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ASYNPTOTIC BIDIAVIOR OF TJU: SOLUTION OF A 

NOHLIHEAR DIFFDENCIAL EQUATIOR 

by 

Rigoberto lfedina1 

l. - INTRODUCCIOH, In this papar we study continuation, 

non-oscillation and asymptotic behavior of aolutions of an 

equation 

x" - x • f(t,x), (1) 

where f • f(t,x) is a continuoua function in [t0 ,•) x R with 

values in R. 

We will preve that certain solution x(t) ot (1), whose 

initial conditions do not exceed an amount which will be 

specified, are defined on all ot the interval [t0 ,m} and 

satisfy 

1111 x(t)/et - a. ( 2) 

where 6 is a constant ( ••• Theore11 1) , 

Amonq these solutions ot ( 1) , there exist solutions x 

for which 6 "' O, that ia, which are non-oscillatory, 
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In theorem 2, the resulta 

asymptotic behavior are extended to 

continuation and 

(p(t)x')' - q(t)x = f(t,x), t • [t0 ,•J 

where f satisfies (5) below, proving that all the solution1 

x such that 

where e can computad, are continuable to { t 0 , • ) and they 

~atisfy for t • 

x (t) - (6,,+ o(l)Jz,(t)+(6, + o(l))z2 (t), 

where { z1 , z2 } is a fundamental system of solution of 

(p(t)y')' - q(t)y a O. 

(3) 

( 4 ) 

These theorems extend and improve some reaul ts of Atkinaon 

[l], Taliaferro (2), Waltman (JJ, Trench(4J and Hille (5) . 

In general , the function f=f ( t, x) is a continuous function 

on (a,•) XIR , aeR fixe d, satisfying 

lf(t,x)I • E • 1 (t)w1 (1xl), m E"; ... 
where A1=A1 (t), (1.:s i .:s m) are suitable continuous functiona 

on the interval {a , ca) and the function w1 verify the 

following condition : 

H)The functions w1 (1.:si.:sm) are continuous and mondecreaaing 

on (O , ca) , positive on (O, ca) and wl•t are nondecreasing on ., 
( O, •) . 

The proofs of our resulta are basad on a theoreza which 

gives an explic it pointwise estimate, independent on u, for 

a funtion u = u ( t ) which sati sfies the inequality 

u ( t) :s e + I: f: A1 (s)w1 (u(s) )de, 

f o r tE{a,b ] , whe r e c >O i s a consta nt and the funtiona Ai 
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( i::si::sm) are continuous and nonnegati ves on the interval 

[a,b). 

We define: 

I 1 ) The functions 

J" de 
Wk(u)= U ~Bl 

k • 

and wk_ 1 their inversa functions . 

1 2 ) The functions rp0 (U) "" u and 

where 

gt (u)= w~1 [wt (u)+ ªa 1a,b1 )) 1 

at(a, b 1 ) = J: 1 At(e)de, b 1 ::s b . 

Now, for any k=l,2, ... ,m the functions gt, and hence 9\ i 

dependend on u, a and b 1 • 

Theorem A ([6]). Aesume that the functions w1 (l:Sism) 

eatisfy (H), the function u and A1 (l:slsm) are continuos and 

1 
nonnegative on the interval (a , b) and the constant e is 

! posit:;:;.c:fi f\
1
(s)w

1
(u(s))ds,. for 

l•l a 
te(a,b]. Then for 

any tE(a,b1 ) we have 

- 1 ' 
u(t) .:1 w. (W• (rp111_ 1 (c) +f8 tp.(s) de], 

where b 1 is a number in the interval [a, b) such that 

J
'. 1 Ak(ds).:1 Jm ~ 1 :S k .:1 m. 

~,_,(e) w, •) ' 
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2.- THE MAIN RESULTS. Now, we can eatablish our resulte 

about continuation and nonoacillation mainly, and alao on 

aeymptotic integration of the solution of equation ( 1) • Wa 

beqin by considering f such that 

lf(t, x)I ·~~1 (tJlxl 7 ', 7 1> l. (5) 
l • I 

Theorem 1 . Let t 0>0 and 1<71:17as •• , :17.. Suppoae 

H1) f • f(t,x) is a continuous fw1ction on [t0 , • )xR and 

satisfies (5), where A1- .\1 (t), i:si~, are continuoua and 

monnegati ve functions on the interval ( t 0 , m) auch that 

etr, , A,e L1 ([to,•»· 

H2 ) There exista a posi ti ve constant e such that 

a (t ) • e • , .\ (s)ds J(D 817 -1) 

• O lo • 

7 - 1 
~ip(c)1-1. 
r. -1 

where f>=fl(U, t 0 ) is the continuons and positiva function on 

(O,•)X(O, m) given by 

(6) 

with w1 is ths primitiva dafined in (I1 ) for the function1 
1, 

w1 (s) - s . :~en every aolution x • x(t , t 0 ), x'(t0 )) ot (l) 

such thot e ºe lx'(t0 )+x(t0 ) l+lx(t0 )-x ' (t0 ) 1 ]se is detinod 

on all of (t0 , m) and satisties 

lim x (t) / et - a >O. 

Pr oof . Tbe f unctiona z1 (t) - .j e t and z2(t) • i e-t are 

l inearl y i ndepende nt solutions of the equation 

(7) 
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Let 

xn - x "" O. 

A(t) - x' (t)z2 {t)-x(t)z;(t), and 

B(t) • x(tz~(t)-x'(t)z1 (t). Then 

x(t)- A(t)z 1(t) + B(t)z,(t), 

A'(t)z1( t) + B'(t)z2(t) - o. 

PAG.5 

Hence A and B are solutions of the differential system 

A' (t) • 2',(t)f(t, A(t)z 1 (t)+B(t)Z,(t)) 

B'(t)• -2.1(t)f(t, (A(t)•1 (t)+B(t) .. (t)) 

which integrated on ( t 0 , t] ( t ~ t 0 ) yields 

A(t) ., A(t0 ) + 2 r: z 2 (s)f(s, (Az1+ Bz2 ) (s) )de 

B(t) ~ B(t0 ) - 2J:.:1(s)f(s, (Az1+BZ,)(s))ds . 

Thus, by (5) we have 

IB(t)• 
IB(t) 1 
--·-+ 

"· 
• Jl -7 Sl7 -ll 7 
¡: 2 1e 1 • 1 (s)[!A(s)l~l 1ds 

1• 1 t.0 e 

and u • IA(t) l+IB(t) l/e" satisfies 

. Jt. 1 - 7 817 -11 7 
u(t) :S u {t 0 )) + L 2 1e 1 A1(s)u(s) 1ds. 

1•1 t. 
i, 

Since for w1(u)- u , 7 1::17 1+1 is equivalent 

(8) 

nondecreasing ; if u(t0 )$C 1 we can apply the Theorem A to 

obtain 

-1 1-7 Jt. 617 -1) 

u(t) • W [W (~ (e) )+2 • • (s)e • ds]. . . _, . 
'• 

By (H2 ), thls laat eatimate ea valid far every tE (t0 , m) . 
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Moreove r , t or a ny t E {t0 , •), 

- 1 1-7 J• SIT - 11 
u (t) sw. cw.<fl.-1 (u(t0 ))+2 • t

0

;\.(s)e • dsJ • 

t>. ( u (t0 } ,t0 ). 

where " • • fl. ( u, t 0 ) is given by (I2 ) . 

-'• 

(9) 

Thus , if u (t0 ) · Te lx' (t0 )+x.( t 0 } I+ lx(t0 )- x' (t0 ) Is e, 

then u is bounded on the interval where i t is def ined , 

Let us as sume now that u(t) is defined on a maximal 

interval (t0 , t 1 ), then u(t) is a bounded solution on 

[t0 ,t1 ) . Thus z 1(s)·f(s,{Az1+Bz2 )(s))EL1 ((t0 ,t1 )), (i• l,2) 

and lim _u{ t) existe. Then e can continua the aolution 
t-H 1 

beyond t 1 • The refore ü(t) is defined and bounded on all of 

(t0 , •) . Then A a nd B are defined on (t0 ,•) and hence lim.A(t ) 
t • 

and lim:B(t) /e2 l exist. So, the aame is true for 

V(t) - A(t) + B(t) / e" • 2x(t) / e'. 

Therefore, the corresponding solution x ( t) is def inad on 

all of [t0 , •) and ~i: V (t) - 2~m.x(t)/et. exista. Thua we 

ha ve proved ( 2) • Now we will prove ( 7) : 

Let O<e<c(l) and i - 9.(c(l),l) and let t 0 >1 be a nu.bar . ¡· -7 87 1, 
auch that I: 2 1 ;\1 (s)e 1i ds<t: 

1 • 1 t 0 

(10) 

Moroever, let V0 (t)• A0 (t)+B0 (t)/e2 t be the solution with 

initial conditiona 

Then 

V0 (t) - e + f' (t-~) x (s)da 

' • e 
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From (9) , we have 

1V0 (t) 1 :s¡p. (V 0 ( t 0 )t0 ) ""f • ( E , t 0 ):sip.( e , l ):s~.( e( l), 1 ) =i; ( 11) 

because t 0 >1, c<c(l) and fl.tu,t0 1 is nondecreasing in the 

variable u and nonincreasing in the variable t 0 • 

Finally we obtain 

V0 (co) >e - I: 2 1 A. 1(s)·e ·x da :> O. 
• Jco -r &7 1 z..7 1 

l • 1 t.0 

' Then any solution x=x(t,t0 , ce 0 / 2, c ) of (1) it is 

indica ted in ( 10) satisf !es ( 7) . 

Remark l . Reordering the sub-index i, theorem l is val id for 

any usual order between the 7 1 • 

Remark :z. Since, for r 1>1 , l:si:sm , it is easy to prove that 

¡i(O+)=O , then for any t 0 >0, there exista, c=-c(t0 ) which 

satisfies (H2 ) . 

Corollary l. Under the conditiona of Theorem 1, equation 

( 1) has nonoscillatory solutions . 

The resulta on continuation and asymptotic integration are 

extended to 

(px') '-qx-f(t,x), (12) 
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Where pp(t) is a positive and continuosly dirferen- ¡ 
tiable funtion on [t0 ,• ) such that p(t0 ) • 1 and (ll) 

q:q(t) is a continuous function on (t , •). 

Theorem 2. Let t >O and 1<1 :sr :s ••• :s7 , and 888\l.lle that 
1 2 • 

H:) The functions p=p(t) and q-q(t) satisfy the condition1 

(13). 

H:) f=f(t,x) is a continuous f~tion en [t0 ,•)XR and 

verifies (5), where A1-A 1(t), l:dsm, are continuou• and 

nonnegati ve functions on the interval 
7 

[t0 ,•} •uch 

z,<t>-maxtl•,<tll "'.1•,<t>1''11, 

(z1,z2 ) is a funamental system of aolutions of (4). 

H:) There exista a positiva conatant e 11uch that 

/3 1(t0)·J· A1 (s)Z 1 (a)d•4J• wd{s) ' l:sism-1 
t 0 rplc) 1 · 

~.(t0 ) ·J" •. (s)z0 (s)ds<~J" ~>, 
t 0 rplcl • 

where the function rp is defined in (6), with 131 inatead o! 

Then any solution x-x(t,t0 ,x(t0 ) ,x' (t0 )) of (12) auch that 

lx' (t0 )z2 (t0 )-x(t0 )z~ (t0 ) l+lx(t0 )z: (t0 )-x' (t0 )z 1 (t0 ) l:s e il 

defined on all [t0 ,m) and satisfies (3) . 

Proot . In order to establish ( 3) , i t is enough to do i t for 

the fundamental system of aolution (z 1 (t),z2 (t)} so that tht 

vronaldan z 1 (t )z ~( t)-z2 ( t)z:(t) is equal to -l. 

Let A( t) •x' (t)z2(t)-x(t)z;(t) and B(t) • x(t)z;( t)-x'(t)z1( t) . 

Then 
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We have 

then 

thus 

x(t) = A(t)Z, (t) + B(t)Z,(t) 

A'(t)z1(t) + B'(t)z 2 (t)= O 

PAG.9 

( 14 ) 

(15 ) 

Since p(z;z2-z1 z~)=l, by solving eguations {14) and (15) we 

integration on [t, t], t~t0 , yields 

A(t) =A (t0 ) -J::,(s)·f(s,(Az 1 +Bz 2 )(s))ds 

B(t) = B(t0 ) + J:: 1 (s)f(s,(Az 1+Bz 2 )(s))ds. 

Thus, by (5) we get 

IA(t) l+IB(t) l•IA(t0 ) l+IB(t0 ) I 

( 16) 

+ rJ' (lz1 (s)l+lz,(s)l)· >. 1 (s)l(Az 1+ Bz2 )(s)l 11ds, 
1 • 1 t 0 

and hence , using 

1Az1+Bz,1 1 '•<1Al+IBI¡'' ma>c(lz,1 1 ',lz,1 1 '¡, for 1 • is m, ws 

have that vmJAl+JBJ satisfies 

where z 1 , 

so, if 

obtain 

v(t)sv(t )+2 E A (s)z (s}v(s) 1ds, . J' , 
' 1 ' l <> 1 t0 . 

(l:si$JD) are given by (H 2 ). 

IA(t0 ) l+IB(t0 ) f~, where e satisfies we 
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. f' 1 v(t)$C+2 I: A1 (s)z (s)v(s) 1ds. 
l"'l l 0 

1 

Now, in this last inequality, the application ot 

Theorem A allows to deduce 

v(t)<W-1[W (¡> (c))+2f\ (o)z (•)do] 
• • .-1 lo• • 

which by (H:) is valid for every te (t0 ,•). Moreover, for 

all te[t0 ,•) we get 

v(t)•W-1[W (!' (c))+2f" > (s)z (s)ds]• k, wharo 
• -1 •-1 lo • • 

k>O is a constant. 

Hence v is bounded on the interval where it is defined. 

Finally, by proceeding as in the proof of Theorea l, 

conclusions of Theorem 2 are achieved. 

Now, we apply Theorem 2 to obtain ~ asymtotic formula: 

Theoru 3. Assume that f-f(t,x) satiafiea th• hypothHia 

(H:) of Theorem 2, where the continuoua and nonneqativ• 
•,t 

functions A1 ( l~ism) verify that e A1 (t)~L1 ( [t0 ,•)). It e 

verifies (H:) of theorem 2, then any solution x of equation 

(12) such that .-•.[ ¡x• (t0 )+x(t0 ) j+jx(t0 )-x'(t0 ) 1 ]se 11 

defined on {t0 ,•) and there exist constante .S 1 ; i-1,2 auch 

that x(t) - 6 1el+aae-t+O(l), as t •· (17) 

Proot . We take p(t)-q(t)-1 in equation (12) and th• 

fundamental system of solutions of z"-z-o; z1 (t)-e.t/2 and 

z2 (t )-e-l/ 2 . The system {z1 ,z2 } verify z 1 (t)z~(t)-z2 (t)z;(t) 

• -1 . Then, by Theorem 2, every solution x of ( 12) auch that 

may be vritten a• 

x( t )•A( t )e l+B(t)e-t, where A(•)-c5 1 and 8(•)~2 ; ~\. c53 

constante . But t(A(•)-15 1 ) and t(B(•)-c5 3) tanda to zero a1 
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t m. In fact, from (16) we obtain : 

e'IA(t)-•, l•E 2 '• '( IA(s) l+IB(s) 1) ' ds 
• Im -r ar r 

1-l l 

and 

e "'I B(t)-•, l•E 2 '• '< IA(s) l+IB(s) 1) 'ds 
• Im -r sr r 

1-1 l _, 
Then et lA(t)-61 l=o (l) and e IB(t)l)-c52 j• o(l), therefore, 

(17) follows . 

some relatad resul ts can be found in N. Nai to [ 7), 

Medina Pinto [8], F.Dannan (9) and M.Eastham (10). 
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