded continuous on [0, 400[, taking the limit as n — oo, we have
k-1

) 1 q< . 1 _~
lim 45,5+1 :/ e Pee dp(r).
n—oon + 1 {k§k<b}};[0 dj+1,5 la,b]

In the same way, taking a = 0 and b = +o00, we see that the denominator of (4.9) converges to

+oo .
/ e P du(r)
0

and the proof of (i) is complete. The proof of (ii) is similar. O

Remark. Theorem 4.3 (i) shows that, if p has density ', then the asymptotic distribution of

eigenvalues of the stationary state is
e Pl (N)
+oo . .
/ e ATy (r)dr
0

The asymptotic average energy in the system can be easily computed in some remarkable cases

A=

noting that the integral of e=P" with respect to p is the moment generating function ¢ of p
evaluated at —B and so the asymptotic average energy in the system is
$e-H 4 )
o(=p) ds

We can easily find an explicit result in two cases:
p normal distribution N (m, o?) average energy m — (o
p gamma distribution T'(c, 6) average energy o/ (3 + )

The asymptotic average energy in the system is decreasing in B, ie. increasing in the average
temperature as expected, for all probability measure p because the moment generating function

of a probability distribution is log-convex and the derivative of a convex function is increasing.

Remark. Note that, by choosing a suitable spacing of eigenvalues €,, we can control the rate of

convergence to 0 of k (p("), Hén)) at will, as n tends to +oo.
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5 One dimensional Ising chain

In this section we consider a one-dimensional Ising chain with nearest neighbour interaction. We
will show that, in this case, if the heat baths interact locally at both ends of the chain, then the
energy current is zero. Spin interaction (see 5.1) occurs only in the z component. In the case where
also the other components interact the derivation of the GKSL generator turns out to be really
difficult (see [5]). Indeed, starting from the diagonalized Hg, one finds a cumbersome expression

for the operators D,,.

In spite of the simple system Hamitonian Hg (5.1) Theorems 4.2 and 4.3 do not apply to this

model because its spectrum is degenerate.

The system space is h = C2®" with N > 2. Define Pauli matrices

1 0 —i 1 0
0% = oY = o® =
10 i 0 0 -1
with respect to the orthonormal basis ey = [1,0]T, e_ = [0,1]T of C2.

Consider the one dimensional Ising chain with Hamiltonian

N-1
Hg=J.Y» 00y, J.>0, N>2 (5.1)
j=1

Subsequently let us define
€a = ®§\leea(j)a RS {_17 1}N7

as a basis of h, where e_; := e_ and ey := e. Vectors {e, }o form an eigenbasis for Hg and the
spectrum is

sp(Hg) = {J. (2k — (N —1)) | k=0,...,N —1}.

The eigenspace associated with the eigenvalue e, = J,(2k — (N — 1)) is the linear span of the
elements e, such that exactly k& neighbouring elements in « have the same sign. Thus one can

define the sets
Ay i={ae (-1, | S5 a(ali+1) = 26— (N = 1)},
and the spectral projection associated with the eigenvalue ¢y, is given by

Py = ZaeAk lea) (eal-

The system is coupled with two heat reservoirs at inverse temperature 1, 52 with 51 < 5 through

the interaction

Hy =0y ® (A (¢1) + AT (41)), Ha=o0} ® (A (¢2) + AT (¢2)), (5.2)
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where u,v € R® and o is defined as
ol = w10y + ugo! + uzo;.
The set of positive Bohr frequencies is given by
B:={2J.(n—m)=¢,—émn|nme{0,....N—1}, n>m},
while the operators Dj , are given by (2.5). Thus one has

Diay. = (ug —iug) Y oflea)(eal + (ur +iug) Y oflea)(eal

aclCl aeCt _

where C! | (resp. C'_) denotes the set of configurations a € {—1,+1}" with ++ (resp. ——) in
the first two sites (I stands for left). While Dy, = 0 for every w € B — {2J,} because the Pauli
matrices act only on the first site and so the number of neighbouring sites with the same sign can

vary of at most one after the action of o} and for w = 2J, one has
Drj2g. = Z Z Z (e, 07ep) lea)(esl.
n=1 a€A, BEAn+1

With similar arguments one can see that Ds,, = 0 for every w € B — {2J,}, while

Dyay. = (1 —iva) Y oXlea)(eal + (v1+1iv2) D> oFlea)(eal
aeClJr aeCr _

where C7 , (resp. C” _) denotes the set of configurations with 4+ (resp. ——) in the last two sites

(r stands for right).

From now on we will drop the subscript 2J, and only deal with operators related to that Bohr
frequency, as the others vanish.

Recalling the definition of linear maps (2.6) and the constants
’Y;r _ 1/(e2JzBi _ 1)’ N = eszﬂi/(GQJzBi _ 1)’
we can write the GKSL generator of the evolution as follows

L= 3 % Q +al

i€{1,N}

A close scrutiny at the operators D;, D} shows that, for each fixed configuration @ € {—1,+1}"V 2

of the N — 2 inner sites of the chain the 4-dimensional projections pg on subspaces
hz :=span{e, | a(j) =a(j) forall2<j < N —1; a(l),a(N) € {-1,1} }

commute with both D; and Dj for ¢ € {1, N}, then subalgebras p,, B(h)pa, are invariant for the

semigroup T generated by £. This commutation allows us to restrict our study only to cases where
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the invariant state is of the form

p= > papa= Y, IJapm (5.3)
ae{-1,1}N-2 ae{-1,1}N-2
where pgz is an invariant state supported only on hz and Az are real constants that sum up to 1.

Indeed the off diagonal terms, pazppay with a; # asg, do not contribute to current flow, since

tr (ParppazL1(Hs)) = tr (pazpLi(Hs)paz) = 0.

Moreover all the conditional expectations Ez(x) := pgrpz commute with £, ensuring that both
Y = &a«(p) and every &z .(p) must also be invariant states on their own. As a further refinement
we can repeat the same argument using the conditional expectation £(z) := kN:_Ol PrxPy. Indeed

& commutes with the Lindbladian £ and
tr (PklpPkZEI(HS)) =tr (Pklpﬁl(HS)PkQ) =0

for k1 # ko, since the spectral projections commute with D;D3, D;D; and L1(Hg) is a linear
combination of these operators by Lemma 3.2, equation (3.3). In this way we can focus our study

on invariant states of the form (5.3) with

0 p% P83 O
Pappa = Pa = = = ,

0 p55 p33 O

0 0 0 pg

where we expanded the state with respect to the basis of four vectors e.g¢, €daec, €cad, €daqd defined
as follows: ez is the vector eg(2)a(2),.. .a(N-1)a(N-1), €cad = €a(2)a(2),...a(N-1),—a(N-1) and

vectors egge, €daq are defined in a similar way.

Now we have reduced and simplified the class of states we want to use when looking for a
invariant state, without, however, losing any contribution to the current flow. In order to find the
invariant state, first of all it is not too difficult to show that L, leaves invariant the subspace of

diagonal elements. Then compute

L.(pS5ledac){ecadl) = —% TF +T7 + T8 +Ty] psledac)(ecaadl,
and similarly

Lolecad)leanc) = =5 [TF +T7 + T8 +Tx] dhlecad)edac,

where I = [Ju + iug|* 4F and L = (o, +iz)2||27]%,. (The above T'F slightly differ from the

constants in Section 2). Therefore the invariant state condition L.(p) = 0 implies pS5 = p$, = 0.
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We can now just consider the reduced dynamics on diagonal elements of pzB(h)pg, given by

—(Iy +1y) Iy I'y 0
o Iy Ty 0 v
ry 0 —(Tx +TI7) Iy
0 'y 'y ~(Cy +17)

The unique invariant law for the time-continuous Markov chain generated by the above matrix
is
a=71 [Lewzﬁl7e2J252’esz(Bl+ﬂ2> 7
where Z~1 is a normalization constant that is independent of u,v and is the same for all @.

Therefore the unique T -invariant state supported on h, is
pa = 27 lecachlecmel + €2 |eame){eawd
+e** % ez a)(ecaal + GQJZ(BH—BQ)|€dad><€dad|)~
Recalling (5.3) we can now write any invariant state for the semigroup 7.

We can now evaluate the energy flow tr (pL1(Hg)) via the expression
Ly(Hs) = Z w (WwD1D} —1,,DiD1) = 2J. (i D1D} —~; DiDy)
weBt

that, together with the formula for p,, yields

Ztr (pLy(Hs)) = Z tr > NapaLi(Hs)

ac{—-1,1}N-2
_ Z 2], 05 (,Y;reﬁud + ,yii‘e(ﬂl"l‘BQ)W _ ,y;eBQw _ ’Yf)
ae{—-1,1}N-2

=0

Remark. For N = 2, it can be shown by direct computation that the energy current is strictly

positive. Indeed, because of low dimensionality the ends of the chain can interact directly.
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