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On the level-convergence and fuzzy integration.* 

H. Román y A. Flores 

Abstract . 
In this paper wc define thc levcl-convergcncc oí mcasur

able functions on a fuzzy mea.sure space. \ e study sorne of 
thc properties of this convergcnce and givc concli t ions for 
t hc continuity of the fuzzy integral in relation to thc level
convergence. 

1 Introduction 

The thcory of fuzzy integration wit h rcspcct to a fu7.zy measure was inlroduced 

by ·Sugcno in \8) RS n model for thc lrcatmcnt oí non- dctcrministic problcms. In 

particular , t hc contin11ity of thc funy integrnl with rcspcct Lo d iffcrcnt kinds of 

convcrgencc hn.s been cxlmus Lly studied in t he last ycars. Ra lcscu and Adams /:3] 
provcd t hcorcms of continuily of fuzzy integral wit h rcspcct Lo mensure convcr· 

gence and point wisc convcrgcm:c, for a continuous n.ncl suhadditivc fuzzy measurc. 

Recently l5J, wc study diffcrcnl kinds of mult ivalucd con,·crgcnc.cs for fuzzy sets ou 
líl." ancl its rclaUons hips. 

Thc a.ims oí this is to 1urnlizc t.hc continuity oí fuzzy imegral with rcspcct. to m11!
t.ivalucd convcrgcnces, more prcciscly wc int roduce t.hc concept. of lcvcl-convcrgencc 

( L-con,·crgcncc) on 11 funy 111ct1.s urc spacc X, st.udy somc oí it.s propcrties a nd givc 

conclitions íor t hc cont.inuity of t hc fuzzy integral in rcll\lion to t.hc L-convcrgcncc. 

' T his •••o rle ~ pl\T('J n.lly Mu¡1porl~"CI by OIEXA· Unl \l'Crtld1'd de 1'Mt1pf'ai through Proyecl <1 7'12-!M 
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2 Preliminaries 

Dcftnit.ion 2.1 Let X ben sel arul L: be n q . algcbm of .rnbset..s of X . By Ju:::y 

mca,.,u rc wc: mam a po.,it.i11e, e:r.t.enrled real-valucd set /unction '-' : L - [O , oo] 

with propertie.': 
(FMI ) ¡<(ef>) ~O 
(FM2) A , BE ¿ ond A <;; B => ¡<(A) '.O 1'(8). 

PurtJ1 enno~. •1 

co ntinu oWJ. 

Analogou,,l 11. we -'ºY tlin,t 11 ¡_., lowcr con.tinuous when 

(FM4) /~ .-1 1 ;? A1 2 · · ·, An E L: nnd thcre eriL• '10 such thot p (A"<I) < oo, 

then 1•Cíl A., ) = J~~1• ( A., ). ,., 
lf ¡1 snti.:tfiu (F'M3) an.d (PM4) we .~ay that ¡1 i:l co nt.inuou..s. 

Tl1rYJ119Jiout th~ 11aper (X, ¿, ¡1) will be a /u ::y men.rnrc s pace and M (X ) 

tl1c /nm1ly o/ ali m en.sumble fun ction.:J f : X - fO, ooJ. 
1/ / E M(X ), then tl1 c fi1 ::y integml o/ f i3 tlefine1J in / 9/ as: 

wh c:r~ V. /\ denote tJ1c opemliorr.~ sur> and in/ in [O, 

Thc following propcr t. ics o f t hc fuzzy in tegral a rr wcll-known : 

Thoorom 2.2 j7,10J 
l' I) J,.. fd1 1 = f X,..fd11 (X,.. is l h c cJrnrocl cri.!lic fun clion of A } . 

P2) JA kdp = k /\.11( A ), k co n.'flan.l . 

PJ) ;¡ lf A<;; B llien J, fd¡• S .(11 fd¡<. 

ii ) lf f S g m A l.hcn. JA fd11 :5 ,f,4 gd¡1. 

P'l) ;) lf f' (A ) = O tlocn J, fd¡, = O 

ii ) // f,.. fd¡ 1 =O nnd 1' i.~ uvpe1· conlinuou.s ther1 11 ( A n {! > O} )= O. 
PS) J,.. (J + k )dJJ S f,.. f d11 +JA kd¡1 , k co nalanl. 

P6) lf l f - g j$< in. A , Uienl.fAJrl.11 - fAgd¡ 1 j$ t . 

Rom n_rk 2.3 

1) /:rtJm dc/in1/ion { I ) wc conclude l.hnl .f IAd/1 = ¡1 (A ) {I,.. i.t th c indicntor· 
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ftm ctio n of A , i.e. /;1 (:.r:) = oo if x E A and / ;t (::r:) =O i/ r 't A). 

1~i} F'rYm 1 Pfi } we conclutfe llw.t t.he fu :.::y inl egm/ 111 c.on l ú111011.'f re~vect lo 

un.ifnnn convergen cc. 

T h corc m 2.4 [3] /f f : X -• JO, ooJ is a llH!a .. rnm ble /uncllmr, tJ1c n 

wl1c1r lhe in t.egm.l in lh c r r:_qhl- .'fitle o/ the la."/ cqun,icm M t.he fu :;:y i nlC.!/ m l 

nf F'(o ) = 11( {1 ~o}) w1:1./1 rC.'f/>Cct f.o /.h e l~cbi..~gw m 1n.• 111"t m [O,oo]. 

Theore m 2.5 [3J lf 11 i.'1 .wbt~tlrfü.ivc (i.e. 11(A l · B) ~ 11( .-l) + ¡1(8)) " '"'f., - f 
m mens w "C, th en J f .,11¡1 - J f <l¡1. 

T hcor c m 2.6 (3] lf ¡i ú1 Hubnd1lit.1:ue , ¡1(X) < nnd f., - f voin lwi .. 'f1; t.heri 

J f od/< - J Jd¡<. 

Othcrs inlcrcstings propcrtiics ancl npplicnt ions oí lhi.5 iutcgm l wcrc di~u~<1ud 

in {G¡,¡;j and {SJ . 

3 Le ve l-conve r gen ce 

D cfl nit.i on 3.1 W e .<in.y Uwt. r1 81!q 11e11 ce o/ :1eL• (..t,.) • ..!,, E ¿. CtnWt?. l 'fJC" /,o :\ E 

¿ , 1/('11otcd by :\ = lim A., (,., Ji ort.ly: A ., - .'\) . 1/ ..t = lim 111/ A., = lim ... u¡u\11 
wltc n 

lim .'l 11pA., = n~. 1 [üA,..l rmd \im111/..l.,=u: 1[ñll,..] 
..... ., " 

R c m a rk 3 .2 // i.'I ck11,r lhnl lim ... upA., corMi.'IL• o/ nll r whirlr IH 'C ir1 ir.fi n itcly 

11Hmv o/ tlll. _.\" n11d lim h 1/ A., 1;011.-1i ... t .• o/ nll .r wu·h nt, m nll b11 t fi n.it,c/¡1 

mtrny of tl1c A., . 

Rc mark 3 .3 1/ (A,, ) i.-1 1111 i111;1-c11.'l 1119 ,<1cquc1irt 111 ¿:. tJ1u1 li rn il ., c..r.i ... f~'l t11lf/ 

1t 1.~ i..qunl to UA., . 

.-\nalogou.,.fy, íf (H., ) i:< 11 dcrr-rn~"irig .'tcqur:n<;e 111 ¿ . t11c11 !i m H., cri.it.• nrrd 

it ¡_,. cqunl lo n B., . 
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Deflnition 3.4 ÍA!L f E M (X) anrl a E /O, oo/. Th en , th c o·- le11el o// i." defin e.ti 

by 

/,0 / = {x E X/f{x) ~o) 

The 1t upport. o// L,, d e/in.et/ by: 

• upp(/) = 4,/ = {x E X/f(x) > D} = LJ /,a/ 

Doftnltion 3.5 We say ll1al n 8equ en ce o/ /un clion.s Un), f., E M (X) , 1.. 

co n veryell' to f E M (X) (s lwrlly: /,1 ..!:.. f) 1J fo,. evcry o 2: O, L0 /., - l 0 f. 

Thc ncxt proposition s how that l.rconvcrgcncc is stro 11gcr Liuu1 pointwisc co nvc r

gencc. 

P roposition 3.6 1/ /., .!.:. / , liten /n ...... f ¡10intwi~c. 

Proof. Supposc tlun f., .!:.. f tu1d Jet x 0 E X wi t h f (xo) = oo. Thcn 

Zo E L~f = Hm ú•/ L • .J,, = Ü [ f¡ 1,.,/, J 
n• l i'• n 

Consequcnt/y, 3n0 E N such tlmt :r.0 E íl: ... l &o fr · T hnt is, xo. E L,,./., = {f., 2: 
oo} 'r:/11 2: ' to- 1-!c ncc, j.,(x0 ) 2: a 0\fn 2: no. Thus, limi11/f., (.xo) 2: o 0 
Now s upposc that = Jim .~llJJ/., (xo) >ero nnd lc t t > O s uch that Pu - t: > o 0• 

Tl.1en , /,, (:r.o) 2: Bo - 1 íor intinitc valllcs o f n. llcncc, xo E ¿ _, / ., for infinit c 

valucs of n. 

Co n3Cc¡ucnt ly, 

Zo E (l [ ü 1,,._,/,,j ¡; Hm '"I' f, 11, _.J" = 1,,,._.J 
n• I .l: r n 

ThlL"• /(zo) :2: /Jo - < > o 0 • Out this is impossiblc s in cc / (:r.0) =ero. Thi!'I implics 

t.hnl n0 5 lim in/ /n (:Lo) 5 lim ·"'t7J/.,(xo) $ero. 

Con~ucn t ly , ~~m /n (X(J) = J(x0 ), i .. e. /,, - f ¡>0intwi:;c. • 

Corollnry 3.7 Wit.h t.h c .•a.m e con<lil.ion"' o/ Pmpo3ilio11 .'J. 6 . U1 e n.· /n .!:. f 
n,u/ ¡1 fi11 i1.c implie:r ¡,..!.:..f. 

• 
In l hc ne.'<I ·11..mplc weshow t hnt poi11twi::1C co nvcrgcncc docs nol imply L-convcr~cncc. 
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Examplo 3.8 &et X = Ul, L: = C1 - nlgebrn o/ lcbe.tgue 1nea..•uroblc lfel.s 011 

X. Define fn , f by: 

l (x) = { 01 i/ O:; x:; 1 and / (x) -{ "+ 1 - ~ 
cl.scwhcre ' " - O 

1/0 $X .:5 1 
e~cwhc.rc 

Clearly fn _. f un.iformly, but L1f =¡o, I] wlienui.! Lif111 = {l ) , Vn. 

T hu.s, limú1/L1/n = 1im.•uv L1/n = {l} 1:- !0, Jl = L1/ 

C'on.sequently, (/n) doc.9 not. converges le11c.lwisc to f . 

4 L-convergence and fuzzy integral 

Hcrc wc investigatc thc continu ity of f1112y integral wilh rcspccl to 1.,..convcrgcm:c . 

Lemma 4.1 If An - A, ¡i conlinuou.s, and Hiere eri.st.s 110 .w ch tlial 

P r oof. A = lim An implics A = lim in/ An = U:. 1 [nl ., Al ] 

Sincc (n~ .. Ai..) is 11 incrct1.si11g scqucncc l hen 
"e~ 

00 00 [ 00 l íl A1;/LJ ílAt =A=limm/A,, 

hon " "' ' n 

Now, looking lo thc íncL Ll111.L ílf..n At ~Ano.ne! lhc conlinuity o í /1 on rno notonc 

scqucnccs, wc obtnin 

JJ(A) = lim i.n/(A.,) = .!~~!:!,li [ ñ A1l= lim HIÍJ•[ñ At] ~ lim i.n/¡i(An ) 
t • n l ., 

Thus, wc obtRi n p(A) :S 1im ·i.11 /¡1(An) 

Analogous l)', s incc ( LJ A1:) _ is n dca ~qing scquenn", ll1cn 
t• " n .. N 
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So, s incc LJ ;\¡, ;;;:? An Lhen, by (F'M4) we obtnin: 

1• (A ) = µ(lim .•upA,, ) = }0!1' [ ñ A¡,]= limsup1• [ LJ Atl 2: lim .rnpµ (A.n) 
h • n b n 

Co n.'IC!qucnlly, µ(A) 2: lim .~up¡1(An). 

Thus, O :5 µ(A )$ lim inf¡•(An) :5 Jim .. mp¡1(An) .$ ¡1 (A ), i.c . ¡..1 (An ) - µ(A ). • 

Thoorom 4.2 Let /n, /E M(X) wilh L0 fn s-metMumbles, 

I• l~ .mpp(/,.)] < oo and ¡• conlinuous 

Tla en: /,, ~ f = f fndl' - J fd¡1. 

Prooí. lí Ín !:. J thcn, by dcllnilion of l.rconvcrgcncc, it íollow t hnl 

Hcncc, by Lemmft. 5. l , ¡1( L0 /n)-11(L 0 !),Va;?: O. 

So, mak ing llM: of T heorcm 2.6 wc obco.iu that J J1 (L0 /,, ) do - J ¡1(L 0 J)do. 
Thus, by Thcorcm 2A , wc concludc Lhal J f,,dp __.. J fd¡1 . • 

_Thc hypothcsis ¡1{U:;:1 .•upp(J,,)J < oo in Thcorcm •1.2, can not avoid as show 

thc foll owing c.xampl c: 

Examplc 4.3 /.,el (X , ¿ ,¡1) be n~~ in exnmple 3.8, 11 lhe u.mal l,ebesgu e m en

-'"'"C on X . Dcfirte /n , / by 

{ 1'J 
f. (x) = ¡ 1f - !I $ 3; $ 11 

eL~ewher-e 
nnd f (:r. ) =O. 'tlx 

Then ... upp(/n ) = R - {O), V11. So, ¡; (u;:o ... 1 11upp(/n)] = oo. On t11e other hrmd, 

/n !:,, / nnd J fnd11 = 1 Vn, whenm.s J Jd11 =O. • 

Lcmmn 4.4 !_.et An , A E ¿ , thcn An __, A 1f rrn.d 011ly 1f l,1, ~ .!:. t,,. . 

Proof. Oircct con.seq ucncc o( fnct thal /.,0 I "~ = An. 'fin· • 
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Tboorcm 4.5 Lct (X,¿::, JJ) n fin.iLe fu==v nuww1 $paei!:. Thcn th c follot1Jin9 

pr'Operti~ a re cquivalen.l: 

i) ¡1 L., con.t.inou.3 

ii) '" .!:_ f = f f.dµ - f fd¡L 

P roor. 

i) ~ ii) Oirccl conscquencc of Thcorem '1.2. 

ii) ~ i) Lct (A.,) a monotonc scqucncc in L a.mi A = lim A.,. Thcn, by Lcm nm 

4.4 , A,. - A lmplics 111 • .!:.. /A . T lnIB, by hypolhc:si.s, j f,._,d¡i - J !,..d¡J. Thnt ¡, 

1•(A., ) - p(A) (scc Rcmark 2.:3.) T hcrcforc, 11 is continuotL.;:, • 
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