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CONDlTlONALLY INTEGRABLE PEnnJRBATIONS OF' LINEAR Dlf'F'ERENTIAL SYSTEHS 

by 

Rlgober t o Nedlna 1 and Hanue J Plnto2 

Abstracl. We dete rmine lhe asymptotlc behavl or of t he solullons o f 

d l fferenlla l systems wllh condltlonall y inte grable coeff l cle nls : 

X'=(ll(t)+V( t))X, X':(A• V(t) )X, 

where ll(t)::d l ag{\(t),A2(t). . ., ).n(t ) ) satlsfl es the dl chotoml c condl

tlons of Lev lnson' s Theorem !SI.A Is a constant n1en matr l x a nd V I s a 

condl tlona lly In tegrabl e n1en matr l x. 

1. I ntroduction. We ca ll a functl on f de flned on ( l 0,.,,), t 0 a glven 

real number, condltlona ll y I ntegrable lf J~f(s)ds ex l sts for ali 

li!:.l0 . In lhat case, we wlll wrlte feLc( ti!:.L0 ). We wl s h to study the 

dlfferentJ a l system: 

y' = (ll(t) + V( t) )y, ( • ) 

where the matrlx VELc(ti!:.t0 ). Th ls klnd of systems are of lnlerest In 

phys1cs (Adlaballc osclllators Theory, 11], (8 ]). Throughout lhls ar

tJcle ll(t ) wlll deno te a diagonal matrix d l ag (A1(t). A2 ( l), · ·\(t ) ) = 

li(t), where lhe e lge nva l ues sa tl s fy the dlc ho lomlc cond lt l o ns o f Le

v lnson' s Theo1·em [ 5 ] on asymptol l c 1 ntegra t Ion, na me 1 y " For ea ch 1 n 

dex J:ieJ e lthe r 

' ' 0 1 ) J Re(A1 (s)-i\ (s) )ds-.m as t-}o> and J Re(i\1 (s ) - A (s))ds>-K f o r as"t":st 
a J a 1 
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or 
t 

02 ) J-rRe(;>,,i (s)-;>,, J(s) )ds<K for all a~T~t". 

W'e wll l wrlte thls last cond itlon: l!.eDic(Lev. ). 

This fundamental theorem of Levinson cannot be applied to that 

klnd of system (•). In this paper, we study the valldatlon of Levln 

son's Theorem for systems as (') . 

In sec tl on two we ob taln similar r esults to Levlnson's theorem 

whlch determine the behavlor of the solutlons of system ( •) . In sec

tlon 3 and 4 we study the perturbatlon of a system wl th constant 

fficl ents 

y'=(A+V(t))y, 

where A ls a constant nxn matrlx wlth simple e l genvalues (sectlon 3) 

and non-simple elgenvalues (sec tlon 4). Uslng the result s obla lned on 

s ec tl on 3, we oblaln an analog Le of GHIZZETTI'S Theorem 131. 

Howeve r , the general solutlon is not the analogous to the L1 -case. We 

remark that on account of Pinto [7], t he resu l ts obtalned are lmme

dlately extended to syslems whose unperturbed syslems 

x'= l!.( t)x 

has a n exponentlal dlchotomy (hence ll diagonal is not necessa r y). Fl

nally, ln sectlon 5 severa ! examples are shown. 

2. General r eeulte. \.le begln wlth a cor r ec ted verslon o f a Har rl s

Lutz's Theo rem (4) . 

Theorem 2.1. Le l ll{l),V{l) a nd R(t) be nxn contlnuous matrices for 

t~t such that: 
o 

Then 

i) ll(t)=dlagC\( l),.,., ,\(t))E Dlc(Lev) 

11) Q(t)=-J "' V(s)ds ex l sts for t?;t ; and 
'o o 

111) VQ, llQ, Ql!. and AEL1(t?;t0 ). 

y' =(ll( tl+V( t ) +( íl( t ) )y 

has a funda mental matr l x Y(t)such t hat 

Y(t) = [J+o( lll exp(J ~ ll(s)ds) for t"' 
o 

Proof.If we put y=(l+Q)z , t hen replaclng y in (1) we gel 

z',,.. { (l+Q)- 1 (ll+V+íl ] ( l +QJ - ( l +Q) - 1 V)z 

(1) 

(2) 

(3) 

Slnce (I+Q( t ) ) - 1 exlsts for t large e noug h, l et us say f o r l ?;l1?;l0. 
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Then u s lng the ldentlly (lt-Q) - 1• J- (l•Q)-1Q, (3) becomes 

z' "'(ll(tl•fi(t ) )z , 

whe r e 

fi( t ) ""llQ•VQ- ( l•Q- 1 )Q ( ll+l!.Q +VQ )t ( J t-Q )- 1R{ 1 +Q). 

( 4 ) 

Slnce lleDl c (Lev ) and by 111 ), ReL1 (li!:l0 ) the sys t em (4 ) satlsf l e s 

Levlnson' s theorem 15 1. Thus system (1) has a fundamental matrix Y{l) 

wht ch verlfl es (2). 

Remark. llarrls-Lutz 1'11 has preved a s lm l. l ar theorem ( Th . 3. 1) 

wh l c h demands lncorrec t cond l t l ons o í lntegrablJlty and t he extra 

assumptlon lhat dla.g V=O. 

Theorem 2.2. (Non r esonant case ) . Lct V(t) be a contlnuous n~n 

tr l x for ll:.t0 and 4' be a fundamen ta l matrlx of 

x'=A(l)x, (5) 

such tha t 4i- 1V<PeL (tl:.l ) and Cq,-1vq,¡J=4i- 1Cs )V(s)4'(s)ds, 
• o ' 

lfi-1R4JeL1 (tl:.t0 ) . Then there exl sls a fundamen ta l malr l x Y o f 

y'=(A(t)•V(l)•R(t ) )y , (6 ) 

such lhat 

Y(t)=<fl( I • o( t )J for t....,. ( 7 ) 

Proof. Uslng the chango of variable y=<f!z, (6 ) becomes z'=t/i- 1{ V+R)tf> z 

Le t z=( l +Qiw, whe r e Q(t)=J ; 4'-1(s)V{s)<f!{s)d s . Then 

_1 w' = (l+Q)-1{{<f!-1Vtfi)Q+<f!- 1R<fl( l •Q))w (8) 
S lnce ( I +Q) ex l s l s and l s boundcd for t i!:t 1 z:. t 0 lar ge enough and 

( <fl- 1Vtfi)QeL1(tz:. t 0 ), then by l heorem 2 . 1, system {SJ has a fundamental 

matrlx \.l (l ) such tha t W(t)= I •o( l) for t....,. 

Therefore (6) has a fundamenta l matr lx Y(t ) whl ch satl s fles ( 7). 

The condl tlonal ln t egrabl 11 t y of 4'-1vq, dlfferentlales lhe non

resonant from the r esonant case: 

Theorem 2 . 3 (Resonant case). Let 4' be a fundamen ta l mali-lx of (5 ). 

Assume l) ll= dlag {<f!- 1Vtf>)eDl c( Lev. ), 

11) Q(tJ .. J~(tfi- 1 (s)V(s}<fl(sl-tds l )ds ex l sts f er tz:.t0 and 

l \ \) q,· 1v4-0., q,· 1Rifi, llQ and Qll E L 1 ( l.t:.l0 ) . 

Then (6} possesses a fundamental ma trlx Y{ l) s uc h tti at 

Y(l)=( l-to( l ) J exp (J~ dlag (<f!- 1V4J)) for l....,. (9) 
o 
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Proof. We perform y=lf¡z to lransform (6 ) ln 

z '=(ll( t )+\Í{ ll+ñ( ll Jz , ( 10) 

whe r e ll=d l ag(¡fi- 1Vlf¡), lf¡V=~- 1 V~-ll and íl=~- 1 R~ . Us1ng 1) and ll) we ha 

ve tha t l1 e Dl cCLev.) and Q(t) ex l s t f or t;i:t 0 . Furt hermore from 111) 

(~- 1 V~-ll)Q,l1Q,Qll and~- 1 R~ e L1(l ó!: l 0 ). Then, by Theorem 2.1, syslem 

(10) ha s a fundame ntal malr l x Z(t) s uch that z= I I+o (l)J exp(J~ ll) fo r 
o 

t o;i. lle nce (6) has a fundament a l matr l x Y whl c h satls fl es ( 9 ) . 

The dlffere nce belween the resonant and non-resonant case I s re

present ed by t he appar lll on of the fa c tor [J~~lag{~- 1 Vtf¡ )dsl whlch g l -

ves a n exponentlall y slable pa rt anda non- expone ntlally slable part. 

As appll ca tl o n. by us lng onl y Theo r em 2.2. we can oblaln the lwo 

flr st lheo r ems ln flarr l s-Lul z [41 far l he equallon : 

y '' +(l+g )y = o. 
In f ac l, hl s theorem 2 . 1 [4] f o ll ows from our Theorem 2. 2 , tak !ng 

the fundame ntal mat rl x corre s pondlng to the fundamental syste m 

t\(t) =cost, -~~(t),,,s ln t. Theo rem 2.2 141 I s obtalned taklng ip 1 Ct )"'e 1t 

and ; 2 (ll =le . 

Remark. If we haven t ha t ('1) lhat ñ fl L1(t ;i:t0 ), but its Integra 

blllty l s beller lhan l hat of V(t). we can l terate o ur method a flnl 

t e numbe r of limes . The two fo l l owlng Theo r e ms repr·esent t he type of 

result s whl ch ca n be obta lned by l l e ratlng the method. 

Theorem 2 . 4 . Assume 

1) lleDl c(Lev . ), 

11) Q {t>=J~ V(s)ds and QC tJ "'J~v(s)Q(s)+ ( tr.,Q ]{ s)ds exl s t for t;i:t0 , 

where itr.. Ql=tr.Q- Qtr. and 

111) llQ, Qtr, , VoQoQ, tr.QQ , Q2V,Q2ll and íl eL1. 

Then (1 ) has fundamental matrlx Y(t) wbl ch satlsfles (2). 

Proof. Slnce ( I+Q) - 1e x lsts and is bounded fortl:l 1 ;i:t0 large e nough, by 

using the l dent 1 ty 

( I +Ql - 1,,, I - Q+{ I +Ql - 1Q2, 

lhe vector Z"'(I+Q} 1y satlsfles 

( 11 ) 

z '=(tr.+V+ñ) z , {1 2 ) 

whe r e \Í: VQ+[ll,Q] and ñ ::= (l+Q) - 1[Q2ti{ H Q)+ Q2VQt-QR(!t-Q)J . Now. s lnce 

\Íelc (l ;i: t 0 ) a nd ñ e L1(t ;i: t 0 ), app lylng Theorem 2. 1 lo sys t e m (1 2 ) 

g l ves that ( ! }has a fundamenta l mat rlx Y whl c h satlsfl es (2 ) . 
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Theorem 2. S. { l lera led vers l on of Theore• 2. 1 ) . As s ume 

1) 6 .. d l ag( A+VQ)eO l c(Lev. ), 

11) Q(l)=Ja»v and Q(l)=J 00 (A+VQ-6H-IA,QJ exlsl fo r t z: t a nd 
' ' o 

11 1) AQ, Q6, 6Ó, VQQ, AQQ, Q(A+V)Q, Q2 (A+V) and Rel.1 . 

Then (6) possesses a fundamenta l malrlx Y such Lhal 

Y(l)m( I+o( 1) 1 exp(J~0dlag(A(s)+V(s)Q(s) )ds fo r l-ko. 

Proof. Let y=( I+Q) z. Then us lng C=( l•Q}-1 and ( 11) we ha ve 

P AC. 5 

z'= {ll +V+ R>z (13) 

where íi= (A-+VQ-A)+ [A, Q) and R=Q(A+V )Q+CQ2(A+V) ( I•Q) -CQR( I +Q). 

h'e have lhal by hypolheses 9et c:(tz:t0) and ReL1(tz:t0 ). The n by Theo

r em 2. 1, sys tem (13) has a fundamental malrlx Z(l) such thal 

Z(l )= (I+o {l) ) expJ~ l!. for t -+w, from 1Jhere lhe conclus l on follows. 
o 

Remark. Thl s Theor e m allows lhe posslblllty lhat lhe e ntr l es 1Jhlc h 

are not o n the diagonal o f A+VQ could be "'eak lf the Lerms of diago

nal be l ong lo Dlc (Le v. ). The iler aled vers l on in Pinto (6 1 Is an 

exampl e o f 1 ts appllcatlon. 

3. Perturbalion of Conslant Syst em. Simple Elgcnva l ues. The asympto

llc behav l o r of the solutlons of lhe linear system 1J l lh constanl coe

fflclenls: 

x'=Ax ( 14.) 

are delermlned by the s pecl rum of lhe conslanl matrlx A. If B(l) l s a 

"small " perlurba t l on, the n lhe asymptollc behavlor of lhe solutlons of 

the system 

x'=(A+B(t))x 115) 

are agaln determlned by system ( l4.) . In lh l s sectlon, s ludy the 

valldatlon of the fundamental resulls of Lev l nson [5 1 a nd Coppel 121 

far a c l ass of s ystem (1 5 ). where A has simp l e e lgenva l ucs and lhe 

perlurbatlon B(t) i s condlllonal l y Integrabl e. If A has only 

elgenvalue , Theorem 4. , Chap IV o f Coppel (2 ) g l ves lhe asymptoll c be

havlor o f system (15) when Be L1(tz:t0 ) but 1Je cannot apply lha t theo

rem ln the weaker sltuallon Be Lc(tz:t0 ). 

By Theorem 2. 1. we have the f ollo1Jlng corolla1·y: 

Corollary 3. 1. Le t A be a conslant matrlx 1J llb slmple eigenvalues. 

Let Bel (t:i: t ), Q and QBEL (t:i:t ), (Q(t)=J 00e( s )dsl. Then (15) has a 
e o 1 o t. 
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fund amental matrix Y(t) s uc h that 

Y(t)=fl+o( l)J exp (lA) for l~ 

We remark (see e xample 1, sectlon 5) thal Theorem 4 Cap. I V of 

Co ppe l [ 2} an Corol lary 3. 1. so lve different probl e ms. 

Now, suppose that A I s in lhe canonlcal Jordan f orm co nslsti ng of 

lhe b l ock wlth .\0 ln the mal n diagonal and let B(t) "' ( b (t) ] a 
IJ l<l<n 

l < J <n 

conlinuous malrlx f o r ll:t0 . 

Theore m J. 2. Assume 

1) v 1J{t)::lj-l blJ( t ) E Lc(t~l0 ) , i,je(1,2, .. . ,n) and 

2) t- 1q 1 J, q 1 /J k eL 1 (t~t0 ). l,j,kE{l,2, ,n). (q 1J(l) "' f~v 1 J(s)ds ). 
The n 

Y'"' (J(.\0 J+B(t))Y. ( 16) 

where 

( 17) 

has a fundamental mat rl x Y(t) s uc h lhat Y(l),,,[I +o ( l))exp(lJ(.\ 0 )) for 

t .... 
Proof. Let 00 {t)=dlag(l,t, t 0 - 1J. We have 

tJ(.\ ) .\ t tJ .\ t J 
e 0 0 0 (t)=e 0 e 0o0 (t) = e 0 D0 {t)e 0 . 

Henceuslngthec hangeofvarlables y=e \\ tJ0o0 ( t )z, syslem ( 16) becomes 

z'= (ldtl+V(t)l z (18) 
-J J 

where ll.(l) = -D~ 1 (t)D~(l) = t- 1 dlag(O,-l, ... ,l - n), V(t)"'e ºce? and 

C(t)=D- ' ltlBlllD l t). 
n n 

Uslng the hypolheses we can see that: 

l ) Q(t )=f;V(S)ds exlsts for l<!: t 0 , 

11) ll(t)Q(t), Q(t)ll(t) and Q( l)V (t) E L1(t l:lJ . a nd 

111) ll(t) E Dl c (lev. ). 

Then, Theorem 2.1 . lmpll es that system (18) has a fund amental 

trlx Z(t) suc h that 

Z ( t)=[ l+o(l)]exp(J~ti{s)ds) ::[J+o(l)]dlag(l,t- 1 , .. . ,t - (n - tl ¡ for t m. 

Therefore syslem ( 16) ha s a fundamental ma tr l x Y ( t) su c h tha t 

i\l uº -(n - 1) tJ(.\o) 
Y(t) =e e 00 ( t)[l+o( l ) Jdlag (t, t-1, . ,t )::{f+o(l))e fo r 
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l-+o>. 

Flnally we ve rlfy lhat 1) , 11) and illl hold. 
-J -J 

S l nce Q(l)=J~v(s)ds=e ºcJ;c(s)ds)e 0 , lhe condil l on 

f; C(s)ds°C(l) E LI (lz: to ) (19 ) 

l mplles QVeL1 (tz:t0 land 1l is not dlffl~~lt t o see that {19) fo llows 

from q 1jv jkeL1 (tz:t0 ). S lmllarl y t qkjEL1 lmplles tha t llQ and 

QlleL1. Mo reover, q 1 jvjkeL1 lmp lles QVeL1 Slnce ll l) I s ev ldent, the 

proof Is complete. 

In [2 ), Coppel has studled the asymptoti c behavior of lhe solu-

J• k - 1 
tlons of ( 16 ) when ·\=O obtaln l ng that lf t t lblk (l ) ]dl«o, for 

o 
1,kE(l,2,. ,n}, then (14) possesses a fundamental matrlx Y(t) such 

lhat Y( t)=[ I +o( l)exp(tJ) fo r t-+m. Thus, Theorem 3.2. is lhe fal thful 

ana1ogous Le of lhe result 's Coppel. 

\Je can app l y iJlheore m 3 . 2. to lhe dlf f erentlal equatlons of a rde r n 

x (n ) +(a1 +b1 ( t) Jx (n-i) +. . + (a0 +b0 ( t) )x=O, (20) 

whe re the characlerlstlc polynomla l of lhe homogenuous equatlon (wllh 

b 1=0) has a root >..0wlth mullipllclly n . Thus , we ob ta in the followlng 

L -ver s l on of GJlilZZETTI'S theorem 13 1: 

~eorem J. J. Assume 1) v 1 ( t)=t l-1b1 ( t )ele ( tz:t0 ) and 

2) t-1q 1 (t). q 1(tJv 1 (t )e L1(t<!:l0 ), le(l ,2, ,n} , 

(q(t)"'f~ v 1(s)ds). 

The equatlon (20 ) possesses a fundamental system of solutions 

<1 1 (t) {--r2-m s l O:sl:sk 
x0 (t), x1(t),. .. , x 1 (t) such tha t 11m --• 

n- t--+co tk-i 0 sl k<l<n 

Proof. Equatlon (20) i s equiva l ent to lhe system 

xÍ =xl - 1' 

whose mat r icial form ls 

'o O 

1 '\ .. 

x' l 

l e( 1 , 2, . .. , n) 
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We a ppl y Theorem 3 .2 . to thls1 ~tslc m . Sl nce blJ=O except for b 1J =-bj 

we mu s t only verlfy v 1 {t )= t b 1 {L)eLc (l l=l 0~ ; le{ l ,2, ,n), whl c h 

ls true by _h
1
ypothesls. S lmlJarly, condlll on t qlJ(t)eLc{lZ;t0 ) Is r e

du ced t o t q 1 (t) eL 1 (tZ; l 0 ) , l e{l,2, ... , n) because the only eleme nts 

differe nt from zero ln the matrlx Q(t) are q 11 ,q 12 , ,q 1n. Finally, 

condltlon q 1JvjkeLc{tZ;t0 ) ; 1,J , ke{ l ,2, ... , n), be comes q 1 v 1eL 1 ( tl= t 0 ): 

le(l, 2 , . , n). 

4. Non-Simple Elgenvalues. Let A be a nxn co nstanl matr l x wll h no n

slmple elge nvalues >. l : l=l 2, , s 1dth multl pllclty n 1 r espec tlvely. 

Suppose lhat A ls I n l he co nonlcal Jordan form 
s 

A= 
1

:
1 
J(>.l ),, J(>..1 ) :::). 1 ! +JI (21) 

where J 1 Is a n 1)!n 1 malr l x of the lype ( 17). 

The matr l x B(t) wlll be dlv l ded In blocks that we wlll denoted by 

8 1J(t) and elements of each of these blocks \./lll be denoted by 

B~~(t) . Suc h elements wlll be spec lfl ed I n the proo f o f lhe followlng 

ífheorem . 

Theorem 4.4. Suppose (21 ), 

1 ) v;Jltl= tª-t\~(t)eLc(tZ;t0 ) ; l ,je{ I, 2 , . ,s) and 

2) q~~{t). q~{t)v~;(l)eL 1 (t Z; l0 l;l,j,ke{l, ,s}:(q~~(t)=J;v~~(s ) ds ), 

Then 

y' =(A+8(t) )y 

has a fundamenta l matrlx Y(t) s uc h that 
s 

V(t)= [l +o( l )l exp t
1
:

1
t
5
J(\)l fo r l ->o> 

Proof. The unperlurbed system x'= !
1

:
1
J(>.. 1 JJx has the 

A· t s 
matrlx X(tJ=e = [ 

1
:

1
w1 {t)l. whern 

º1-1 
l 

~! 

o . 

(22) 

fundamental 

, s> ) . 
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"- 1 

{ 

Dn!l)= dlag{ I: ~ ; ·,l") 

1 ~ 1" 1 1 ~ 1 (n1+i) 
On! l)= d l ag(l l 

. 
l ~I ( n, - 1) 

· · ·, l l. for 2.:sk.:ss. 

\.le make l he cha nge of variab l es 

y=TCll z, (231 

where 
UL\ l J(A. 1) 

T1=e on1 (ll=D"t (lle ;J(A. 1 J=A. 1 t +JI. 

Then ( 23) t ransforms (22 ) l n lo 
s s 

z' =1
1
:

1 
A. 1 I+T- 1 ( 

1
:

1 
J l )T-T-1T' +T-18TI z= l ti( l) +V( t) ) z, (24) 

s s 
where ti( l)• t.0 + li.(t). t.0 m

1
:

1
A. 1 1. 6<LJ 

V{t)• T- 1(l)B(t)T(t.). wllh E1• dtag(O, - l • 
k- 1 k - 1 k 

:
1

:
1

t - 1E1 nnd 

. . . . - (n 1 - 1) ), 

Ek= d l ag(-( 1 ~ 1 n 1 ), - ( 1 ~ 1 n1 + 1) , ... , -{ 1 ~ 1 n 1 - I )), Zsk .:ss. 

For compu llng lhe e l e me nl s of T- 1BT we need lo s pecl f y lhc e l emcn ls 

- 1 ) l - 1 s - 1 
o f T even more, B a nd T. As T 1:on

1
e C) 1:J(A. 1 ll. T (ll " 1 ~1 T 1 {l) = 

s -J, -1 

1! 1e º", {t). 
l.:sl, k.:ss. 

Now, we ver ify l hal l) a nd 2) lmply l ) VELc(tz:t0 ) and 11) 6Q, 06 , 

QVeL1 (tz:t.0 ) , where Q(lJ : J ;v(s)ds. 

-1 -J , - 1 Jk - 1 
S lnce T1 D1kTk'"e Dn

1
B 1konke , we oblaln V-T BTeLc , l f a nd o n ly 

lf D-18 O EL for l,ke( l , 2 , .. .,s). 
" 1 ' 11. "11. e 

" - 1 

l 1 b 
n -2 111, 

l 1 b 
' "1 Ele, bccause 
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For t =k=2: 

b( n 1 +1) (n 1 +1) lb (n1 +1 ) ( n1 +2) 

t -\b b 
0:'B22Dn = (n,+z)(nl+I) (nt+2)(nl+2) 

' ' 

be l ongs t o Le beeause v!~<tl=tf]-a.b!~(t)ELe' for «./]e(n1•1 • ... ,n1+n2 l . 

Analogous l y, o~1 B55Dn ele becaus e v:;(t)stf3-a.b~( tl ELc, f or 
s s s-• 

« ,/3E ( [ n 1+t, ,., 
Thus , we have a nalysed the diagonal of V(t) ln every poesible caee. 

Let us look a l the o ther blocks: 

Thus, 

0~1 0 o . •s n s 

tbn In +1) .. 
lnduc llve ly, 

. 

s-• 
E "1 

t 1 ·b s-• 
d 

s-• 
~ "1 •t) 

E n 1- 1 

t' · b s-• 
2( ~ "1 •1) 

s-• 
~n1 -(n 1 -1 l 

t ·b 
n s - 1 

s - • 
E ni• ' 

t' •b 

·-· E "1 
t' ·b 

1( f n1+1 J 

·-· d r "1•21 . 
s-• 

,¡ f "1 +2) 

n +n - 1 
t 1 2 b 

1 (n +n ) . ' 

n 
t 2b n (n +n ) . . ' 

, n •n } . 
• 2 

s 
[ n 1-1 

t 1 • b 
s 

1 (~ "1) 

s 
E n 1-2 

t' • b 
s 

2(f "1 ) 
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belongs lo Lc(t11:t0 ). because v~(t)• lll-°1,~(l ) ELc (l11: t0 ), for 

s-1 s-1 s 
o:e(l, ... ,n1) . /3E( 1~1 n 1 •t , 1 ~1 n 1 •2 • ... , 1 ~1 n 1 ) . Therefore. ln general 

we have lhat VELC lf v~ (t )z: t/3-ab~(t}ELc (t11: t0 ). whe r e b!~(l) are lhe 

e ntr l es o f l he blocks B1J (l). 

On othe r s lde , Q(t)=J7r-1(s )B( s)T(s)ds .. [J7r~ 1 B 1 kTkl ! :s i , kss 

-J , ¡· -· Jk • l e ( ton 1 ( s)B1k (s)D0! s)e ] . 

Slnce l!. (t)= ti0 • Ó( t) lhe n llQ= l!.0Q+ÓQ. The r e f o r e QeL1 (ll!t0 ) lmplles 

l!.QEL ( l ít: l ). Furthe rmore 
1 o 

-\ ¡· l k i. Q(l)= [e ( lv_.,(s)ds)e )E L (tl!l ) , 
lk J'"' l k ....,., 1 o slnce qa/):(t) • l t vcxfJ( s )dsEL1(t11:t0 ). for 1.ktd l ,2 . . . s >. Then 

- )1 l k kl J I 
Q( t )V(l l= le qcx¡J(t)vf31(t )e l. for t:s t.k , l ss. 

He nce QVeL1 because 

q~(l )v;:(t) E L1(t1!:l0 ); l,k, l e (l, 2, ... , s ) . 

Thus lheorem 2. 1, c an be app l l ed . Then system (24) has a fundamen

tal malr l x Z( t) , s uch t hal fo r t ....,, 

Z(l)"" exp( J l ll ( s)ds )( I+o( l )J .. exp(6 t}exp(Jl 6( s lds )[ I •o( I)) 
o o ' 

o s ;\ l 
"'exp(6 l) •d l o.g (D- 1( t). ... D- 1(l)) ll•o (l)) : e e I D- 1 (t)[l+o( l )J . 

0 "1 " s \ : 1 " 1 

Then syslem (22) has a fundamental ma trlx Y(t ) s uc h that . 
e tJ(;\ I) 

Y(l) • e 1ª 1 [l •o (l ) l. for t ...... The prooí I s now ílnl s hed . 

RerDarka. l . Al t hough t hl s l heorem I s an exlens l on oí Theorem 3.2. be

cause ll a l so determ i nes f o r t he c a se of non s i mp l e e l ge nvalues the 

behavlor o f t he s olutl ons of the syslelA (22). lt a l so has to sa t.l síy 

the st r onger cond illon q!;;(t)E L1(lit.l0 ), l,Je(l. 2,. ,s ) . llowever , ll 

can be appl t ed exlen - s l ve l y l o severa! syslem. In particular, lo lhe 

lln~ar dlffe r enll a l eq ua tlons o f order n of the lype 

x (n)•(a •b (t))x(n- l )+ ... +(a •b (l))x:O, 
1 1 n n 

(25) 

for 
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-o • 
bJ(ll • l Jexp( lkl J), t :i:t0>0. 

where a.J and fJJ are pos ltlve cons lan ls and k I s a real numbe r . These 

runc llons belong t o Lc(tz:.t0 ) and lls 1nlegrallon lmproves lhelr l nte

grabl 11 ly properlles. 

2 . lf lhe c ha raclerl s llc polynomlal o f lhe malrlx assoc laled lo l he 

homogeneous
0 

equall:n wllh ~onslanl coeffl clents a 1 ls g l ven by 

P(l) • (l-\l 1 (t-;\) ~ .. (t-A5 ) s wlth n 1-tn2 -t ... •ns"' n, we obtal n 

Corol lary 4 . 2. Suppose 

1) v11 (l) • lk - tb11 (l)ELe (t:i:t0 ). k E ( 1, 2 , . . . , n) and 

2 ) qk(l) and q 1 (l)vk(l)EL1 (t:i: t 0 ), kE (l. 2, . .. ,n }, qk(t) zf~vk( s)ds). 
Then equallon (2S) has a fundamen tal sys l em o f solullons x0 (l), 

x 1 (l), .. . , x0 _ 1 (l), such thal for l~ be have as , 
1 

l , 
1 

l n 
1 

- 1 \ l 
le , . l e 

, 
2 

l , , l n - 1 , l 

le l 
2 

e 
2 

, 
s 

l , 
s 

t n - 1 A2 L 
l e l 

s 
e 

r espec llvely. 

5. Exa.mplea. In lhls secllon we prcsenl sorne examp l es whl c h s how lhe 

r esulls o btalned prevlous l y. 

[xa.mple l. Conslder . 

x"+( l• b(l))x=O, (26) 

where l) b(t)•l-tJ. 1<(3<2 and 11) b(l)ct-"sln(l2 ), O<a<l . 

In lhe case 1) bEL1 ( t:1: t 0>0 ) a nd the equall on (26) sallsfl es 

Levinaon'a Theore11 (SI. On other ha nd, b(l)ELe ( U:t0 >0), bul, s lnce 

ll<Z, 

Q(t)•f 03 s-(3ds=_!_ l - (/3- i)lt L
1

(t:1:t) 
l (3- t o 

Thus lhe case 1 ) gl ves an exampl e o f a dlffe r e nll a l equallon wh l c h 

sallsfles lhe hypolheses of Levlnson'a Theor em !SI, bul we cannot 

appl y Theore• 2. l. 

In c ase 11), we have b( l)=s in(t2)EL (tz:.t >O ), but b(l)tL (tz:.t >O). 

Fuclhecmoce Q(l)= t .-•s l ni.' lds • ¡e~:~::~ • (L1 ) ex l sts f~c t<:0 >0, 

where (L1 l represents an Integrable func t t on. Horeover 
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Q(t)b(t) = ~ s ln( 2l7. ) +(L l e L (ti:t >O ) . 
2 l7.0:+1 1 l o 

Then , ln case 11), lhe hypolheses o í Theo rem 2. 1. are satlsfied 

but no t t hose of Levlnson's Theorem {S J . Thus, this example shows 

thal the mentloned 11heorems are dlfferenl verslons of the same p1·0-

blem. 

Example 2. Cons lder the dlfferentlal s ystem 

whe re g(t)=t-13cos (t2 );A0 and f3 are r eal number wlth {3>0 . 

The matr l x B(t)= [ O 
t-13cos(t 2 l 

of Theorem 3. 2. 

,-~cosil'Jl 
0 

satlsfles the 

127) 

hypotheses 

In fact V12 ( t)a t - (i(3- t )cos{t7.) , V7.1(t ): t- {,B+t)cos (t2 )eLc(ti:t0>0) and 

, ' 
q (t)=fwv =-~+(L ) q {l):fwv =-~+(L ) Hence 

12 t 12 2t/3 1 • 21 t 21 2 tf3+2 l . 

ql2 2t{3+t 1 • 
,-, (t)=-slnll'l,¡L ) 1 

E L1 {ti:t0 >0). 

t - tq {t) =-s ln( t 2 )+(L 1 
::! \ 2t/]+J 1 . 

sln(2l::! l 
Moreove r q 21 {t)v17.{t):q12(t) v21 ( tl= ~ +(L1 )eL1 (ti:t0>0) , 

The n system (27) possesses a fundamental matrlx X(t) s uc h tha t 

lJ(~ 1 [! 
X(ll= (I+o (t)l e 0 

H t º!]·"º for l~. 

Exampl e 3. Cons lder the dlfferentlal equatlon of fourlh order 

x 11 "1(4+b {l))xfllll(6+b (t})x!\ 1l(tj +b {l ) )x'+(l+b (l))x:.Q, (28) 
1 -/3 J 3 4 

whe re bj(t): l j sln (t j). ti: t 0> O, and o:J' {3J are posltlve constan t 

suc h l hat bJ'lleLc(ti:t0>0l. j= I , 2, J . 4 . Equa tl on {28) ls equlva

l e n t l o lhe dlfferentlal system 
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-i¡ - 6 -4 - \ 

x' • 

The malr l x A has lhe cononi ca l Jo rda n form : 

- 1 o 
1 - 1 

o 1 -1 

o o 1 - 1 

( 29 ) 

l'hus >.0 .. - 1 I s an elgenva lue wll h mu l tlp ll clty n=I\ and by Th eo r e m J .2 

syslem ( 29) posscsses a fu nd <i me nl a l ma l rl x X( t ) such lha l 

X(l) = [C.,.o(l)J exp(U(-1) ) fo r t ro , wh ere C I s a cons la n l and nons in 

gu ler malr l x. Then , equa tl on ( 28 ) has a fundamental s ys lem of so lu -

t.1 ons x1 (t) 

fo r L->eo. 

x ( l ) s uc h l hal: 
• - t 
X [l) - e 

' - t 
>< ( l) - Le 

: (l ) - l 2e- t 
3 3 - t 

X~ ( l ) - t e 

Exampl e 4. Conslder l he eq ua tl on 

x"+t - 2s lnt x=O 

Thc hypot hcses of Theorem J. J . ar e s atl s f l ed because 

V (t) :::it- 1slnlEL (l~t >O ) and t- 1q (l) = cost+(L )EL (L ~ t >O ) . 
2 e o 2 l2 1 1 o 

(JO) 

Thc n so lutl ons oí equa tl on ( 30) be ha ve as s tra l ght llnes a s t "" Sln

ce l b2 (l) ti!: L1 (t l:l0 >0 ). lhc n equatlon ( 30) doe s no l s al1 s f y l he hypo

Lhescs o f GH IZZETT I 'S Th eo rem l 3] . 
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