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Behavior of multiple solutions far systems of 
semilinear elliptic equations. • 

Gastón E. Hernández 

Abstract. 
In this wor:k we pr:esent · sorne partiial results that will 

appear in a c0mpleted form in a forthcoming paper, 17]. 
We discuss the ex-istence a.nd par.ticularly the multiplicity 
of solutions for the nonlinear system of elliptic equations 

.Ó.u; + ).f¡(X,U¡, .. ,tLm) = 0 

u, Ion= O, i = 1,· ·,m 

in n (1.1) 

(1.2) 

where /¡(x,0,···,0) >o for all X En, i = 1, 2, ···,m. 
The functions /¡, i = 1, · · · , m, satrisfy the qua.simonotone 
conditiion a.nd a certain blow up rate as to be made pre
cise in the assumptions (Hl) and (H2) below. Then results 
similar to those of the sea.lar equation case (see [6] ) can 
be established. It should be noted that unless ~ = ~ 
for ali 1 :=; i, j ,:=; m, the problem cannot be formulated in a 
variational form, hence techniques associated with 
variational sbruct-ure are not applicable. 

'R.cseN"Ch su pporlcd in part by grruH 1941044 oí Fondeeyt, Chile 1U1d by grant 95.12.23 of UTFSM, 
Chile. 



60 CUBO 11 G. Hernández 

1 Introduction 

We will now make our assumptions more precise. 

For equat.ions (1.1) and (1.2) defined in a smoot h bounded domain íl in Rn, 

n ~ 2, we a.ssume 

(Hl ) For i E ñ, 1 ~ i , j :=::; m , ii ~ 6 (i.e. u¡ ~ O componentwise), Jet 

f ; E C3(ñ x IR"') , ~(x, ü) > O and f satisfies t he quasirnonotone cond ition 

~(x, U) ;:::: O for i f:. j . For sufficiently la rge M > O, there exist consta.nts 

C¡, c2 > O, independent of i, sud!. that when u; ~ M, i = 1, . , m, then 

(1.3) 

c,u¡ '.S f; (i, 0, .. , 0 , u;,0 , ... ,0) for a li i E íl, (1.4) 

wherel<s <~ for n>2, and anysE( l , oo) for n= 2. 

llerc 11 •~1, = (t, u;) ! and / = (!, , .. .fmf· 

( /-12) n is convcx ' an has posiq ve curva.tu re evcrywherc , and there exist 

r , ó > 0 such LhaL for a li Ü 2: 0 and ali i E íl, ; { x E íl ld isL(i, iJíl) < r ), 

i = l , .. , m, 

'V, f;( ' ii) · ¡7 '.S o, 

where ¡í is a uni t. vector sa t.ifying 

¡¡; - ñ(xJI < ó, (J .5) 

a.nd rí(i ) is dcfi ned for i E n to be ñ(Y) , wbich is lhe unit outward normal 
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veot0r at fj E élil with fj defined by IY- xi = dist(i, élil) {the question of well 

definedness of ñ(x) is discussed in [4'] .) 

Under these hyp0thesis 1 it is preven in [7] that tbere exists a).• >O such 

that for A<>.· , there are a.t least two solutions, for A:::: ).• 1 there exists at 

least one solution, while for A>).• 1 there is no solut.ion. Here we discuss in 

detail the case that strict c0nvexity 0f /is assurned, i.e., (~) j,k=t, ... ,m is 

a positive definite matrix for ea.ch i :::: l 1 ••• , m, theo the previoas sta:temel'lts 

can be made more precise for A = .>i.-: there exists exactly one selution for 

such >., and it is a simple tuming p0int. 

Finally we remark tha.t simi·larr hechniques can be applied to study the ex

is Lence and rnultiplicity 0f the system of quasimonotone semilinear equati0ns 

Ó.u; + b ·\?u;+ ,\/;(x, u,, ... , um) =O in íl (1.6) 

udan O, i = 1,. ,m (1.7) 

where b E C'(ñ) satifies the additional condition 

b· ¡7 2 o, 

in assumption (H2). 
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2 Existence, multiplicity and A-priori Bounds of So

lutions 

Forsimplicity we use thc vcctors i = (1,1 , ... , l ) and Ó:::: (0,0, ... ,0). When 

>. = O, ü = 6 is t be unique solution. Let S denote the set of nonnegative ,\ for 

which equations (1.1)-(1.2) have a nonnegativc solution. We sha.11 begin by 

proving that Sis a bounded interval. The following lemma is a condensation 

of three lemmas in [7) . 

Lemma 2.1. i) . !/ >. is sufficic11tly small, lhe11). E 5 . 

ii) If a solu.tion of the equatio11s (1.1) - (1.2) exisfs Jor >. > O, then solutio11 

exisfs Jor ali ,\ s11cl1 that O $ ,\ :$ >. . 

iii). S is bounded. 

11 should be notcd tba.t tbe monotone itera.t.ions rnetho<ls used in f7J givc 

minimal positive solution for each >. for which solu t ion e xists: There exist.s 

a mini mal positive solution ri of ( 1.1 )-( l .2) Lhat satis fics 0 < ii ~ P in íl 

(componenlwise) for a li positive solut ion V of ( 1.1 H 1.2). It is a lso clear from 

the mo notone iteration tecbnique t hal ii~in < Ü~1in in Q for >. 1 < >.2 , where 

tl~;n is t hc m inimal positivc solution for >. = >., , j = 1, 2. 
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Wc establish tha.t there is a second solution besides this min ima.I positivc 

solution. 

T he aext lcmma is also a conderlsed formo( sorne lemmas in [7]. 

Lemma 2.2. For A ?: e> O there exists a C1,C1 ,C01 C, > O suclt tltat for 

al/ solutions of (1.1)-(1.e), 

ii). llüll1.• s c. 

;;;¡. 11;;11"' = ¿: 11u.1"' s e,. 
i = l 

(whcrc s is Lhe blow up rate off as defincd in Lhc assumplion (H I) .) 

An immediate consequence of Lernma 2.J is the existence of solul.ion for 

,\ = .\' . 

Using tbe prcvious a-prin· bounds for thc solutions togethcr wit h some 

Dcgrcc Thcory methods it is sbown in [7} t.hc following multiplicity rcs ult : 



CUBO 11 C . Hermíndez 

Lemma 2.3 There cxisls at /cast 2 solutio11s o/ the equat.ion {1.1) -{J.2) , 

for ,\ in the range (E:, ..\:). 

3 Behavior of the Solution for >. >. • for Strictly 

Convex l 

In Lhis seclion we assume Lh&t for each i = l , ... , m, tbe matrix (~) j,k=l, ... ,m 

is posit.ive definite and that ~ > O for ali 1 $ i, j $ m. T hen as in t.bc 

case of a sca\ar cquati0n (sce [7)) we can prove thc fol\owing propcrt.ies of 

thc solut.ion sel, 

(i) T he solut.ion fer>. = >. · is t.·rnique. 

(ii) Arou nd a ncighborl~ood of ,\ = >.•, t.hc so\u tion sci can be parametrizccl 

by,\= ,\(s) and u = u(s) for - 8 < s < 8 fo• somc 8 > O , with ,\(O)= ,1 · 

Furthcr , >.(s) < >: fo r s f:. O in t.hat. ncighborhood . Menee,\ = >..· corre-

sponds to a s imple t.urni ng poin l . 

To provc t hesc clainis , wc define 

¡c(f, ü. ,\) = 6ü + ;f¡x, ü) (3. 1) 

for (j in (C2+0 (íl.))'" wi t.h zero Dirichlcl boundary condit.ion. 

T hus solu t.ions of t hc cqu a.tions ( 1.1)-( 1.2) corrcspond to 
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F(i,ii,>.) =O. (3.2) 

Denote the minimal positive solution Cor). by ü~0 . The Prechet derivativc 

of f. evaluated at the mini mal solution is given by 

(3.3) 

far any Ü in (C1+0 (ñ))m, wbere 

D !-(- _, ) (ª/;( __ , )) 
jj x,umin ::: ~ x,umin 

J "J=l ..... m 

f' irsL we establish a lemma: 

Le mma 3.1 Le/ A(i) = (a;;);.j=l, ... ,m > O. 1.c. a,,(i) > O foral/ 1 $ 

i,j $ m. Then lherr exisls a pos1'.li11e eige11rJ<1/11c 'Ji a11d a posil.ivc vec/.or 

e1gen/unction J such lhat 

º· (3.4) 

O. (3.5) 

Proof, Define T' (C(ñ))"' ~ (C(ñ))m by i •.¡; = - 6- 1(Al"l subject to zero 

Di rechlct boundary condiLions. Thcn T is a positivc opcrator: lf r:p 2: O with 
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al least one component. not identically zero in íl , then ií ;j, = Ti¡ we have 

- ~j, = Ac.0 ::;:: 6 , wit h no component being idcntically zcro in íl . Heoce by 

the Maximum Principie j > Ó, i. c. each componeo t of tfJ is positivc on n. 

Si ncc f is also compact, the Krein -llulman Theorem implies the existencc 

oí a pos it ive eigenvalue p 1 and a positive vector eigcnfunct ion ;¡;su ch that 

'i' t{~ = /11 1/~ 

so 

The lcmma fo llows with '1 i = ~· 

Fo r a fixed ,\0 < ,\ " 1 by tbc prcvious lemrm1.. t her<' C'X is b a pos iti,·c cigcn

value "' and a posit ive vector eigenfunction <P1 sud1 t hat 

hcncc íor ,\ < min{ 11: 1 >.0 , ,\0 } t hcre cannot be a nontrivial so\ ution fo r the 

problem 

beca usc of Lhe compariso 11 t. heorc m 1. 13 in i2J and D./(i, ü!,,n ) bc ing a n in -
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creasing function in>. Cor each entry in thc matrix. Thus for sufficiently small 

>. the Frechet deriva.tive in (3.3) is non-singular. On the other haod there 

should be a first >. == X ~ >.• at which Düi' becomes singular. Otherwise we 

ca.n continue the minimal solution bra.nch to >. = >. • sioce the solution can 

never blow up due to the a-priori bound that we have established . Using 

Implicit Function theorem at >. = ).•, we can obta.in a solution of (3.2) with 

>. > >.• 1 which is a contradiction. 

We claim t his ). is the first eigenvalue íor 

(3.6) 

subject to Dirichlet boundary condition1 and therefore its corresponding vec

tor eigenfun ction ,"$is positive. If not , there exists a first eigenvalue 11i < ¡ 

and a corresponding vector eigenfunction $1 > O to the problem 

!>.;¡; + vD.J(i, ü;,_,¡ ,¡; =O. (3.7 ) 

However 

for sorne fJ < ¡ and close to X by simple continuity. 

Since 
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Lhc rc exist posit.ivc firsL eigenvalues p1,p'l,p3 io the proble ms 

.ó.Z1 + p¡v¡D .. f(i ,1t::;n )Z1:::::: o 

i'.Z, + p,,,,DJ(i,ü;,,..)Z, 'e O 

6Z3 + p3 /3 DJ1,i. •~,,,,)Z3 =O 

C. Her111índez 

wi t.h p1 = 1 bccause o f equaiion (3.7) and Pi 2'. pz ~ p3 by l.he comparison 

Llií'orcm 1. f3 in (2]. 

Since 11/),;f(.r, ü~,;") is a coniiouous fun ction of 11. a11d ci!!t?ll\'alu<"s depeud 

contiinuously on t,he coeffici enis, hence p is o coni inuous func1.ion of 11 . IJ .\ 

thc lntcrmcdiat.c Valuc Thcorem , Lherc cx ist a p = 1 a nd a 111 < v < 3 such 

1hat 

.t. z + pdJJl,i, ,;:; ,,,,)z = o. 

But t.hi s cont rndic1.s our a.ssumplion tha t. ,\ = ,\ · is thC' firsl \'alue where thc 

Frcchel dcrivat.ivf' (3.3) becomes singul.1r. Hc11 c" W(' havc provee\ Lha! thcrc 

exists a first eigenvalue ~ 5 ,\· and a positiv f' vector cigenfu nct ion 1.~ sucb 

that 

(3.Sl 
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By lcmma 3.1, wc have thc existence of a first cigenvalue .\ and a pos itivc 

vector eigeníunction J;• > O such that 

(3.9) 

Lct (J~i) = ¿~1 f;g; denote thc usual inner product in R'" . Takc inncr prod

uct oí (3.8) with ,¡;· and (3.9) with ,¡;. In tegrat ing by parts and substract ing, 

sincc In (DiJj, i/~)di is positive it follows tba t ..\ = ,\ . 

Now it can be checked that 

Since fo (IJ~· , ¡{i , t7~;n)d.:i' is positive, it follows thal 

f., r/. Range (DJ(i,ü,~;, l). 

So,\ :;; ,\ is nota bifurcation point (3). 

We can therefore parametrize the solu t ion set in a neighborhood arou 11d 

J: by: ü .::::: ü{s ) , ,\ :::: ...\(s), for some suffi cienl small 6 > O a.nd - 6 < 3 < 6 

with .\ (O) ::: ,\ as a conscquence of implicit fun ctiou theorcm. 

With the ass umcd smoothness in / , wc can diffcrentiate thc equat ion 

(3.2 ) with rcspcct to ,o;, whicb gives 

.::, ¡; + >.(s)D,f(i, ü;~;,) ü + >.'(s )J( i , ü.!,., ) = O (3.IO) 



70 CUBO 11 (;. Hcrnándcz 

w herc ü:;: *(s ). \Ve evC1.l u;tl.c t hc cquaLion al .s =O, t.t1.ke inn('r p roduct wi Ll1 

if~· and intcgrale over íl , whicb rnsu lLs in 

,\'( O) = O. (3.11 ) 

Oiffc re ntia t,c equa.tio n (J. 10) once more. Wi!.11 t~ = ~(s) wc ha ve, aft.C'r 

<'valu.lling at $ = O a.ncl using the equal ion (:.L 11 L 

- .. , a¡ - .. , ª'! 
-'"" + ,\ L ~tui+.\ L ,-----0' .,,,.,+.\"(O)/, = 0 

J=I Ull1 j ,k: \ U U j Uk 

fo r 1 = 1, ... . m . Again l <Lke innc r prod ucl with ¿-:- and intcgra1 c to gel 

,\"(O)< O aftcr cmploying the assum pt.ion t hat. (#-;) J.-'<=L ·'" are positi' ' t' 

dcfinilc for 1 = 1, .. .. 1n. 

Thu:- around n nc ighborhood of ,\ · , 

.\ = ¡ + ,\"(O)s2 + O(s3 ). (3.121 

So ,\ i:- a s imple 1.1m1ing poin t. 

Finally ' ''C sho w t lrn.t ,\ = >.· , a nd l hcrf' is 011 1~- onc solution for ,\ = ,\" 

l'hi~ will fin is h thc proof o í our d aims. 

Corrcsponding Lo,.\=,\ and ,\ = ,\· wc have 

(3.13 1 

(3. 1·1 ) 

Suh~lract cquation (:J. 14) íron t (3. IJ ), t.akc in1H·r produc t with ¡/-,. whic h is 
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the fi rs t eigenfunct ion fo r -" :::: ~. and integra.te lo obt.a.in 

[ (- XD-[_( _ -l )( -l _,. ) ,\[-( - -l ) ,; ·¡-( - _,. ) .i ·)d -Jo u x, Um.in Umin - Umin + X, Umin - X , Umin , 'I) X 

=0 

which can be wri tten as 

,\ fo (-f( i , ;;;;;") + /(i, ii~; ,, ) + Da!(i, ;;;:_" )( ii~" - ii~;" ) , ;$")di = 

J.((!• - ,\)¡{i, ;;~;") ,>$" )di 

By the convexness assumption on f, the left ha.ad side is negat ive un less 

u. = u0 when it is ze110. The right hand side is non· nega.tive sine.e ).• ~ X, 

a.nd can onl y be zero whe n >. • = X. Hence t be a bove equation holds only 

when ,\: :;:: X, a.ad ü~111 = U~¡"· 
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