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ABSTRACT

The LeBrun ansatz was designed for scalar-flat Kahler metrics with a continuous sym-
metry; here we show it is generalizable to much broader classes of metrics with a
symmetry. We state the conditions for a metric to be (locally) expressible in LeBrun
ansatz form, the conditions under which its natural complex structure is integrable, and
the conditions that produce a metric that is Kéhler, scalar-flat, or extremal Kahler.
Second, toric Kéhler metrics (such as the generalized Taub-NUTSs) and U (2)-invariant
metrics (such as the Fubini-Study or Page metrics) are certainly expressible in the Le-
Brun ansatz. We give general formulas for such transitions. We close the paper with
examples, and find expressions for two examples—the exceptional half-plane metric and

the Page metric—in terms of the LeBrun ansatz.
RESUMEN

El ansatz de LeBrun fue disenado para métricas Kéahler escalares-planas con una
simetria continua; acd mostramos que es generalizable a clases mucho més amplias
de métricas con una simetria. Establecemos las condiciones para que una métrica sea
(localmente) expresable con la forma de ansatz de LeBrun, las condiciones bajo las
cuales su estructura compleja natural es integrable, y las condiciones que producen una
métrica que es Kéhler, escalar-plana, o Kahler extremal. En segundo lugar, métricas
téricas Kahler (tales como las Taub-NUT generalizadas) y métricas U(2)-invariantes
(tales como la métrica de Fubini-Study o la de Page) son ciertamente expresables en
el ansatz de LeBrun. Damos férmulas generales para tales transiciones. Concluimos el
articulo con ejemplos, y encontramos expresiones para dos ejemplos—Ila métrica excep-

cional del semiplano y la métrica de Page—en términos del ansatz de LeBrun.
Keywords and Phrases: Differential geometry, Kéhler geometry, canonical metrics, ansatz.

2020 AMS Mathematics Subject Classification: 53B21, 53B35.
@)evne |

(©2020 by the author. This open access article is licensed under a Creative
Commons Attribution-NonCommercial 4.0 International License.


http://dx.doi.org/10.4067/S0719-06462020000300395

396 Brian Weber glsj(gfz(o))

1 Introduction

LeBrun [19] created an ansatz for scalar-flat Kéhler metrics with a continuous symmetry. This
was an expansion of the Gibbons-Hawking ansatz for Ricci-flat Kdhler metrics with a symmetry,
itself a version of the Kaluza ansatz [18] [6]. In the original construction Kaluza showed that if
a Lorentzian 5-metric is endowed with a spacelike continuous symmetry, the Einstein equations
will partially linearize, with the linear part being the Maxwell equations. The Gibbons-Hawking
construction utilized this idea except in Euclidean signature and a dimension lower, where the
Maxwell equations reduce to just the Laplace equation on a potential, and the “gravity” equations

(the Ricci-flat equations) fully linearize.

LeBrun’s ansatz, which also works for 4-dimensional Riemannian metrics with a circle sym-
metry, partially linearizes the scalar-flat Kéhler (SFK) equations. These SFK equations, normally
exceedingly complicated and nonlinear, were shown to reduce to a pair of second order equations,

one linear and the other quasilinear.

We show that LeBrun’s ansatz is much more general than this original use, and is suitable
for expressing interesting 4-metrics that are not scalar-flat, Kahler, or even have an integrable
complex structure. We show the conditions under which a metric is expressible in terms of the
LeBrun ansatz, and give the explicit transformations into the LeBrun ansatz from two toric Kahler
ansétze, and from the U(2)-invariant ansatz. In the last section we use these translations to express
several common metrics in the LeBrun ansatz. Finally we indicate how the LeBrun ansatz can
be used, at least in principle, to create new metrics of special kinds, a subject we shall take up

elsewhere.

2 The LeBrun ansatz

We lay out the basic definitions in the LeBrun ansatz and determine when the ansatz possesses
an integrable complex structure and when it possesses a closed Kahler 2-form. We end with some
expressions for curvature quantities of such metrics, and state when such a metric is extremal

Kéhler. The reference for this section is [19].

2.1 The ansatz

The LeBrun ansatz is an S'-fibration 7 : M* — N3 along with the metric

g = we" (do® + dy?) + wdz® + w' (dr + T A)? (2.1)
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where (z,, z) are local coordinates on N3, w = w(z,y, z) and u = u(z,y, ) are functions, and A

is a 1-form A = A, (z,y,2)dx + Ay(z,y,2)dy + A.(x,y, z)dz on N3.! The coordinate 7 is defined

after a choice of a transversal: after setting 7 = 0 on this transversal, 7 is pushed forward via the
St-action. The field d% is invariant under rechoosing the transversal so it is globally defined, and
it is Killing.

The exterior derivative of A will be important. Because dn*A = 7*dA, it is immaterial

whether we compute on M* or N3. Letting B = dA we have
B = BydyANdz — Byde Ndz + B,dx Ndy, where

(2.2)
Bw = Ay@ —Am)y, By = A;v,z _Az,wa BZ = Az,y _Ayxz'

In the spirit of Kaluza’s work, we may interpret A as a vector potential over 3-space and
B = dA as the corresponding Maxwell field strength. It so closely resembles a magnetostatic field
that we will sometimes call it the metric’s magnetic field. In all curvature computations A never

appears; only its field B appears.

A g-compatible almost-complex structure on (M*?, g) is

J(dz) = —dy, J(dz) = —w '(dr +7*A), (2.3)
which dualizes to
J(Vz) = Vy, J(Vz) = g (2.4)
or

where the duality convention is J (1) £ no J for n € A'. The corresponding antisymmetric form is

w = g(J, ) = we'dex Ndy + dz A (dT + 7 A). (2.5)

2.2 The complex and symplectic structures

As usual, the almost complex structure splits /\é = /\1(]\/[ 4) ® C into holomorphic and antiholo-
morphic bundles, where /\(1C = /\1’O &) /\0"1 are the respective ++1/—1 eigenspaces of J. In bases,

/\1’0 = spanc { dz + V=1dy, dz+V=Tw ' (dr +7*4) },

2.6
/\071 = spanc { do — V=1dy, dz —V=1w™(dr +7*A4) }. Y

Of the many ways to check the integrability of an almost-complex structure, the most conve-
nient will be verifying that d : A" — /\é AN

Lemma 2.1. The complex structure (2.3) is integrable if and only if

wy = By and wy = B,. (2.7)

1LeBrun denotes w = dr + m* A, and interprets this as a connection. Following a different but very standard
convention, we shall prefer using the symbol w for the 2-form w = g(J-, ).
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Proof. This comes from out of the proof of Proposition 1 of [19]. We compute on bases.
Certainly d(dx — /—1dy) = 0. Then

d (dz — V=1w™ ' (dr 4+ n* A))

= w ! (dw A (dz - \/—_lwfl(dT + W*A)) —dwANdz — \/—_13) (28)
From (2.6), the first term is in A(lc AA”'. The second and third terms become
—dwANdz—+/—1B
= —(wy — V—1By)dz A dz — (wy + V—1B,)dy A dz — /—1B.dz A\ dy
_ %((ww ~By)— vV L(w, — By)) dz A (dx + v —1dy) o)
+ % ((wx + By)dz — V=I(B, +w,)d=

~ VB (Ao + VL)) A (= VTdy)

Because dx —+/—1dy € /\0"1 the second term on the right is in A & A A %!, But the first term

is in A(lc A /\1"0. We conclude J is integrable if and only if this term is zero, which is the same as
(wy — By) —vV—1(wy — By) = 0. O

Lemma 2.2. We have dw = (—B, + (we"),) dz Adx A dy. In particular, the antisymmetric form
w of (2.5) is closed if and only if B, = (we"),.

Proof. Using w = dz A (dr + n*A) + we¥dx A dy and dn*A = 7*dA = 7* B,

dw = —dzNdrn*A + (we),dz Adx N dy
(2.10)
= (=B, + (we"),)dz Adx A dy,

from which the assertion follows. O
Theorem 2.1. The triple (g, J,w) always has g(J-, J-) = g(-,-). It is
i) Hermitian if and only if By = wg and By = wy,
ii) symplectic if and only if B, = (we"),, and
iii) Kdhler if and only if By = wy, By = wy, and B, = (we").,.
Condition (iii) implies

Waz + Wyy + (we"),, = 0. (2.11)
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Proof. After Lemmas 2.2 and 2.1, we must only verify equation (2.11). But with B = dA,

after assuming the relations in (74) then equation (2.11) is just dB = 0. O
Remark. The metric is almost Kdahler if (i) holds but (¢) does not.

Remark. The original approach of LeBrun [19] was essentially the reverse of this. LeBrun
solves (2.11) for w first, and then finds a 1-form A (which will have Dirac string singularities)
whose field B satisfies (éii). This contrasts with our method which starts with a metric of the form

(2.1), finds conditions on A and w that give it special traits, and from such traits derives equation
(2.11).

We have the following characterization of the LeBrun ansatz.

Theorem 2.2. Let g be a metric on M*. Then g can be expressed locally via the LeBrun ansatz

if and only if the following three conditions hold:

i) M* has a vector field v and an almost-complex structure J compatible with g so that, letting

w = g(J-, -) be the associated antisymmetric form, then w, g, and J are all v-invariant,

i) Given any simply connected domain Q C M*, there is a function z : Q — R with i,w = dz,

and

i) The action of Vz on J, when restricted to the rank-2 distribution P C /\1 M* that is null on

spanf{v, Jv}, is zero.

Remark. Regarding condition (i), P is specifically the distribution P = {n € /\}\44 such that
n(v) = 0 and n(Jv) = 0}.

Remark. Condition (iii) is certainly the most technical; it exists so that the first two terms
in the ansatz can be written in the form f(x,y, 2)(dz? + dy?), instead of fidz? + fa(dxrdy+ dydzx) +
fsdy?. Condition (iii) could also be written Ly (/]| p) =0 where £ is the Lie derivative.

Proof. Supposing g can be expressed via the LeBrun ansatz, we simply set v = % and let J
be as in (2.3) or equivalently (2.4). The work above shows J and w are v-invariant and i,w = dz.

We compute EVZJ‘P by

(Lyv.J)(dz) = Ly, (Jdz) — JLy.dx = Lyv.(dy) — JLy.dz. (2.12)

The Cartan formula gives Lv,dr = div,dr = d(dz,dz). But this inner product is zero, as
is easily verified after computing the inverse matrix g*. Similarly Ly.dy = 0, so we have shown

Lv.J(dx) = 0. The same argument works for Ly..J(dy), so we have shown that Lv.(J|,) = 0.

For the converse we assume g, J, w are v-invariant, and that i,w = dz for some function z.
This allows us to perform a version of the Kéahler reduction. Because z is itself v-invariant (due

to the fact that £,z = i,i,w = 0), the function z passes to the quotient manifold N3® = M*/v
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where the quotient is by the action of the Killing field v—this works if the orbits of v are closed;

if not then a second Killing field must exist, and we can take an appropriate linear combination
to find a Killing field with closed orbits. Pick a level-set ¥2 = {z = const} on which to place
isothermal coordinates (z,y), and then extend (z,y) along trajectories of Vz so the functions z,
y are now defined on some region of N3. We show that (r,y) remains isothermal on all other
nearby level-sets of z; this is a consequence of J|p being invariant under trajectories of Vz. To see
this, note that J|p restricts to the Hodge-star %2 on any level-set of z, and z, y are isothermal if
and only if d *3 dx = d %2 dy = 0 and dz A *dy = 0. By construction, d %3 dx = d *3 dy = 0 and

dz A xdy = 0 holds on one level-set of z; to see it is true on all nearby level-sets we compute
Evzd *9 dr = dEVZJ|de = dJ|p£dex = dJ|pd£va = 0. (213)

where we used the facts that d always commutes with Ly, that by hypothesis Lv.J|p = 0, and
that by construction Ly,z = 0. Therefore d *3 dr remains zero on all level-sets. Similarly we

compute

Lv. (dz A *ody) = (Lv.dx) Axedy + da A (Ly, *2 dy) ( )
2.14
= dxA#*3(Lyv.dy) = 0

where again we used Lv.dr = Ly.dy =0 and Ly,*2 = Lv.J|p = 0.

Now, because the functions z, y remain an isothermal system on any level-set of z, we may express
the metric g3 on the quotient manifold N? in the form g3 = fi(z,y, 2)dz? + fa(x,y, 2) (dx2 + dyz).
We define the functions w, e* by

1>

ldz|,7 = f1
2 2
ldz|,” = |dylg,~ = fo

b (2.15)

we"

[I>

The functions 2 and y pull back from N3 to M*, where we now have three coordinate functions
x, y, and z. For the fourth coordinate 7, after choosing a transversal to v, we may set 7 = 0 along
this transversal, and push 7 along trajectories of v—incidentally, this establishes 8%— = v and

JVz = 2. We now have coordinates (z,y, z,7) on M*.
= .

From (2.15) we have w™! = |dz|?> = |Vz|> = |JVz]? = |0/07|?>. We define functions C, A,,

Ay, and A, in terms of the complex structure J by

—C(dr + Agdx + Aydy + A,dz) = Jdz. (2.16)

We can compute the value of C. Transvecting both sides of (2.16) with 8%— gives

—C = Jdz(£) = (Vz, JZ&) = —|V2? = —|dz]* = —w™ 1. (2.17)

Therefore C' = w~!. Finally because the distribution {Vz, Vy} is perpendicular to the distri-

bution {Vz, 8/97}, we arrive at the expression
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g = we" (d:z:2 + dy2) + wdz? + wt (dr + Aydz + Aydy + Audz)?. (2.18)

2.3 Curvature quantities

Proposition 2.1. Assume the metric (2.1) is Kdhler, meaning (iii) of Theorem 2.1 holds. Then

the Ricci curvature of g is

Ric = —%(Hess w (-, -) + Hess u (J-, J)) (2.19)

Proof. The proof of Proposition 1 of [19] gives Ricci form and Ricci curvature

p = —/—100u, and

1 (2.20)
Ric = p(-, J) = —§(Hessu (-, )+ Hessu (J-, J-)).
O

Proposition 2.2. Assume the metric (2.1) is Kdhler, meaning (iii) of Theorem 2.1 holds. Then

the scalar curvature s of g is

1
= — v “.,). 2.21
s we“(u + uyy + (€")22) ( )
Proof. This is computed in the proof of Proposition 1 of [19]. O

Proposition 2.3 (The extremal condition). Assume the metric (2.1) is Kahler. Then it is an

extremal Kdhler metric if constants m,b € R exist so

we (Uaa + uyy + (€)22) = mz + b. (2.22)

Proof. If (2.22) holds then s = mz + b and so Vs = mVz and JVs = ma%; thus JVs is a
Killing field. The proposition is established after recalling that a Kahler metric is extremal if and
only if JVs is Killing [7] [8]. O

Remark. Whether g is Kahler or not, its scalar curvature is

1 u 1 u
s = — (um + uyy + (e )Zz) + - (wm + wyy + (we )Zz)

wev
(2.23)
L g e

+ ﬁ(Bz — (wg)?) + —(B, — (wU)Q) + 507 (B2 — ((we“)z)2>.
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3 Expressing Toric Kahler metrics using the LeBrun ansatz

The LeBrun ansatz operates on 4-manifolds with one symmetry. On Ké&hler 4-manifolds with
two holomorphic symmetries, there are more specialized ansitze. Letting X', X2 be commuting
holomorphic Killing fields (recall that “holomorphic” means Ly:J = 0, just as Killing means
Lyig = 0), then (M*,g,J, X1, X?) can be considered a toric Kdihler 4-manifold. This situation
has been studied in [17] [1] [13] [14] [2] [9] and many other works. Certainly a toric Kahler metric
can be translated into the LeBrun ansatz once a distinguished Killing field is chosen. We do this

here.

3.1 The two toric ansatze

There are two standard presentations for toric Kahler 4-manifolds. These were originally explored
by Guillemin [17], who also discovered that they are equivalent via a Legendre transform. The

LeBrun ansatz is a mixture of the two.

The first of the two presentations is the symplectic ansatz. If {X*, X?} are independent
commuting holomorphic Killing fields, we can use the Arnold-Liouville construction [3] to produce
the so-called action-angle coordinates on M?*. To execute this construction, one defines action
variables (up to a constant) by V! = —JX* or equivalently by dyp® = iyiw, and defines angle
variables, denoted 6, 02, by choosing a transversal and then pushing forward the action of the

fields X!, X2. In these coordinates, the ansatz demands the metric be expressed
g = Uydp' @dy’ + UYdo; ® db; (3.1)

where U = U(¢?, p?) is a convex function of the action variables. The matrix (U;;) is defined by
U; 2 20 and we define (U7) 2 (U;;)~L.

J Dpipd
The map M* — R? given by p — (¢'(p), v?(p)) sends M* to a region ¥2 C R?; this is
sometimes called the Arnold-Liouville reduction or, by abuse of terminology, the moment map. If
M* is compact then its image Y2 is a compact polygon in R2?. This polygon encodes the topology
of M*, via the Delzant gluing rules [11]. If M* is non-compact, then %2 need not be a polygon

nor even be topologically closed.

The second ansatz, the holomorphic ansatz, also begins with the fields {1, X?}. Again we
may produce corresponding coordinates 67, 6, after choosing a transversal. Because X!, X2 are
not only symplectomorphic but holomorphic, the variables §’ are actually pluriharmonic, meaning
d(Jdf;) = 0. The Poincaré lemma then guarantees functions &;, & exist (at least locally) so that
d¢t = Jdb;, and we have two holomorphic functions f; = &;++/—16; which constitute a holomorphic
chart (f1, f2) : 2 — C? on some subdomain  C M*. The Kéhler form on this chart, as usual, can

be expressed w = v/—190V for some pseudoconvex function V. Because V is 6;-0, invariant, it is
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convex instead of just pseudoconvex. The metric is then

g = Vg @dé + VIdo; ® db; (3.2)

where (V%) is the matrix with components V% £ %.
i0§;

We might consider the map p — (£1(p), &(p)) for p € M*, just as we considered the moment
map p — (p'(p), ¥*(p)). But it is much less interesting than the moment map. If M* is compact
then its image is all of R2. In particular there is no way to read off the topology of M* from its

image.

A duality relationship exists between the symplectic system (¢, 01, 2, 62) with its symplectic
potential U and the holomorphic system (&1, 61, &2, 62) with its Kéhler potential V. As shown in

[17], they are Legendre transforms of each other:

ou oV
gi—a—wu 90—8—&7 and

Ul + V(&) = Zwi@-.

3.2 Translation to the LeBrun Ansatz

It is now possible to relate these two systems to the LeBrun ansatz, which is a mixed symplectic-
holomorphic system. We define the LeBrun variable 7 to be the angle variable 6; corresponding to
X1, and y the angle variable 05 corresponding to 2. Let z be the symplectic variable corresponding
to the angle 7, meaning z = ¢!, and z the holomorphic variable corresponding the angle variable y,
meaning x = &. Then we create the LeBrun functions w and u, and determine the 1-form A. We
record the change of frame from the symplectic frame {aig;l’ 6%1, 6%)2, 8%2} to the LeBrun frame

{aaaa

320 Br Do B_y}' One easily computes

% = %-FUglé% Zgll = ;lz

BT, o — gy 1y (3.4)
8572 : 82261 dg : d U22 Z U22 x

200 — oy 2 = ay.

Upon substituting the symplectic frame components into the LeBrun metric (2.1), we find the

functions w, u and the components A,, A,, and A, to be

w = 1/(]117 u = 10g (U11U22_(U12)2)

U2 (3.5)

Ao =0, Ay = 5. A = 0.

We express this in the form of a proposition.
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Proposition 3.1. Assume (M*,J, g, X', X?) is a toric Kihler manifold. Let (¢, 01,02, 02) be

symplectic coordinates and (£1,01,&2,02) holomorphic coordinates on M*. There exists a convex

function U(p', ?) on $2, where X2 is the image of the moment map (o', 9?) : M* — R?, so that
g = Uidy' @ dp? + U"do; @ db; (3.6)

where U;; = PU_ ond (UY) = (U;;)~'. There also ezists a convex function V.=V (&1,&) on R?

Optpd
so that

g = Vid¢ @dé; +Vide; @ db; (3.7)

where V¥ = 882‘&/] These systems are related via the Legendre transform:

L 8_‘/ & = 8_U
LT (3.8)
Ulp', 0*) + V(&,&) = ¢'& +¢°&.

The metric (M*,g,J, X1, X?) can be expressed in the LeBrun ansatz after setting

(z, T, T, y) = ((pl, 01, &, 92). (3.9)

A LeBrun ansatz expression of g is obtained by setting

u = 10g det UZ] — log (U11U22 _ ([]12)2)7

1 12 (3.10)
W = A and A = Aydy = Wdy
(the components A, and A, are zero). The components of the magnetic 2-form are By = —A, .,

By =0, and B, = Ay ».

3.3 Variation of LeBrun structures

In our construction of Section 3.2 we began by setting 7 = 61, but we could have chosen 7 = 65 or
indeed any linear combination of the cyclic variables. Up to scale a toric metric automatically has
a 1-parameter family of distinct LeBrun structures. If o € [0,7/2] is a constant and X!, X? are

symplectomorphic Killing fields, then for each a we may select the field

X = cos(a)X! + sin(a)X?. (3.11)

Then, referring to the construction of Section 3.2, the corresponding angle variable is 7 =
cos(a)f; +sin(a)fy with conjugate momentum variable z = cos(a)p! +sin(a)¢?. The holomorphic

variables are then z = —sin(«)&; + cos(a)€ and y = — sin(«)f; + cos(a)bs.

This allows for a “tuning” or selection of a distinguished 1-parameter symmetry field form

which the LeBrun ansatz metric can be constructed. The variable y remains cyclic (that is, its field
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remains a symmetry direction), and u, w will remain functions of x and z. These functions will

change with «, so we may write u = uq(x, 2) and w = w,(z, 2). We remark that a third auxiliary

function i, 2 %ua exists. If the u, solve the LeBrun equation (uq)zs + (e%).. = 0 then 4, will

solve the linearized equation (tq)ze + (€ )., = 0. Under some conditions u, will be positive,

and setting w = 1, we have an entirely new LeBrun metric.

4 Expressing U(2)-invariant metrics in the LeBrun ansatz

The usual ansatz for U(2)-invariant metrics is
g = Adr® + B(m)* + C((n2)* + (13)°) (4.1)

where {n1,72,73} is a standard left-invariant coframe on S, and A, B, C are functions of the

radial variable r. If (¢, ¢, 0) are Euler coordinates on on S3, the usual frame transitions are

m = 5 (@ + cos(6)dy)
Ny = 1 (sin(0) cos(¢)dy — sin(vp)d0) (4.2)

ns = = (sin(f) sin(v)dy + cos(1)d0) .

N = DN

From this we deduce (n2)? + (n3)? = % (d6? + sin®*(0)dy?), so in Euler coordinates
g = Adr® + g (dyp + cos(0)dp)* + % (d6* + sin®(0)de?) (4.3)

This is already close to LeBrun ansatz form. To place it precisely in LeBrun ansatz form we

make the change of variables
0 1
x = 10gcot§7 Yy = o, z = Q/VABdr, T = 1. (4.4)

This gives df? + sin?(0)dp? = sech®(z)(dz? + dy?), and the metric now reads
4

B C
g = EdZQ + . (d7 + tanh(z) dy)® + 7 sech?(z) (da? + dy?) . (4.5)
Reading off the LeBrun ansatz quantities from (2.1), we have
4 BC
w= g u= log (1—686Ch (96))

A, =0, A, = tanh(z), A, =0

(4.6)

where B and C are now functions of the new variable z, via the transition from r to z given in
(4.4). Because U(2) has a rank 2 toral subgroup, any U (2)-invariant metric is also T?-invariant—
if the metric is Kéhler then it is toric. One can see directly that the metric (4.5) has no 7- or

y-dependency so has T? symmetry.
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5 Examples

We give two examples of our method. The exceptional half-plane metric from [21] was originally
written in a toric ansatz, and the Page metric on CP?{CP? was originally written in the U(2)
ansatz. We use our methods to express both in the LeBrun ansatz. In the last section we outline

methods for creating new metrics that are Einstein, half-conformally flat, or Bach-flat.

5.1 The exceptional half-plane metric on C2.

This toric SFK metric on C? appears in [21]. It has one translational and one rotational field. In
rectangular coordinates (1,91, T2, y2) on C2, these fields are X! = % and X2 = —yga%z —|—a:2%2,
which are clearly translational and rotational, respectively. Let U = U(p?!, ¢?) be the symplectic
potential

_ 1 < (¥?)*

= 2\ Tyt + ¢ log(e') + M(‘Pl)2> (5.1)

where M > 0 is a constant. The case M = 0 produces the flat metric. When M > 0, the resulting
metric is the exceptional half-plane metric; the fact that (5.1) is the correct symplectic potential
for the exceptional half-plane metric can be verified directly from equations (6-1) and (6-3) of
[21]. The Kéhler potential V is difficult to write explicitly, as it involves inverting a function with
transcendental and algebraic parts. However it is possible to find LeBrun coordinates, which in

terms of the symplectic coordinates are

2
P 1
= — T =0 = =0. 5.2
X 1 2M§01, Y 29 z @, T 1 ( )

The LeBrun functions w and u are

1
w = M—i—2—, u = log(22) (5.3)
z

and the vector potential and field strength are

A = 2Mx dy, which is A, =0, Ay =2Mz, A, =0, (5.4)
5.4
B = 2Mdx Ndy, whichis B, =0, B, =0, B, =2M.

We notice that u = log(2z) gives what LeBrun called the hyperbolic ansatz in section 4 of
[19]. If M = 0 this is the flat metric, which LeBrun wrote down on p. 233 of [19] (unfortunately
LeBrun’s equations are mostly unnumbered). The exceptional half-plane metric in LeBrun ansatz
form is

1+2M 2
+ Zd22+ z

dr + 2Mz dy)?. 5.5
22 T oars 47 +2Mady) (5.5)

g=(1+2Mz)(d2® + dy?®) +
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5.2 The Page metric

The Page metric was originally developed in [20], and can be found explicitly in (3.25) of [16]
(unfortunately its expression in the appendix of [15] has a typo). Methods for building Ricci-flat
metrics, including the Page metric, can be found [4]; see also 9.125 of [5]. This metric exists on
CP?4CP?; it is Einstein, Hermitian, and Bach-flat, but not half-conformally flat. It is conformal to
an extremal K&hler metric, which Calabi [7] [8] independently wrote down; see [10] for the specific
conformal transformation, or [12] for a more general theory of conformal transformations between

extremal Kéhler and Einstein metrics on 4-manifolds. From [16] the Page metric is

3(1+v?) 1 — vcos?(r)

= d 2
g A 3—v2 —v2(1+v?)cos?(r) T

3—v? —2(1 +v?) cos?(r) 2

(3 4+ v2)2(1 — vcos?(r))

9 1-v

+ sin?(r)nf + 4

cos?(r) , 5 9
el CRR

The method of Section 4 gives its expression in the LeBrun ansatz:

1
g=we" (dz* +dy*) + wdz® + s (d7 + tanh(z)dy)?, where

=G M = AT e e B s (@)

and F', G, H are the polynomials

F(z) = 27(1+ 12 —v* — %) +36(4° + 4" + 1°)A2
—12(902 + 6v* + 1O)A%22
G(z) = 27(1+ 12— v* —0%) + 3(=9+ 92 + 110" + 150°) Az
— 24(30% 4 3v* — VO)A%2% + 4(9% 4 607 + O)A3L3
H(z) = 9(1+v* —v* =15 +12(302 + 160 + v0)Az
—4(90% + 6 + 1O)A2 2

The domain for (z,2) is z € R and z € {0 3(14v%) ]

* A(B+v?)

5.3 New metrics

Creation of special metrics, namely Einstein, half-conformally flat, or Bach-flat metrics are of
considerable importance in differential geometry. One may regard the metric g, if expressed in
the LeBrun ansatz, as a dynamic variable with five unknowns w, u, B;, By, B, which are each
functions of the coordinates (x,y, z). These values can be specified independently, subject to the

single requirement that B ; + By ,+ B, . = 0 which is equivalent to the definition of B from (2.2),
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which is that B = dA for a 1-form A. In a sense, there are four completely independent variables

that may be chosen, with the choice of a fifth being partially constrained.

Letting W™ be the self-dual part of the Weyl tensor, one might consider the condition W+ = 0.
Because the operator W : /\+ — /\Jr has three eigenvalues which are subject to the condition that
they sum to zero, the condition W+ = 0 imposes two differential identities on our five variables.
With the fifth constraint discussed above, we arrive at an underdetermined system, which surely
has a large solutions space. There remain many obstacles, both technical and theoretical, to fully
understanding this system. Similar comments hold for systems like Ric = 0 and B = 0 where Ric

is the trace-free Ricci tensor and B is the Bach tensor. This subject will be taken up elsewhere.



cuBO Toric, U(2), and LeBrun metrics 409

References

[1] M. Abreu, “Kéhler geometry of toric varieties and extremal metrics”, International Journal of
Mathematics, vol. 9, pp. 641-651, 1998.

[2] M. Abreu and R. Sena-Dias, “Scalar-flat Kéhler metrics on non-compact symplectic toric 4-

manifolds”, Annals of Global Analysis and Geometry, vol. 41, no. 2, pp. 209-239, 2012.

[3] V. Arnold, Mathematical methods of classical mechanics, Springer Science & Business Media,
vol. 60, 2013.

[4] L. Bérard-Bergery: “Sur de nouvelles variétés riemanniennes d’Einstein”, Publications de
I'Institut Elie Cartan, vol. 6, 1982.

[5] A. Besse: Einstein manifolds. Springer Science & Business Media, 2007.

[6] J. Bourguignon, “A mathematician’s visit to Kaluza-Klein theory”, Presented at Conference
on Differential Geometry and Partial Differential Equations, Torino, Italy, Rend. Semin. Mat.
Torino Fasc., pp. 143-163, 1989.

[7] E. Calabi: Extremal Kdhler metrics. In Seminar on differential geometry, Princeton University
Press, vol. 102, pp. 259-290, 1982.

[8] E. Calabi, Extremal Kdhler metrics I1. In Differential geometry and complex analysis, Springer,
Berlin, Heidelberg, pp. 95-114, 1985.

[9] D. Calderbank, L. David, and P. Gauduchon, “The Guillemin formula and K&hler metrics on
toric symplectic manifolds”, Journal of Symplectic Geometry, vol. 4, no. 1, pp. 767-784, 2002.

[10] T. Chave and G. Valent, “Compact extremal versus compact Einstein metrics”, Classical and
Quantum Gravity, vol. 13, no. 8, pp. 2097-2108, 1996.

[11] T. Delzant, “Hamiltoniens périodiques et images convexes de I’application moment”, Bulletin
de la Société Mathématique de France, vol. 116, pp. 315-339, 1988.

[12] A. Derdzinski, “Self-dual Kéhler manifolds and Einstein manifolds of dimension four”, Com-

positio Mathematica, vol. 49, no. 3, pp. 405—-433, 1983.

[13] S. Donaldson, “A generalized Joyce construction for a family of nonlinear partial differential

equations”, Journal of Gokova Geometry/Topology Conferences, vol. 3, 2009.

[14] S. Donaldson, “Constant scalar curvature metrics on toric surfaces”, Geometric and Functional
Analysis, vol. 19, no. 1, pp. 83-136, 2009.



410 Brian Weber glsj(zl?t))z(o))

[15] T. Eguchi, P. Gilkey, and A. Hanson. “Gravitation, gauge theories and differential geometry”,
Physics reports, vol. 66, no. 6, pp. 213-393, 1980.

[16] G. Gibbons and S Hawking, “Classification of gravitational instanton symmetries”, Commu-

nications in Mathematical Physics, vol. 66, no. 3, pp. 291-310, 1979.

[17] V. Guillemin, “Kéhler structures on toric varieties”, Journal of Differential Geometry, vol. 40,
pp. 285-309, 1994.

[18] T. Kaluza, “Zum Unitatsproblem der Physik”, Sitzungsber. d. Berl. Akad., pp. 966-972, 1921.

[19] C. Lebrun, “Explicit self-dual metrics on CP?4 - - - #CP?”, Journal of Differential Geometry,
vol. 34, no. 1, pp. 223-253, 1991.

[20] D. Page. “A compact rotating gravitational instanton”, Physics Letters B, vol. 79, no. 3, pp.
235-238, 1978.

[21] B. Weber, “Generalized Kédhler Taub-NUT metrics and two exceptional instantons”,

arXiv:1602.06178 (to appear in Communications in Analysis and Geometry).



	Introduction
	The LeBrun ansatz
	The ansatz
	The complex and symplectic structures
	Curvature quantities

	Expressing Toric Kähler metrics using the LeBrun ansatz
	The two toric ansätze
	Translation to the LeBrun Ansatz
	Variation of LeBrun structures

	Expressing U(2)-invariant metrics in the LeBrun ansatz
	Examples
	The exceptional half-plane metric on C2.
	The Page metric
	New metrics


