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u ( uv) ,.. O 

u v 2 • O 

u1 (u2 u3 ) + u 2 (u1 u3 ) + u 3 (u 1u 2 ) "" o 

x 2 /' + 2 ( xy) 2 ., o 

x 2 (xy) • O 

It tollows that UV s; U 1 u2 s; Vt v2 s; U; uv2 • <O>; ~-<O>, 

With the above hypothesis the idempotents of A • ka • U • V 

have the form e + u + u2, with u E. U arbritrary . From thie 

i t tollowa that dim U is independent of the idempotent • and 

ao aleo is dim V. They are invariante of A. The core e • kH 

U • u' ot A is aleo a Bernstein algabra and Aª • C. so, th• 

di .. naion ot u2 ia alao an invariant ot A. Another invariant 

iadÍ111 (UV+v'), aae {5]; Prop. 9.19 . 

It we have A • ka • U • V and e 0 • e + u 0 + u: is anothar 

ide•potent then, the deoomposition of A relativa to • 0 11 

Ka0 • U0 • V0 where U0 • {u + 2uu0 / u E U } and 

V0 • {v - 2(u0+ u~)v / v •V). 

2. - Ortho9onality, Holgate introduced the concept o! 

orthoqonal Bernatein algebras in { 2] , He det ined A • KffU.V 

to be orthogonal when U3 • <O> . This def ini tion depe nda on 

the i da•potent e. The following example shows that with 

anothar idempot ent e 0 , we may have U~ • <O>. 

Take A • <e, u 1 , u2, u 3, v 1 , v2, v3> and the following 

•ul t iplication table: 

e ª • e - lu ' 1 
u2 • V 

' ' 

ev • O 
1 

U U • V 
1 2 J 

(t•t,a,J) 
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V V • U 
' 2 J 

other producta are zero. 

We s e e that A is Bernatein and in the decomposition determi-

ned by e , U • 

Consider e • e o 

u2 , u3> 1 V • 

+ u 1 + u~ . 

<v1, v z , 

In the corrasponding 

decomposi tion, we have U~ " <O> because 

{u1+ 2u1u 1 ){u2+ 2u2u 1 ) ª•(u1+ 2u~)(u:~ 4ua(uau1 ) + 4(u2u1 )ª) 

•(u1+ 4v1 )(va- 4u3 ) • 4u3 •O 

conaidering thia tact, the orthogonality notion is 

radatined aa !ollowa: 

Datinit.ion: Lat A a K-Bernatein algebra. It ide11potent • • A 

exista such that in the dacompoaition A • 4 Ka • U • V we 

have U3• <O> , then A is said to be orthogonal. such 

idempotant a will be callad pivotal . 

Darinition: A K-Bernatain algebra A is aaid to be totally 

orthogonal, it all non zaro idampotant i• pivota! . 

Thua, thr•• B•rn•t•in al;ebra ola•••• can be diatinguiahed: 

thoaa orthogonal but not totally ortoghonal, thoae totally 

orthogonal and thoaa non orthogonal. 

Pi votal idempotant• charactarizad in tha tollowing 

Thaoram : Let A • Ke • U • V a K-Bernatein algabra. An 

idampotent 

only it 
·º • + 

uxª+ 2(uu0 )xª • O ter all u, x in u. 

Proof : Let e 0 • e + u0+ u~ be pivotal idempotent then , by 

detinition in the decomposition A• Ke• U0•V0 we have U~•<O>, 

Then t or all u, x E U we have (u+2uu0 ) (x+2xu0 ) 2EU~•<O>. On 

the othe r hand 
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U (UV) 

u v 2 :::: O 

u 1 (u2 u3 ) + u 2 (u 1 u 3 ) + u3 {u1u2 ) 

x 2 y 2 + 2 ( xy) 2 = O 

x 2 (xy) "" O 

It follows that UV s; U; u2 s; V; v2 s; U; uv2 .. < O>; rr'v2•<0>, 

Wi th the above hypothesis the idempotents of A - ke • U • V 

have the fonn e + u + u 2 , with u E, U arbritrary. From thh 

it follows that dim U is independent of the idempotent e and 

so al so is dim V. They are invariante of A. The core C • ke• 

U • U2 of A is al so a Bernstein algebra and A 2 • C. So , the 

dimension of U2 is aleo an invariant of A. Another invariant 

is dim (UV + v2), see [5) ; Prop . 9.19. 

If we have A • ke e U e V and e 0 • e + u 0 + u: is another 

idempotent then, the decomposition of A relativa to e0 b 

Ke0 • U0 • V0 where U 0• (u + 2uu0 / u E U ) and 

V0• {v - 2(u0+ u~) v / v E V}. 

2 . - Orthogonality. Holgate introduced the concept of 

orthogonal eernstein algebras in [ 2) . He def ined A • Ke• U•V 

to be orthogonal when U3 - <O>. This def ini tion dependa on 

the idempotent e . The following example shows that with 

another idempotent e 0 , we may ha ve U~ .., <O>. 

Take A = <e , u 1 , u 2 , u 3 , v 1 , v2 , v 3> and the following 

multiplication table: 

ev 1 = O 

u~ "" 2v1 
U U .. V 

' 2 ' 
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V V "" U 
1 ' , 

other products are zero. 

we see that A is Bernstein and in the decomposition determi-

ned by e, U <u1, u2, u 3> , V <v 1 , v 2 , v 3 >, U3= <O> . 

Consider now e 0 = e + u1 + u:. In the corresponding 

decomposi tion, we have U~ "' <O> because 

(u1+ 2u1u1)(u2+ 2u2u1)2• (u1+ 2u:)(u:¿- 4u2(u2u1) + 4{u2u1) 2) 

•(u1+ 4v1)(v2- 4u3) • 4u3 '" o 

Consideri ng this fact, the orthogonali ty notion is 

redefined as follows: 

Definition: Let A a K-Bernstein algebra . If idempotent e E A 

existe such that in the decomposition A • Ke • U • V we 

ha ve U3• <O>, then A is said to be orthogonal , Such 

idempotent e will be callad pivotal. 

Definition: A K-Bernstein algebra A is s a id to be totally 

orthogonal, if all non zero idempotent is pivota! . 

Thua , three Barnstein algebra classea can be distinguiahed: 

those orthogonal but not totally ortoghonal , those totally 

orthogonal and those non orthogonal . 

Pivota! idempotents are characterized in the following 

Theorem : Let A • Ke • U • V a K- Bernstein algebra . An 

idempotent 

only if 

e o e + u0+ u~ , with u0E U, is pivota! if and 

ux2+ 2(uu0)x2 • O fer all u, x in u. 

Proof : Let e 0"" e + u0 + u~ be pi vota! idempotent then, by 

definition in the decomposition A=Ke• U0 aV0 we have U~=<O> . 

Then f er all u , x E U we have (u+2uu0)(x+2xu0 ) 2EU~=<O> . on 

the other hand 
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[ ux2+2(uu0 )x2+B(uu0 )(x(xu0 ))) + 4u(x(xu0 )). Since this 

e xpression is nule and belongs to U • V, then we have 

ux2 + 2(uu0 )x2 + B(uu0 )(x(xu0 )) ""'O 'r/ u, x E U (*) 

Replacing u = u0 , then for all x in U we have 

u0 x2+ 2u~x2 + u~(x(xu0 )) = u0 x 2 + 2u~x2 - 4u~(u0x2 ) 

- u0 x 2 + 2u~x2 

~ o 

i. e . u0x2 == -2u~x2 , then 

(uuo)(x (xuo)) .,,_ i<uuo) (uox2) = éuuo) (u~x2 ) E uV • <O>. 

Then in (*) we have ux2 + 2(uu0 )x2 = o 

conversely , let us suppose that for all u, x in U we have 

ux2 + 2(uu0)x2 .,, O 

Then for all u, x in U, 

(**) 

(u+2uu0) (x+2xu0)2= [ux2+2(uu0)x2+8(uu0) (x(xu0)) J+4u( x (xu0)) 

From ( **) we have u0x2 + 2u~x2 = . o . Then: (uu0)(x(xu0)) • 

(uu0 ) (u~x2 ) =O and u(x(xu0 ) )"" - iu(u0 x 2 ) -=u(u~x2 ) euv2• <0> . 

• 
Corollary : Let A = Ke 111 U 111 V be a Bernstein algebra with 

any e idempotent. If A is orthogonal then U3 is a subspace 

of (U2)2 and dim (U2)2 is an invariant of A. 

Proor. A is orthogonal, then pivota! idempotent exist,a0• 

e + u0+ u:. For all u,x E U we have ux2 • 2(uu0)x2, then U3 

is a subspace of (U2)2• Besidea, in the core of Bernatein's 

algebra (C• Ke•U•U2) we have dim(UU2+(U2)2)• dim(U3+(U2)2)• 

dim(U2)2 is invariant • 
De!inition , A Bernstein algebra A .. Ke • U • V is said to be 

normal if x2y • w(x)xy for all x, y E A. 

It is known that the normallity condition is equivalent 
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toUV=v2 <O>. Then, we have that all normal Bernstein 

algebra is totally orthogonal. It is remarked that the 

converse of this statement is not true. One example is A= 

<e,u,v> with e 2 =e, eu = "i u, e v = a, u 2=a, uv =u, v 2 =u. 

oerinition: A commutative K-algebra A is Jordan if x2 (_yx)= 

(x2y)x for all x, y e A. 

It is known ( ( 1] , ( 6] ) that a Bernstein algebra A=KeeUeV is 

Jordan if and only if v2- <0> and v(vu)=O for all ueu, vev. 

This is independent of the choice of. the idempotent e. 

Corollary: Let A = Ke • U e V be a Bernstein algebra which 

is al so Jordan. Then is totally or·thogonal if and only if 

• 
The following theorem stablishes the invariance Of dim U3 • 

This number may be used for the classification. of 

Bernstein / s algebras . 

Theorem: Let A = Ke e U e V be a Bernstein algebra whictl is 

aleo Jordan. Then dim U3 is an invariant of A. 

Proof: Let e 0 = e+u+u2 be an idempotent of A. As A is Jordan 

have (u2) 2i; v2= <O> and (~) 2J; ~= <O>. Then the core 

C• KesUeif= Ke0atU0eU~ is Bernstein, 

dim(UOU~+(U~) 2 ) so dim U3= dimU~ . 
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