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1 On hypercomplex numbers 

The really great success of the introduction of complex numbers makes it. 
natural to look for generalizations to higher dimensions. The true rea
son is founded in the possibility of its geometric interpretation. So the 
consideration of so-called "geometric algebras" with their elements the "hy
percomplexn numbers shifts the geometric-algebraic observation techniques 
to higher dimensions. 

Ll Complex numbers 

We consider in the vector space IR2 pairs of real numbers z = (x, y). Any 
such pair cbaracterize a free vector in this plane. Two vectors z1 and z2 

are equal if and only if x 1 = x , and y1 = y, where Z; = (x;, y;) (i = 1, 2). 
Vectors which denote points lying symmetric to the real axis x are called 
conjugated, i.e. z := (x, - y) is conjugated to z. The set. of ali such pairs 
is denoted by C. Further, we induce in C the addition and multiplication 
with real numbers from the vector space R2. Now any element from IC can 
be given in the se>-called cartesian form 

Z = X l + yi =: X+ iy, 
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where 1 (1, O) an<l i = (©, 1). These two special pairs are called unit 
vectors of the corresponding axis x a,nd y. Let z; = x; + iy; E IC (i = 1, 2). 
We define a scalar profiluct aincl a vector product a.s follows: 

By definition we obta>n i · i = -1 a,nd [i, i] = O. Each of these p;od"1cts 
is not suited to generate a commuta.rtiiVe field. In the following way we can 
define a product which transforms C in a commutative field. We have only 
to set 

Z1Z2 = X1X2 - Y1Y2 + i(X1Y2 + Y1X2) = Z¡ · z, + [Zi, z,]. 

IC is now called field of complex numbers and the elements z = x + iy is 
called complex number. F\J.rtf.i.ermore, it is called x = Rez real part arrni 
y= Imz imaginary part of the complex number z. Cornplex m.umbers with 
zero real part are called imaginary numbers. From complex numbers wi.th 
zero imaginary pairt we reobtain our traditionally real numbers. Because of 
multiplication and division 0f such complex numbers leads to very compli
cated expressions it is necessary to represent complex nurnbers in the ¡Dolar 
form: 

z = r~cos q, + isin </>). 

Each complex nurnber z ¡f O is uniquely ;epresentable by the modulus 
r = \z\ of the complex nurnber z an<il its argurnent of q, := Arg z(mod 27r). 
It is useful to introduce the abbreviation: 

cos </>+isin <f>=:é". 

Thus the complex number z has the representation 

By the help of trigoaometric relations and the definition of the complex 
multiplication we ol>tain the following rule: 
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where z, = r,e10• (k = 1, 2). lt is simply to show by induction that 

(cos 4>+isin 4>~"=cos n4>+ i sin n4> (A.DeMmvre). 

In the history of complex numbers the so-called circle division equation 

z" = 1 

plays an irnportant role. We have 

z" - 1 = (z - (o)(z - (.) .. (z - (n- 1) 

(,=e';;' O :S k::; (n - 1). 

The complex mill!bers (, are just the cornerpoints lying on the unit circle 
of a equilateral n-ang1e. Moreover) they are the zeros of the polynomial 
p(z) := z• - 1, which is a special case of t.he se>-called fundamental theo1~m 
of the algebra: 

Theorem 1 A non-constant polynomial of degree n posesses exactly n ze
ros. Here the number of zeros is to compute in accordance with its multi
plicity. 

Corollary 2 The quadratic equation 

z'+az+/3=0 (a,/3E<C) 

has at most two so[utions Z¡ and Z2 in l.C. 

Remark 3 An altemative definition can be given in the following way: Let 

Me = {e 7 ) x, y E IR} C IR(2) 

furnished with the operation matrix addition and (real) multiplication. Me 
has the structure of a field, which is isomorphic to the field of complex 
numbers C. 
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1.2 H a milton's creation - real quaternions 

There is a li ttle story on the discovery of quaternions. Briefly we will des
cribe this: It was on Monday, October 16 in 1843 and it happened that in 
this moming W.R. Hamilton had to preside ata meeting in the Royal Jrish 
Academy. He was walking with his wife along the Royal Canal in Dublin 
when the answer of this 10 years old problem carne to his mind. With his 
knife he then and there carved on a stone on Broome Bridge the formulae: 

i2 = j 2 = k 2 = ijk = - 1. (1) 

By the way in the above mentioned letter of Hamilton named this bridge 
errounously Brougham Bridge and up to now this bridge bears this name 
given by W.R. Hamilton. 

Hamilton called these numbers 

q=a+bi +cj +dk 

quatemions (cf. [18]). In that way the notion o[ a quaternion was intro
duced. The first paper on quaternions appeared 14. November 1843 in the 
Council Books of the Royal Academy at the First General Meeting of the 
Session (cf. [! ]). 

Consider the real four-dimensional vector space IR.4 with its standard basis 
e0 , e 1 , e 2 and e3 where the element ek (k = 01 l , 2, 3) is to identify with t.hat 
4-tuple which has at the (k+ l )-th component the number one and has zeros 
otherwise in a cyclic <lenotation. The element e0 will be iden.tified in the 
following by 1 and will most.ly be omit.ted. Notice that e k (k = 1, 2. 3) are 
so-called "axial" vectors in IR4 . In case of cancellation of the first component 
one can identify these "ax.iaP' vectors in JR.4 with ordinary vectors or "polar" 
vectors in IR3 (cf. [21]). It is necessary to use sometimes these identifications. 
An arbitrary element x E IR4 can now be represented by 

x=xo+ x with x =x1e1+ x2e2+ x3e3 (xkEIR, k=l , 2, 3) 

The part x0 is called scalar part of x written x0e0 =: Sc(x) and the part. x 
is called vector part and written x = Vec(x). 

Recalllng the computation rules in lR4 we have for x 1 Y E IR4 : 
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(i) Identity: x = y if and only if x0 = y0 and x = y 

(ii) Sea/ar multiplication: IR x IR4 3 (>1, x) ---> ,\x E IR' with 

(iii) Addition: IR4 x IR' 3 (x, y)---> x +y E IR4 with 

x +y (xo +Yo)+ (x 1 + y1)e1 + (x2 + y2)e, + (x3 + y3)ea 

-. (xo +Yo) + x + y 

and Xk,Yk E IR. 
Now we define a multiplication in the following way: 

IR'1 x IR' 3 (x, y)---> xy E IR4 with 

xy = XoYo - x · y + xoy + YoX + x x y 

where 

X X y .- 1 =~ =~ :: 1 
y¡ y, y, 

.- (x2y3 - x3y2)e1 + (x3y1 - x 1y3)e2 + (x1y, - x,y,)ea. 

D efinitio n 4 The space IR' fumished with the above defined multiplication 
rule has the structure of an algebra and is called algebra of real quatemions. 
lts elements are called simply quatemions. In honour of W.R. Hamilton we 
will denote this algebra by IHl. 

lf x = x then x is called pure quatemion or simply vector. The set of a li 
pure quaternions is denot.ed by Vec IHl e IHI, while the set. of ali scalars will 
be denoted by Se IHl e IHI. Vee IHl and S e IHl are real linear snbspaces of IHl 
which are not closed relat.ively to the multiplicat.ion introcluced above. 

Corollary 5 The map p, : IR3 3 ;i¿ ---> -y;i¿y- 1 E IR3 is a refiection in the 
plane whtch lies orthogonal to the vector 'i- -
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Proof. The map p, is linear and p,(y) =-y, while for any vector r .ly it 
fol!ows that Py(r) = -'fl.T'fl.- 1 = T'!l.'fl.- 1 ;;; r. - . -

Corollary 6 Each rotation in IR3 has for some non-zero y the form -p,. 
Conversely, any such map can be seen as rotation in 1R3 . -

Proof. We already know that the product of two plane reflections is just 
a rotation and vice versa. • 

Proposition 7 Let y be a quaternion. Then there exists a vector g =I O, 
such that yg is also a vector. 

Proof. Let g, be a vector in IR3 orthogonal to the vector part of y. Then 

Y!±= Yo!±+ 'fl. x !±E IR3 . • 

Corollary 8 Each quaternion can be described as a product of two vectors. 

Proposition 9 A n arbitrarr.1 unit quaternion can be represented as the pro
duct yxy- 1x- 1, where x =;f. and y = '!L are non-zero vectors. 

Proof. We know from proposition 7 that for any unit quaternion e a non
zero vector ;f. exists such that e;f_ is a vector. Because of lel = 1 we have 
le.,¡ = l,JJ In this way q has to be a rotation. Then there exists a vector 
'!l.# O with e.,= 1!.""!l.- 1 and so the statement follows. • 

1.2 .1 Representation of real quaternions 

We will group here sorne of the most important properties of the represen
tation of real quaternions. 

Theorem 10 An arbitranJ quaternion x E lfll, "'#O peimits the represen
tation 

x = lx/(cos,P+w(x)sin ,P) , 

where .p = arccot(xo/l.,ll and w(x) = .,¡¡.,¡ E S 3 . 
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Proof. It is well known that 

sin</>= 1 and cose/>= cote/> 
J(l + cat' </>) yf(l+ cDt2 </>) 

We obtain under our assrnnption 

. XQ 1 
sm arccDt-1 I = ~ and 

"'- yl+(ji'¡) ' 
"' cosarccot~ = ~=1'=1 ~-

l"'-1~· 
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Then we get by a straightforward calculatiDn CDS</>+ ("'-/l"'-IJ sin</> = x/lxl 
which verifies our theorem. • 

Example 11 Let x = 3 + 2e 1 + 2e2 +e, then lxl = 3)2, l"I = 3, </> = 45º. 
Thus we obtain the representation 

x = 3J2 [CDS 45º + (Ze, +~e, +ea) sin 45º J. 

CorDllary 12 (MOIVRE's formula). Let x E IHI," # O,n E N, then the 
following formula is valid: 

(cDs </> + w(x) sin</>)"= CDS ne/>+ w(x) sin ne/>. 

Proposition 13 The IR-linear hull o/ the set {1, x), where x is not real, 
forms a subalgebra which is isDmorphic to IC. 

Theorem 14 The algebra o/ real quatemions IHI can be represented by the 
matrices 

(-i º) (º -¡) (º -i). o i ' 1 o ' -i o 

Therefore each quaternion x permits the representation 

X= ( Zt -z2) 
Z2 Z ¡ 

with Z¡ := Xo + iX¡ and Z2 := X2 + ÍX3 . 
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Corollary 15 The algebra of real quaternions lHl can be generated by the 
real matrices 

u o o n (" _, o n 1 o 1 o o 
o 1 o o o 
o o o o -1 

(l o -1 

~.) ( : o o !) o o -1 

o o o ' o o 
o o -1 o 

1.3 Pauli algebra - a realization of complex quater
nions 

More than real quaternions, complex quaternions take an important part 
in theoretical physics. Let us now discuss the fundamental properties of 
quaternions with complex-valued coefficients. We will use the so-called 
PAULI matrices: 

PAULI matrices forro an algebra P. Then we get the representation of an 
arbitrary element x E P in the forro 

X= Xoao + X¡O'¡ + X2a2 + X3U3 + X40'2CT3 + X50'30-1 + X50'¡0"2 + X70'¡0'20'3. 

We have to distinguish four classes of elements, namely complex linear r.om
binations of scalars ao, vectors 11 11 a 2 , a 3 , bivectors a2a3 , a 3a 1 , cr1a 2 and pseu
doscalars a 1a 2a 3 . PAULI matrices satisfy the conditions a¡aj + ªiªi = 26¡;, 
where 6¡; denotes KRONECKER's symbol. On account of (a1a 2a 3)2 = -a0 

we obtai.n that. the linear space generated by { ao , 0'1 a2a3} is isomorphic to 
the field of complex numbers <C. 

R emark 16 The centre of P is <C. 

Proposition 17 With € := iuo (Hodge star rnap) we get 

-EO'o = 0'¡0'20'3, - El71 = a2a3, - E<12 = 0"30"1' - E0'3 = 0¡0'2 ,E0'¡<12 = +a3, 

Ea2a3 = +a1,Ea3a1 = + a 21Ea1a2<13 = +u0 , 
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i. e. the multiplication by e transforms scalars into pseudoscalars1 vectors 
into bivectors, bivectors into vectors, and pseudoscalars into scalars. 

2 Clifford algebras 

We will consider a class of algebras which form the frame for our further 
considerations. This struct.ure shall incorporate number systems like com
plex numbers and quaternions as well as vector and multivector systems. 
We will be able to realize in this algebra a large number of fundamental geo
metrir and analyt.ic ideas. Let us start with the description of this algebra 
in e..xpressing the main ideas. 

Definition 1 {Real Clifford algebra) . An associative algebra over IR with 
unit eo := 1 which is freely generated by n basis elements e¡, .. . , e11 together 
with the defining relations 

(2) 

is called real Clifford algebm {denoted by: Cto,.,). Here Ó;; denotes the 
K ronecker symbol. This mea ns 

e;e; +e;e; = O iff ii'j, e? = - 1 {i, j= l , .. . ,n). 

Usually the elements e¡, e2, ... ,en belong to the vector space !Rn and form 
there a basis. After the canonical embedding we have identified the 11initial11 

vectors e11 e2, ... ,e,. in !Rn with corresponding elements in Ce0,,.. Further
more, we identify the unit element in Cto,n with 1 E JR. 

Definition 2 (Clifford algebra of the (p,q)-type). Let e¡, ... , eq, ... , ep+q 
form a basis of IRv+•. We introduce the denotation 

The Clifford algebra of the {p,q)-type {denoted by: Clp,q) is defined following 
an idea of F. Sommen by the real associative algebra with unit e0 := 1 freely 
genemted by elements o f the form 
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which fulfil the defining relations 

Definition 3 The Clifford algebra Cln,O is called complex Clifford algebra 
can be seen as complexification ofthe real Clifford algebra Cfo,n i.e. Cln,o = 
C 0 Cfo,n· 

2.1 lnvolutions and Bott's classification 

2.1.1 Involutions 

In a CLIFFORD algebra there are at least tluee involutions. Depending on 
the degree k of x E Clp,q we define the following: 

(i) grade involution {or main involution) by the formu la :i; := {- l )'x, 

{ii ) reverse involution (or inversion) by the relation :i; := (- l)~x, 

{iii) conjugation by x := { - l)~x. 

Proposition 4 These involutions satis/y the follo wing isomorphic and anti
isomorphic conditions with respect to the multiplication of two elements 

(Xi) ) = xfJ, (Xjí) = fjx , (x¡¡) = yx 

Reversion and conjngation can be extended complex-Linear to cornplex.ified 
CLIFFORD algebras. In addition it is usual to introduce a complex conjuga
tion by x· = x , - ix, far X= x, + ix, (x, E cep,q)-

Example 5 Let be x E C®Cfa,o the element 
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where ekl := eke1 and ekim := ekelem, then we have far the above-mentioned 
involutions: 

X 1 - 3e1 - 2e2 + e21 + ie23 - e 1231 

X 1+3e1 + 2e2 - e21 - ie23 - e123, 

X 1 - 3e1 - 2e2 - e21 - ie23 + e123, 

x• 1+3e1 + 2e2 + e21 - ie23 + e123. 

Definition 6 Let X E ce,.,o u Clo,n then .jSc(xx) is called absolute value 
o/ x. lt is denoted by 14 
Remark 7 For X E ce.., the product XX is not necessarily real. P. LOUNBS

TO gave a cotmt.erexamp!e: Let p = 3,q = l ,x = {! + ei)( l + e,,,) E Cla,1 
and xx = O E IR hmt xx = 4e234 + 4e1234 obviously does not belong to IR. 
The so-called square r;orm which can be defined by i:x = llxll is often used. 

2.1.2 Table of matrix representations 

CLIFFORD algebras a.re isomorphic as associative algebras with unit, to 
corresponding matrix algebras. Setting now s := (p + q)/2 one can show 
that only eight different rings of matrices occur in the description of the 
structure of CLIFFORD ailgebras. The following table gives an overview on 
the possible structures. For this reason !et M ( d, F) denote the ring of d x d 
matrices over the fiel<!l F. 

(p-q) mocl 8 matri.x ring 

M (2',R) 
M(2l•l,1R)EllM(21•1, 1R) 

M(2l•l,1R) 
M(zl'T'l ,C) 
M(2l•-ll,H) 

M(21'T' l, 1HJ)EllM(219l,1HJ) 
M(2l•-ti,H) 
M(2l'T' l, C) 

We mention that s depends 0n!y on the dimension of the algebra &nd not 
on its special structuve. The denotation [s] means the ent.ire part. of s. 
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2 .2 Examples of Clifford algebras 

An excellent possibility of representing CLIFFORD algebras, especially those 
of low dimensions, is to do it with the help of the PAULI matrices a0 , a1,a2 ,a3 

introduced in Sect ion 1.3. In this way we will interchange the basic elements 
e; (i = O, 1, 2, 3) by the PAULI matrices u; (i = O, 1, 2, 3). It is easy to see 
that a[ = a0 and that the elements a¡ also fulfil the anti-commutativity 
property. We will agree upan the use of the syrnbol " = 11 for the identifi
cat ion of algebras. Let us now discuss the following examples: 

Ci0 ,0 : In this case the basis consists only of the identity element u0 . There
fore Cfo.o = IR. An isomorphism is explicit ly given by x = x0a0 . 

C t a,1 : This algebra is generated by a0 and ia2 with ai = - a0 , therefore 
Cfo, 1 = C. This is clear by the representation x = x0aa + x1ia2. 

C fa,2: The matrices ao , - ·ia 1,-ú72 ,a 1a2 (= -ia 3) form a basis in Cio,2 · 
For any element x of this algebra we obtain the representation 

with x , E IR {i =O, 1, 2, 3). 

This describes a matrix realization of the algebra of real quatemions !Hl. 
Hence Cto,, = IHI. 

C l s,o: The matrices ao ,a¡,a2, a3,a 1a21a2a3,a3a1 , a 1a2a3 forma basis in 
the algebra Cf3,o. We find that a 1a2 = -ia31 a2a3 = -ia 1, a3a1 = - ia2 and 
a 1a2a3 = - ia0. An arbitrary element x of this algebra can be represented 
by 

Then it is easy to get ce,,o = <C® IHI. T his algebra coincides with the PAULI 

algebra. The denotat.ion by Pis made in honour of W O LFGANG PAULI. 
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Ct1,s In this algebra a basis can be constructed by the so-called d
numbers fo, ')'i, 1'2 1 ')'3 of DIRAC which are formal 2 x 2 matrices in which 
entries are the PAULI matrices. So we have 

( ero O ) (º -u,) 
')'o = O - uo '"(¡ = U ¡ O 

for i = 1, 2, 3. Clearly, we have 'YÓ = 'Yo and 'Y~= -10 . The basis in Cf 1,3 is 
now given by 

1, 

f01 / I 1 'Y21 1'31 

')'¡ 'º' ')'21'01 'Y3'Y01')'1'"'{2, 1'21'31 ')'3')'¡ , 

"10"11"12. "10"12"13' "10"13"11, "11 "12"13' 

'Yo'Y1'Y2/3, 

where 1 : IR1•3 i--. IR1•3 is t.he unit matrix. This algebra is called space- time 
olgebra. One can show that this algebra is isomorphic to M(4, IR). 

3 Important operators in the theory 

3.1 Classes of monogenic functions 

Let G e R" be an open (nonempty) domain and r = aG a piecewise smooth 
surface. We denote by 6(!1) one of the following BANACH spaces of real or 
complex valued ftmctions on !1 where !1 can be G,aG = r, or any suitable 
subset of G : 

(i) c<kl(fl) (k = 1, 2, ... ) is the space of k-times continuously IR-differentia
ble functions in n. 

(ii) c <•.• l (fl) (k = O, 1, 2, ... ; a E (O, ! )) is the spaceof Jo.times IR-differentia
ble functions, whose .lv-th derivative is HOLDER continuous with the 
exponent o . 

(iii) Lp(fl), {l <:; p < oo) , is just. the space of ali fnnr.tions, whose p-th 
power is LEBESGUE integrable in !1. 
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(iv) w;(O) is the space o[ k-times IR-differentiable functions in SOBOLEV's 
sense, whose k-th derivative belongs to L,(11). 

(v) w; (G) (1 ~ p < oo; k = 1, 2, .. . ), is the space of k- times IR
clifferentiable functions in S OBOLEV 1s sense which k-th derivative be
longs to L,(G) and vanish on the boundary r . 

D efinition 1 Let E: be either IR or C . Then the space B(O) @0 A , where 
A := Cl,,q is called E-linear space B(O , A ) of all A-valued functions. 

R emark 2 Far both A = Cf.o,n or A = Cl n,O the space B(O , A ) is a BA
N ACH space. This means that 

dimA 

B(O, A ) = {u = L U;é , : u, E B} 
1=0 

is fumis hed with the norm llull = 0::1~~A llu,11 2) !. Here "• is a k- ·vector 
such that { éo , ... , édimA } Jorm a basis in A . 

D efin ition 3 Let u be given in a basis representation u = L~~~A u1(x)E" 
X En e IR" , where. {eo, ... 1EdimA} is a basis in A , then we say that u E 
B(O, A ) •! and only if ·u, E B(O). Often we will briefty w1-ite mstead of 
B(O, A ) B(O). 

Corollary 4 Topological properties as continuity, di[ferentiability, anti in
tegrabihty of the coeffici ents u;(x) , X En, in a suitable basis representation 
tronsfer to the A-valued function u = I:1~~ u,(x)é,. 

3.1.1 C lifford regular fun ctions 

In general regular fund ions are those which belong to the kernel of a proper 
clifferential operator. 

D efinition 5 The operator 

n 

D:= z= e;a, 
1= 1 
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which acts on the space C 1(G, Ctp,q) , where G C RM is called DIRAC opera
lor anda.:= 8/8x, is" the i-th partial derivative and X= r:::.:1 X¡e¡ E JRP·q. 

The operator 

8:=/iii+D 

wluch acts on C1(G, Ctp,q) with G e JRP·• is called CAUCllY- FUETER opera
tor where °" := a¡axo and X= Xo + I::'.,,1 x,e, E IR E!l IR"·•. 

D eflnitio n 6 Let G C JRM, p + q = n, be an n-dtmensional vector space 
unth signature p,q. A function u E C 1(G,CL,. .• ) ts called left CLtFFORD 

regular {right CLIFrQRD regular) if and only tf 

Du = O ((uD) =O). 

A funct1on which is both left and 1i ght CLtFFORD regular· is called two-sided 
CLIFFOllD regular. F\mctions which fu/fil the cond1t10n 

8u = O ((u8)=0) 

are called left(right} CLtFFORD holomorphic. \Ve agree that the denotations 
Clp,q- regular or Ct,,.- holomorphic will somettmes be used if it is necessary 
to emphasize this special algebro. 

Remark 7 In Clo,,, left{right) Clifford regular fun cttons are o/ten called left 
{right) monogenic Junctions. In such algebras the DIRAC operotor is some
times called standard EUCLIO ean DIRAC operator. The set of all monogenic 
Junctions ts denoted by M(G , Ct0,,,) . 

Tbrough the whole paper we will view the action of D and 8 asan action 
on the left. Jt, is sufficiently known that there are corresponding results for 
action of these opera.tors on the right. Sometimes we will sirnply say regular 
functions inst.ead of left regular functions. 

Remark 8 The C AUCHY- FUETER operotor a which acts on C 1(G,Cl,,q) 
unth GE JRM can be considered as the DtRAC operator on C 1(G ,Cip+1,q) 
unth GE Rp+'·• . 



268 Clifford analysis a11d its applications in .. 

Example 9 Let Ge IR3 • e0 = (1, O, O, 0)7', e1 =(O, l , O, 0)7', e2 =(O, O, l , O)r, 
e3 =(O, O, 0, 1)7' forma basis in IR'. Under the govemmg conditions 

(i) e;e¡ + e¡e; = -26;¡ (i,j = 1, 2,3; i < j) , 

(ii) efi = 1, e;eo = eoe; = e;, 

(iii) e1e2 = e3 , 

{ e0 , e¡, e,, e3 } also form a basis in the algebra of real quatemions IHI. The 
ÜIRAC operotor has the form 

D := e181 + e,a, + e,8,. 

3 
Together with u= u0eo + i;, !! = ¿ u;e;, i t follows that 

i= I 

Du = - div i; + rot !! + grad uo, 

where 

3 3 

div !! := L 8;1J.;, grad uo := L e¡8¡UQ, 

i= l i= I 

Far (uD) we get in an analogous way 

(uD) = - div i; - rot !! + grad UQ. 

Proposit ion 10 Quatemionic regular functions can be also charocterized 
by the following properties: 

(i) quatemionic-regular functions are sourceless and in the case of Uo = 
const. also rotationless vector fi.elds. 

(ii) Cl,,0 -regular functions are rotationless and sourceless vector fi.elds with 
uo = const . 
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Definition 11 Let be 8 defined by 

8:=80 - D . 

This operotor is called adjungated CAUCHY-F UE'I'ER operator. 
In CI,,, , p + q = n, the operator 75 defined by 

75 = ¿ e;a; 
i=l 

is called adjoint DIRAC operator. 

Asstune now that G is a domain JR3 , or sometimes in JR.il. 

Proposition 12 Let be ·u E C'(G, C fo,,. ) Then we have 

75Du = D75 u = /; u, 

269 

Corollary 13 Let u E kerD n C2(G, Cfo,,. )) then u E ker/; n C2 (G, Cf0,,,) , 

e.g., C LIFFORO regular functions of this type are hannonic. 

Proposition 14 (Generru¡.jzed LEIBNIZ rule) . Let be u, V E C1(G, IH!) then 

D (uv) = (D u)v +u D v + 2Sc(uD)v. 

Proof lo [11) is conta,ined the proof for the algebra of real quaternions . 

• 
Corollary 15 (Prod1'ct rules in vector analysis) . Let u,v E C1(G, IHI) . 
Tlien in accordance with the definition of the vector field operations grad, 
div, rot we have the following relations: 

(i) grad (uovo) = (grad ua) vo + uo grad va, 

(ii) div {uol!) = {grad uo) !! + uo div J!, 

(iii) rot {uol!) = grad u 0 x !! + u0 rot J!, 
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(iv) grad (!!, !!) = !! X rot !! + l!. x rot !! + (!!, grad) !! + (!!, grad) !;, 

(v) rot (!! x l!.) = !! div l!. - Y. div !! + (J!,grad) !! - (!!, grad) !!· 

Proposition 16 (Multiplier problem) . Let u E C ' (G , IHI) n kerD be an 
arbitmrily given function. If for all v E ker D n C 1 ( G, IHI) also vu E ker D n 
C'(G,IHI) then u= const . 

Proof. A straightforward calcula t ion leads t.o the result. • 

Proposition 17 The class oflHl-regular functions does not contain the squa
res of each of its elements. 

Proof. Let. x=x1e1 -x2e2 E ker DnC' (G,Cl3,0). Then we have 

Hence D x2 = 2(x1a 1 + x2a 2) # O. • 

R emark 18 For a so-called totally analytic vanable z with z(x) E ker D n 
C 1{1R4 ,IHI) follows with necessity z' E ker D nC'(R'1,IHI). 
We studied in {11} a generalization of an interpolation fon nula of LA
GRA NGE 's type with quaternionic regular functions. The result is as 
fol lows: let z(x) := L~=l x,d, , z(a,Ul) := ¿:~= ' a,úld,, a~) E IHI. We wnte 
m abbreviated Jonn: 

and demand Zk; # O for k # j A quatemtomc regular m terpolatwn 
function '-' then given by the following fonnula: 

(L. u)(x) = t ¡z ,(x). . Zk-1(x) Z.+i(x). 
k ::: l Zk¡ Zk(k- 1) Zk(k+I) 

with. 

(•) (L.u)•E kerDn C 1(1R' ,lJ11) (k = 1, .. .,n), 

z,.(x) l 
·-- "• 

Z1m 
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(ii) (Lnu)(aU>) =U¡ (j = 1, ... , n). 

Proposition 19 Letu E kerDn C 1(G,IHI), u(x) ,¡,O thenu- 1 E kerDn 
C1(G,IHI) not in general. 

P1vof. It is sufficient to give a counterexample. Taking u(x) = x 1e 1 -x2e2 E 
ker D n C1(G, JHI) t.hen for ffi ~ G we obtain 

and one can easily verify tha1. 

_ 1 2(xl - xl) . 4x1x2 
D u = (xl + xl)2 "º+'(xl+xl)'ª3 ,¡,o. • 

Omission of a L EIBNIZ ruile in the classical sense leads to considerable diffi
culties in the constrnction of syst.ems of regular functions. We wi1ll formulate 
some easy principies to produce quaternionic regular f1mctions. 

3.1.2 Quaternionic regular polynomials 

Let {eo,e1ie2,e3} be a basis in lHl and be x = L:~=0 x¡e¡ . We assume as 
before that e~= e0, e¡ei + eiei = -26¡;. \Ve consider the new variables 

z, := x0e, - xkeo (k = 1, 2,3) . 

For a = ¿¡=O e;8; one has az, = o. u nfortunat.ely, t.he prod\Jct of two of 
such variables is not quaternionic regular, e.g. 8 ZkZ/ :f:. O for any k and l. 
Nevertheless, one can füncl homogeneous quatern.ionic regular polynomials of 
any degree by symmet.riz&t.ion. These polynomials are given by the formula 

1 
Pm(X) = ;:;:;¡ L Z"' · · Z"m' 

(µ¡, ... ,µm) 

where (µ1, .. . ,µ.m) covers ali disting11ishable perm11tal:ions of (1 , ... , m) and 
(µ 1, . .• 1 tirn) is an arbitrary combination of m elements out of repetitions of 
the set {l , 2, 3}. For m = ffi we fix P0(x) = e0. This construction was first 
made by R. DELANGHE and is a lso valid in real Clifford algebras. 
Comprehensive resuJts on CLIFFORD regular polynoms can be found in !GJ 
and also in 17]. 
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3.1.3 Regular singularity fü!lnctions 

Moreover, we will describe am. im.1}l>0rtant olass of quaternionic regular func
tions which can be usefil ilil. com©cation methods for boundary value proh>lems 
of partial differential equaitiom.s. Let !f(k) be a system of points outside a 
given domain G e IR.3 . Then tfo.er.e ex.ists a system of quaternionic vegular 
functions { </>.} wlúch 8're olefined hiy 

Under sorne conditi0ns completeroess and a©vantageously numerical ¡Droper
t ies are possible to olDtai•R. Tfu.is is a system of singularit.y functions which 
are used in calculatioros. 

3.1.4 Regular f1.1nctim;is f.rom harmonic functions 

Let G be an open set in JR.n and st&r-shaped wi th respect to ~he origin and 
uo : G r--+ IR. is harmm'ldc i·n G t!.1en 

u(x ) = uo(x ) - { ¡ ¡n- '(D uo)(tx)x dt - ( ¡ t"-'(D uo)(tx)x dt)o} 

is Cio,n- regular in G. 

3.2 On the spherical Dirac operator 

In tb.is part we will put together useful properties of operators which result 
of a suitable decompositio,~ of the DIRAC operator. Let x be the paravector 

x = xo + ;!< with ;!< = I: x; e,. Set t ing w, = x, / Jxl (i = 1, ... , n) and 
i= l 

w = ¿:~= ! w¡e¡ . Then ~ = l.;f.lw1 where w 2 = - 1. Vle consider the so-called 
CAUCHY-FUETER operator 8 = 80 +D. Here denotes 80 := 8/8xo and 
D = ¿:~= ! e¡8¡ with 8¡ := 8/8x1• Introducing the denotations 

L := L e;L;(x) wi t h 
i= l 
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and ew := f w;8; we obtain D"" J..L + wew. 
i= I l:i::I 

Proposition 20 We have far j ""1, ... ,n 

(i) tw:¡¡ = w, (Projection onto lh.e unit sphere) 
(ii ) 

(ii i) 

(iv) 

(v) 

eww =o 
Let f = f(l:¡¡I), then twf = d/ d¡,¡f =: J' 

1 
8;w• = GJ (6;• - w,w;] , 

L;wk = 6;k - "'•w; = l:¡¡l8;w• . 

Proof. The following straightforward calcuJations lead to t.he result.: 

(i) Ewx; = ¿ w;8;(x; ) = ¿ w,6;; =w, (j = l, ... , n) 
i=l i=l 

(ii) 

11 fl 1) 

(iii) ewf = ¿ wa,¡ = ¿ w;f'8;i:¡¡I = I:: w?J' = !' 
i=I i= l i=I 

Dueto (iv) it is easy bo see, that 

Relation ( v) we get from 

Corollary 21 Let f E C' (IR) and f = f(l:¡¡I) , then Lf = O. 

Proof. By defin ition we get for j ~ 1, ... ,n 
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Hence, it follows 

Ll±I = L e;L; l±I =o. 
i=l 

Furthermore1 we obtain 

L;f(l±I) = 
TI df TI df 

l±liJ;f - w; ~x;o;f = l±ldl±liJ;l±l - w; ~ x,dl±liJd±I 

df df 
dl±I (l±liJ;l±I - x,fwl±ll = dl;,:IL;l±I = o 

and therefore L f = O. • 

Proposition 22 lt holds 

(i) Lw = wL + (! - n) 

(ii) wL = -;¡:/\ D = ¿:: e,e;(x,81 - x;iJ;). 
i<j 

where the operator w L =: r is just the spherical D IRA e operator. 

Proof By definition we have 
TI 

r = ;¡:D + l±lfw = - .L X¡O¡ + .L X;O;e;e, + .L X¡O¡ 
i=l i:#-j i=l 

L X¡8ieiej + L X¡éJieiei = L x¡éJ;e¡ei - L x18;e;e¡ 
i<j i>j i<j 

i<j j>i i<j 

Theor em 23 {5/ The following formula is valid: 

r w = (n- I )w. 

Proof By definition 

i > j 

rw (wL)w = ¿:: w,e,e;L;(w.e,) == ¿:: w,e,e,(ó,, -w;wk)ek 
i,j,k í,j,k 

TI 

L L W¡e¡ - L W¡W;Wk e¡e;ek = +nw - L W¡wiwk e;e;ek 
k=1=I i=l i,j,k IJ,k 
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¿ w,w,wk eie1ek 
IJ,Jc 
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" 11 

L (w¡w; - w1w,)eke.e1 - L ¿ w¡wkerek 
k= l 1=j=l 

~ (t w?w•••) =w • 
Corollary 24 /5/ The DlllAC operator perouts the representation 

D=w (ew+@r) 
Prvof. We know that wL = ;J;.D + l5!i.liw. Then 

;J;.WL = -15fl2D + 5!i.l5flfw 
nnd 

D 
X .X 1 

- 1;;;¡2 wL + @Cw = W (- L + xew) 
wfw+ ¡;¡wL =w (~+@r) • 

3.3 Teodorescu transform 
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This pa.rt is dedicated t:o t.he consideration oí a very special weakly singular 
integral opcrator, which will play a key role in lhe whole t.heory. 

Let G be a domain in IR.11 with a piccewise smoollt bonndary éJG = r. Wc 
will 11.se here the following norms: 

llulloo := ll"llllL-(G) = vrai '!'.,'g' lu(:r:)I, 

where l · I is just. the C Lil"FORD operator norm . Pnrthermore, for 1 :5 p < oo 
wc define 

( ) 
l/1• 

llull,, := llull1,,(G) = ¡ lul'd:r: 

( ) 

1/ p 

llullv.o := / ilull:r:lºl"d:r: 
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We abbreviate 

lluli wJ(C) =: llull,,1-

By IGI we denote t.he volume of G. 

D efinit ion 25 Let u E C(G)). Then the linear integral operot.or 

with 

(Tcu)(x) = - j e(x - y)u(y)dy 

e 

1 w(x) x '\' 
e(x) =;;;; lxl"_1 , w(x) = ¡;j' x =:.: = L- x,e, 

i=I 

is called TEODORESGU transform over G. 

(3) 

VI/e remark that, Te corresponds to the known T-operator írom the one 
variable complex analys is. In the casen= 2 it coincides with the complcx 
T-operator up t.o a constant factor. First. in this section we cons ider the 
e.x.istence of this integral and some elementary properties. 

Proposition 26 Let u E C(G). Then the integral (J) e:nsts Jor a/l x E IR" 
and we have 

1 J 1 llTcullc :S - max -
1 
--

1 
- 1 dyllullc -ª" :i:EG X - Y n-

C 

Proof. Bocause of the t.he uniform convergence of J ! f(lx -y¡"- 1)dy it is 
G 

continuous according to y and , therefore, we can take the maximum over 
c. • 
This means Lhat. Te is a contin11ons operator in C(G). 

Corollary 27 For lxl -. oo il fo/lows that l(Tcu)(x}I -. O. Furthennore, 
we haue (Tcu)(x) E C00 (1R" \ G). 
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This propcrty will be es.sential for t.he investigation of boundary value pro
blcms. 

Proposition 28 Let u E L1 (G) . Then (Tcu)(x) exisf.s almost everywhern 
on R" and belongs to L,(G') far q with 1 < q < n/ (11 - 1) and any domain 
G' CR". 

Proof. Let v E Lp(G),¡J > n . Then we gel by HOLDER's ineq11ality 

J lv(u)I j 1 
V(x) = lx - y¡n- 1 dy :S lx - y¡<• - l)<dyi111llP' 

e e 

Clcarly, (n- l )q < n .. T h11s V(x) is defined by a uniformly convergcnt inte
grnl and therefore rontin11011sly. Then V(x)u(x) E L1(G). Using FUBINl 's 
theorem we obtain the idcntity 

with 

j lu(v)IV(y)dy = j lt,(y)IU(y)dy 

e e 

U(x) = j _Ehl!_dy. 
lx - Yl"-I 

e 

(4) 

Hence we conclude U(x) E l,(G), where l / p + l / q = J. In lhis way we gel 
(Tcu)(x) E l q(G). • 

Now, we will prove continuily results of Te in lhe seale oí SOBO LEY spaces. 

Proposition 29 l et u E Co(IR") theii 

1 ¡ u(x) 
8.(Tcu)(x) = -- 8 •. ,e(x - y)u(y)dy + ••-· 

<ln n. 
e 

Prooj. For the proof we will rder lo our book (iI I]). • 
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Theorem 30 The opemtor 

a.T : L,,(IR") ~ Lp(R.") 

'l3 contmuous and 

(l <p< ). 

and 
Ta: Lp(G) ~ W~ (G) 

is continuous. 

By the help of SOOOLGV embcdd ing theorems it is easy to obtain th fol
lowing results on the continuit.y of Te between other important sparcs. 

Corollary 31 

(i) Te: IL.{G), c0·9' (G)] is continuous for p > n. 

(i i) Let u E Lp(G) , 1 < ¡J < n . Then for all r < ~ we have that 

Ta: Lv(G) ~ L,(G) is compact. F01· ali E >O lhere exists 6 > O w11h 

llTau(x) - Tau(x')ll. :5 ellull. 

for lx - x'I < 6. Especially, we have that Te is compact in L2(G). 

R e mark 32 Also in the case of 11nbo11nded domains, continuily prop r
ties of the operator Te can be proved. Unfortunately, the proofs req11ire 
additional e.xpertise. We wi ll only formulate sorne result.s ancl rcfer to the 
litcratUie. Thc TEODOll8SCU transform Te is in the case of p < n a con
tinuous mapping from L,,(G) into L; '(G). For 

.,, ( l) 1 --<o<n. 1--
1' p 

the transform Te is cont in11011s from i: (G) into L~- 1 (C). orresponding 
ronsiderations for differcnt kinds of unbounded domains can b found in 

it4J. 
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3.4 Borel-Pompeiu' s formula and its consequences 

ln this part we will c0ncerA ourselves with Cfo,n-versions of classical t.heo
rems of the function theory of one complex variable. In the centre of the 
considerations will be t.he gener&hzation of BOREL- POMPEIU 1s formula. 

P roposition 33 Let u E C 1(G) n C(G, ). Then 

j(Du)(y)dy = j n(y)u(y)dr., 

G r 

where n(y ) = ¿:~::, 1 n;(y)e1 is the unit vector of th.e out.ward pointing normal 
at ·y. 

Proof. Using GAUSS 1 formNla we obtain 

j (Du)i(y)dy 

G 

t L e;eA j o;uA(y)dy 
i= l A C 

tl: e;eA f n,(y)uA(y)drv 
1= 1 A r 

j n (y)u(y)df,. • 

r 

Corollary 34 (CAUCHY 's integral theorem.) 
Let u E C1 (G) n C(G) and ·u E ker D (Du =O!) tJi.en 

j n(y)u(y)dr, = O, 

where ~ is an arbitrary smface wWt "Y e G. 

Let 

E(x) = _'.__ _ l_ lxl- (n- 2) 
a,, (2-n) 

(n > 2) wit.h 
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then we obtain tJ.E(x) = O (xi' O) (a,, is again t he surface area oí the nnit 
sphere in IR"). It can be easi•ly seen that tbe DIRAC operat.or D = ¿;~ 1 e¡8¡ 
yields 

e(x) = DE(x) = --=---lxl . 
On X n 

Proposition 35 Let u E C 2 (G) n C(G). Then 

{ u(x) in G, 
(DTau)(x) = O in IR"\ C. 

Proof. Firstly, we note that. in case of 8¡; = 81, 

11 11 11 11 

DD = L L e;e;éi;; = - L L e,e,a,, 
i= l J=I 1= 1 J= I 

- :L e;e;O;; - L (e;e; - e,e,)éi,; =!J.. 
i=J 1>j 

Furt.hermore, we have for x E G 

(DTau)(x) = D( - j e(x - y)u(y)dy) = D( - j DE(x - y)u(y)dy) 

G G 

ti.(- f a,,(Ln)lx-~l"-'u(y)dy) 
G 

The latter integral is just the volume potent.ial wllicb salves the POISSON 
equation. Hence, (DTau)(x) = u(x). 

For tJ.E(x) =O in IR"\ G it. follows our assertion. • 

T heorem 36 Let G e IR 11 be a domain which is bounded by a piecewise 
LI APUNOV surface r . Then for each u E C'(G) n C(G) 

j e(x-y)n(y)u(y)<lr, - j e(x - y)(Du)(y)dy = { •t) : : ~ g } , (5) 

r G 

where n(y) den.ot.es again the unit vector o/ Ute outward. pointing normal al 
r in potnt y . 
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Proof. Let x be an int.erior point of G, B.(x ) a ball centered at x with 
thc radius E (E > O). F\1rther, !et G, := G \ B,(x). Applying Proposition 
35 and choosing for u = e(x) t.hen it follows that 

j e(x -y)(Dv)(y)dy = 

G, 

= j e(x - y)n(y)v(y)dr, - j e(x - y)n(y)v(y)dS, ,. (6) 

r s. 

On S, (y E S,) holds 

e(x-yn(y) =2_ x- y y -x = 2_ _ _ 1 __ . 
rI., lx - YI" lx - YI rin jx - y¡n- I 

lt remains to show that the latter integral conv rges to v(x) i[ E t.ends to 
zcro. \Ve have 

lim j e(x - y)n(y)1;(y)dy = lim ( - 1- 1 j v(y)dy ) = v(x). (7) 
t -0 t -0 G n€ 11 -

~ . ~) 

Fer E - O t he first, integral in (8) exis ts and BOREL- POMPEIU's formula for 
interior points is shown. For t,hc second part we have to repeat the proof 
without excluding a neighbourhood of x. • 

Remark 37 Using STOKES' Thcorem 36 can be preved on compact n

climensiona11 oriented C00-manifolds which are lying in a domain of IR" (cf. 
l8J, l5Jl. 
Defini t ion 38 Let u E C1(G) n C(G). The operator Fr defined by 

(Fru)(x) := j e(x - y)n(y)u(y)dr, 

r 

·1s oolled CAUCHY- BIZADSE operator. 

Remark 39 In this new nol.al.ion formt~a (5) has !.he representation 

{ u(x) , x E G } 
(Fru){x) + (TcDu)(x ) = 0 • x E IR" \ C. . 
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Proof. (Theorem 36) Let T be an interior point of G, B.(x) a ball cen
terecl at x wilh the radius ' (< > O). F\irther, let G, := G\ B,(x). Applying 
P roposition 35 and choosing for u = e(x) then iL follows lhal. 

J e(x - y)(Dv)(y)dy = 

c. 

= j e(x - y)n(y)v(y)dr , - j e(x - y)n(y)u(y )dS, ,. ( ) 
r s. 

On S, (y E S, ) holds 

1 x - ¡¡ y -x 1 l 
e(x - y)n.(y) = ;;;; [x - y[" fx - y[ = ;;;; fx - y[n- 1. 

lt remains to show t.hat l,he lattcr integral converges to v(x) if ' tends to 
zero. V•le have 

limf e(x - y)n(y) v(y )dy = lim (~ J v(y)dy) = u(x). 
~-o t:-0 U 11E 11 

L L W 

For é ~ O the first integral in (8) exists and BOREL-POMP81U's formula for 
interior points is shown. For the second part we have lo repeat the proof 
without excluding a neighbourhood of x. • 

R emark 40 80R8L- POMP8IU 's formula is also valid in t hc case of mul
t iply connectecl domains. Suppose G; (i = 0, l , .. ., n) be simply connected 
bounded domaiOS in JR.U With SfllQQth bOltlldaries r, (t = 01 1, ,,, 1 71) which 
fulfi l the rel .. at ions 

(i) G0 ;) U G; = K and (ii) G, n G, = 0 (1 i' j) . Then 
1= 1 

" { ( ) in 
(Fr0 u)(x) - s (Fr,u)(x) + (Tc,\KDu)(x) = u Ox in Go \ f< } 

IR" \ IGo \ !<) 

for every function in C 1(G0 \ K ) n C(G \ K ). 

Now it is easy to t.ransfer many of t he rcsu.lts of th thcory of one cornplcx 
variable wh.ich are connected wit h AU ·11 v 's mtegraJ thoor m. 
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Theorem 41 (CAUCHY's integral formula). Let Ge IR" be a domain with 
a p·iecewise LlAPUNOV boundanJ. Pu:rthermore, let u E ker D 1 then 

{ u(x) in G } 
(Fru)(x) = O in IR"\ G 

/10/ds. 

Proof. 8 ecause oí Du = O formula (9) holds. • 

Corollary 42 Let u E ker D. Then u has partial derivatives &;,., ... ;, 
(i1 E {l , ... ,n);l E {l, ... , k)) ofany order. 

(9) 

Proof. The kernel function e(x - y) has for x f' y part,ial deriv¡itives of 
nny order. • 

Corollary 43 (Mean-value t heorem). Let 8,(x) e IR" be a ball centrnd al 
x of rodíus r. Fo1· any u E ker D 

u(x) = - 71
- J u(y)dy . 

a r 11 

u 8,.(:) 

Note that u.r"/n is just the volume of tlte ball 8,(x). 

Proof. The proof is an immediate consequence of Cauchy 1s formula. • 

Corollary 44 (Mean-value formula). Let 8,(x) again be a ball centrnd at 
x of rod1us r. Then 

u(x) =u,,,'.,,_, j u(y)dS,,. 
S,(.¡ 

wl1ern u E (ker D)(8,(x)) n C(B,(x)). 

Proof. Applying CAUCHY's integral form1tla then 

u(x) = ~ j I ¡¡-xi ,v -xlu(y)dS, = - 1- 1 j u(y)dS,,. • 
Dn Y - X 11 Y - X v 0'11T 11 -

,w ~w 
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Theorem 45 (Maximmn modulus theorem). Let G C R" be a connected 
bounded domam and u E (ker D)(G) n C(C) wtth G = G u r , r = 8G. I/ 
there exists some z E G with 

iu(x)I :5 lu(z)I (VxE G) 

i t is necessary and sufficient that u is constant. 

Proof. F'or z E G t.here ex.ists a ball B,(z) e G. Applying the mean val11e 
formula we obt.ain 

u(z) = - 1- 1 j u(x)dS.,. a,.E:"- . 
(10) 

s. 

Assmne now tha t. iu(x)I :5 iu(z)i and u is not cons tant in B,(z). Then there 
exists a decomposition of Se into t1wo sets 

s; = {x E S,: iu(x) I = iu(z)I ), s; = {x ES,: iu(x)I < iu(z)I}. 

Formula ( !O) yields 

iu(z)i < a,.~n-i [j lu(x)ldS;,,+j iu(z)ldS;,,] = IS~~; .. ~~;¡ iu(z)I = iu(z)I. 
s: s:• 

T his is a contradiction. Hence on S, we have iu(:z:)I = iu(z)I. 

Choosi11g now smaller balls B"(z) (E' <E) we obtain t.he same. Thcreíore, 
iu(:z:)i = iu(z)I in the whole ball B,(z). Si11ce G i com1ected we get imme
diately Ju(:z:)J = co11st 011 G a11d for the conti11uity of Ju(:z:)I s11ch also 011 C. 
It remains to show that u(x) is also a consta11t. F'rom JuJ2 = const . we 
conclude 

O= Dlul2 = Dó(L u~)= 2 L ¿ ¡a,u,)uAe, 
A A J""I 

and also 

O= ó Jul2 = DDJul2 = 2 L L L l(8,,u,)u,e,e1 + (81u,)(8,uA)e,e1]. 

A 1.a \ J• I 
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Sincc 1.he compoaents of a C LIFFORD left regu.lar fw1ction are harmonic one 
g ts 

" o= L L (o,uA )' 
A •= I 

ancl consequ ntly 8,uA = O (i = 1, ... , n; A). • 

Corollary 46 let G C IR" be a connected and boun.ded domain and u E 
(ker D)(G) n C(G) then 

sup lu(x)I = up lu(x)I. 
:iieG' :i:EOC 

Theorem 47 (LlOUVILLE \¡ t.heorcm). l et u E (ker D )(IR"). lj iu(x)I :5 
M (x E R") then u is a constant. 

Proof. T he proof is lcfl: l.o thc render. • 

T heore m 48 {MORERA 's t:hcor m). l et u E C'(C), Du E L,(C), r > n. 
lf for a// ba/Ls 8,(x) (r > O, x E G) 

!11en Du = O in C. 

j n(y)u(y)d-y{y) =O, 

Br(:i:) 

Proof. LeL X E e be an arbit rary point. (B,.) k E N a regular seq11encc 
of ball which is contracting to X E c. We have X E n B, .. For the validity 

• 
of LEBESCUE's theorem we obtain for each u E L,(C)(r > n), 

lim -181 I j u(y)dB,, (y) =: 1•(x) 
k-oo ,.,, 

a., 

nnd ro= ii in L,(G). S11bsti t11ting 11 = Du it follows by Proposit.ion 33 that 

j {Du)(y)dy = j n(y)u(y)dS,,., 

o .. ,. s .. " 
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and also 

1;,,I J (Du)(y)dy =O (k =O, 1,2 , ... ) 

B., 
and, tberefore, {Du)(x) =O almost everywhere on C. • 

Theorem 49 Let u E (ker D)(IR" \ G) n C{IR" \ G). Suppose 
lim u(x) = u(oo). Then 

1=1--oo 

( P, )( ) _ { u(oo) - u(x) 
ru x - ·u(oo) 

X E IR"\ G 
X E G 

Proof. Let Bn(x) be such a ball that Bn(x) :J C. Write brieíly 
s = (w.,w,) = (x/lxl. y/lyl). On accotmt of 

---= c.., s - --1 oo .,_, 1 X lk 1 
lx - YI"- ' ({; • ( ) Y ) lvl"- ' (lxl < lvll 

and CAUCHY's integra.} formula far multiply connected domains we get 

l¡ x- v i¡ x-y ;,; lx - vi" n.(v)u(y)dSn,, - ;,; lx - yl" n(y)u(y)dr, 
~ r 

= { O , x E IR" \ @n \ G) 
u(x) , x E Bn \ G 

The first integral transforms into 

~ j x- v y- x u(1)dSn = ~j --1--u(1)dSn = 
u,, lx - vi" IY - xi y ' 11,, lx - v1n-l y ' 

SR Su 

= ¿ ~ j ª~.(•)-u<v)ds;1x1• 
l=O 011 5 " R 

For R --+ the right-hand side converges to 

Co'9' (s) j u(oo)ds; = u(oo) (C~(s) ; 1), 
11., 

S" 

which provides the result.. • 
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3.5 Plemelj-Sokhotzkij-type projections 

The opcrator Pr := 4(1 +S~) denotes tbe Plem el1-Soklwtzkij-type projection 
onLo lhe space of ali Ci0,11-valued functions which may be Cfo,n- regular 
xtcndoo into the domain C. Qr := 4U-S~) denotes the Plem elj -Sokhotzki-

type proiectwn onto the space of ali ce •.• -valuoo funct.ions which can be 
Ct0."-regulnr extended into thc clomain R11 \ G and vanish at infinity. The 
opcraLor 

(S~u) := 4,,. - 26(x) ·u(x) + (Sru)(x) 
411' 

wh re 6 i t.he spa e angle tak n from outside at the point x. lt is easy t.o 
sec that 

(S~)' = l. 

Note that Plemclj-Sokhot.zkij-lype projections roinride in rase of thc 11nit 
ball with the wcll-known Szcgó projcrtions. \\'e have t.hc following stat.e
mcnts : 

P roposit ion 50 {11/ Let u E G'(G) n C(G). Then we have the formulas 

{•) (Fru)(x) + TcDu(x) = { u~x) : : ~ ~J~Vrel Pompeiu formula) } 

( . ) (DT. )( ) = { u(x) , X E G _ } 
" cu x o , x E R" \ e 

(iit) (DFr)u(x) = o in e u (R" \ G) 

T heore m 51 {ll/ {Plemelj okhotzkij 's formulas}. Let u E C°·º(G) , O < 
o < l. Then we have 

(1) .~"lr Fru)(x) = (Pru)({) .,e 
{i1) .~l'lr Fru)(x) = (- Qru)({) 

·~•"\l:° 

Jor anv~ E r 
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Corollary 52 {1 I} Lel u E Cº·º (r). Then the relaltons 

(i ) (S~u)({) =u({) 

{iii) (P1u)(0 = (Pru)({) 

are valid for an.y { E r . 

(ii) (FrPruHO = Fru({) 

{iv) (Q}u)(O = (Qru)({) 

3.6 Hilbert space decomposition 

Let us now consider the Hilbert space L2(G) wit.h an inner prod11ct. {-u, v) = 
Jüu dx E C lo.n· 
e 

Theorem 53 Tite ffilberl space L2 (G) allows an orthogonal decomposillon 

L2(G) = [ker D n L2(G)j l3l D[lV,' (G)] 

Proof. The right-lincar sets X, = L2(G) n ker D and X 2 = L2 (G) \ X , 
are subspaces of L2 (G) . Let u E X2 . Then it follows v = Tcu E W,'(G) 
and u has a represent,at,ion ·u = D u,v E W'J(G). F'rom u E X 2 we have 
J Du g dx = O foral\ g E X 1 and in part icular J Di• e(x - y1)dx = O foral\ 
e e 
numbers' E N, wherc Y1 E r11 , rA = ªª"'' and clos G e ªA· We assume 
now that the sel {u.1} E r A, is dense in r A· Integration by parts lcads to 

J e(y1 - x)n(x)1i(x)dr , = (Frlrrv)(y,) = O for a!J 1 E N, hence, Frt1·rv = O 
r 
m e - and ti.!'¡ (Frlrrv)(y) = O. Consequent.ly, we have l!·rv E im Pr n 

.,ec-

Wi 1'(G). sing t.hcorcms about traces we oblain the e."<Cislence of a f~nction 

V E ker D n W,' (G) : lrr V = lrr u. lf we consider now v - V E W,' (G), 
lhen lhe appli a tion of D shows that D( v - V) = Dti = u and we ha ve 

u E D[IV,' (G)]. T his result me~ns that ((k ·r D n L,(G)).l \;; D[W,' (G)]. 

lf we suppose now t.hat w E D[W,' (G)] we cond ude as follows: 
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j uwdx = j üDzdx= j Duzdx=O 

e e e 

íor ali u E ker D. 0 

Th n " 'C havc o¡w,¡ (G)I ~ !ker D n L,(GW. • 

Corollary 54 Thcrc cxist, two orthoprojCC'tions /Pe and Qa wi t.h 

!Pe: L2(C) 

Qc: L,(G) 

kcr D n L,(G) . 
DIWi (G)I, Oc= 1 - !Pe 
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Remark 55 Ir wc use thc opcrator Ru = L r ..tU -'eA wit.h posit.i vc real ,. 
numbcrs rA nnd the inner produrt lu111Jn = J R- 1uR- 1udG thcn Theorem 

G 
53 ran be gencra lizcd 
in lhc following way: . 

L2(G) = 1 R kerD n L,(G)! EilR Dlll'i (G)I 

\Ve can prove thjs dccomposition 11sing lhe same met.hods as in thc proof 
of Thoorem 53. 

Corollary 56 Let f E L2(C) , (Tcf)(x) = O for x E IR"\ clos G => f E 
1mQc. 

Proof. \Ve use the r prescntat ion f = Dg with g = Tcf.
0 

F\·om t.he as

sumpllon it follows thnt lrrg = O nnd hcnce, f = Dg E DIWi (C)J. • 

The lest rorollary enablcs 11s to formulat · a Lheor m concerning thc com
pl tcness of {e(T - y1)) and to prove thc thoorem wit.ho111. 1•• ing Hahn
Bnnad1 's Thoorcm. 

Theor<!m 57 Under the aboue ment.wn d cond1trons for {y,), ,.., e r A lhe 
g lem {e(z - y1)}1 ,.., is complete m L,(G) n kcr D. 
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Proof.As u ual, we assume t.he existence of u E ker D n L,(C) = 1m!Pa 
with property (u,e(· - y1)) = O VI E IN. ote thaL im!Pa is t.he imag 
of the op rotor IPa. Then we have (Ta-u)(x) = o for Vx E r A• becau e 
Tau E C"'(IR"\ clos G). F\Jrthermore, usiDg Tau E ker 6(/R" \ clos G), 
(Tau)(x) ----t O we arrive at (Tau)(x) = O for x E IR"\ clos G. The 

1: 1-
previous corollary implies that u E im Qc. Hence u E un !Pe n im Qc = 
{O}. T hls proves t.he theorem. • 

4 Applications 

4.1 A new sort of elementary functions 

Let us start with the introduction of an exponential function. Far t.his 
section we assume that x is a pa.rnvect.or in Cto.n· e.g. x E PVec Ceo." e 
Clo.n- Each paravector penni ts the representation x = xo + ~ wit.h :f = 
¿:::.,1 x 1e1 • F\irt.hermore, we define a f11 nction w: IR" - S 11 given by w(x) := 
Ul.~J. \•\ie will use for our defin ition a 11ormally convergent s ries expansion. 
For an arbit.rary e > O it, is atways possible to find a ufficiently large n11mber 

sucl1 that for aDy r, s > N holds 

where /( is a constant which only depends on n. and satisfies t he inequali ty 
l:i:yl $ /(1 lxllyl. Note Lhat lxl' = xx = x5 + x1 + ... + x~. 

De.finitiou l Let x be a paravector in Ceo.ri· The exponential function e:; 
1s defined by the power series 

00 k "' X ¿_, k!' 
k• O 

Proposition 2 The exponentiai fu11ct1on penn1ts llr.e rcpresentatrnn 

e'= e"'(cos l!!il + w(x) sin l;¡¡IJ. 

(11 ) 
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Proof sing the CAUCHY prod11ct of two power seri~ we get 

ll remain t,o consider e:i:.. We have 

CoroUary 3 Let. x, y be pmnvectors uJ. Cfo,n· 1/ .xy = yx we ge. /, 

(12) 

Coro llary 4 Por· any ¡mmvector x E Cfo,n we haue 

(i) e' f O, (i i) - •e•= 1, (iii) ew(z¡. = - 1, 

(iv) e'<•= (e')' (k E N) {MOIV!lll ~ formula}, (v) le'I =e'' · 

Using an idea in 12] we obt:ain: 

Coro Uary 5 Let X &e a varavector in ce ..... The11 the exponent.ial fu11ctio11 
may be descn&ed &y lhe limit 

( X)"' e:i: = lim 1 +- . 
rl\J- •00 m 

Proo f. Consider t.he difference 
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Since ( 1 + ;; ) m is a polynomial tl'ds series is normally onverg nt .. Th sam 
is valid far the series e:i:. The coefficients in front of xk are posit.ive. ow 
we obtain 

which tends to zero for m to infinity. • 

D efinition 6 Let. x be a paravector in Clo .... Then llyperbohc and tngono
m etric functwn~ arn defined by the foUoruing formu/ae: 

sinh x .-
ez + e-:i: 

cosh x := --2--. 

For l;i;I # O we define: 

sinx 
e:z:w(x) - e-xw(x) 

:= 2 w(x), cosx .-
2 

Corollary 7 It holds 

sin x = - sin (-x) and cos x = cos (-x). 

Proposition 8 The hyperbolic funclions sinh x and cosh x and lngonome
tnc funct1ons sin x an.d cos x permit lh e follounng representalions: 

and 

rosh x = w(x) sinh xosin l;i;I + coshxocos l;i;I. 
sinh x = w(x) cosh xosin l;i;I + sinh xocos l;i;I. 

sin x = w(x) sinh l;i;I cos xo + cosh l;i;I in xo, 

ros:c = w(x) sinh l;i;I sin xo + cosh l.id ros xo. 

The nght-hand sules of t.hese representatwns can bt: uscd. far Ute definit1on 
of sin and cos m t.he case of l;i;I = O. 
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Deftnition 9 Let x E Cfo,11 be a para.vector, e.g. :z: = x0 + ~' x =f. xo < O. 
7'/aen a parovector valt!ed fogarithrn log x is defined by 

Xo 
log x := ln lxl + w(x ) arccos ¡;;¡• l:i;I #O or l;i;I = O, xo > O. 

Coro llary 10 The above defined fogarithm log :z: h-0s t.he f ollowi.ng prope1·
Ues: 

(i) log 1 = O and log e, = i (i = 1, ... , n), 

.. 1 l:i;I 
(11) 1 - ¡;;¡ - nrct.an lxol :S l log xi :S lxl - 1 

l:i;I 
arelan lxol. 

Theo r-em 11 The function log x is the mverse to the exponential function 
ez mlroduced above, wh1.ch means 

e1ºS ;i: = x and lag ez = x . 

Proof. T he proof is to realize by a straightforward calc11 la l.ion. • 

Coro llary 12 Let xy = yx titen the well-knoum logant.hm rule 

log (xy) = log x + log y 

·13 val1d. 

Defl.njtion 13 Let a be a real numbe,·. The genernl powe1· function xª is 
defined by 

xª := eºloS z. 

One example will co11firm this definition. 

Example 14 Let x = ;i; and a = ~ 
calculaüon: 

!! e!{ln l¡J+c.i(:) nn:.c1J11 f;t+w(:i:)2h) 

We have to line º "t the f ollowing 

\/iij [e.os G(arccos O + 2k.-)) + w(x) siu (~ (arcsin O+ 2k.-))] 
\/iii [cos (~ + 2k7' ) +w(x)sin (~ + 2k.- )] 

2n n 2n n. 

f ar k = O, 1, ... , n - l. 
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4.1.1 Radially differentiable functions and FuETER's mapping 

The elementary functions introd 11ced above are not. LIFPORD regular. This 
is caused by the operator r in the following representation of the CA u MY
FUETER operator 

Thus it holds as already preved rw = (n- l )w. This expression is dist11rbing 
the structure of mrr elementary f11nctions. By the way, we not e t.hat scaJar 
and vector fields which are only depending on 1±1 are lying in the kernel of 
r. l t seems to be usefu l to introduce the following operator: 

D efinition 15 The differential operator 

is called radial CAUCHY- FUETER opemtor. 

Note the denotation DraU := u' far a paravector u E Cfo,ri· Let. llS now 
investigate ü1 which manner this operator is acting on the element.ary íunc
tions. 

Proposit io n 16 We list here the following differential actions: 

( .) A ( ) o r· .) A 1 1 1±1 r· .. ) A ( ) t v¡¡JW X = ' " Vt• I X = ¡;¡· m v 1.1± = w X • 

Proof. Far u E C2 (IR 11 , Cfo,11 ) we have for instance 

8¡,1w,(x) = a1, 1od±I = a,a¡,¡l;io/ =a, 1 =o, 

where w,(x) = x,/1±1· We note only fo r (iii ) that ± = (±/1±/ll±I· Property 
(ii) is easy to verify. • 

Proposit ion 17 Let tt, v be ¡¡arauector ualued funct.ons . lf w(x)u = uw(x) 
then /or D~ the L8IBN tZ rule holds. 

Theore m 18 The radial difJ 1wtial operntor D~ genemtes m the set of 
e/ementary functron Uic followmg roles: 



Wolfgang Spriissig 

(i) (e')' = e', 

(i-1) (sin :z:)' = os x, (cos x)' = - sin x, 

(iii) (sinh x)' = cosh :z:, (cosh x)' = sinb :z: , 

(iu) (log :z:)' = ~ . 

(v) (zº)' =ax•- • whern a E IR. 

Proof. AU properties follow straightforwo.rd. • 
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Deflnition 19 Let f PVec Ceo,1 ,.... PVec Clo.1 be a parovector· valued 
/1mction rn Ceo,,, of tJie type f = fo + w(x)fi un.th. fo , /1 E IR and h = 
ho + w(x)/!!I. Such a funct.ion is called rod1ally d1fferentiable or radially 
CL!Ff'ORD regula,. if and only if 

lim (J(x + h) - f (x ))h 

"-·O lhl' 
e:nsts. In tl1e case o/ e:r.istence the mdial den uatwe rs j1LSt /'(1') = D,.. 

Theorem 20 Let f, = f1( xo, L:d), (i = O, 1) reai-uatu.ed functions and 
f = fo + w(:z:) /1 . Purther, l.her"C e:nst contmuou parir.al derivatives IJo f, 
and f, (1 = O, !). Then the function f is rod1aJ/y drfferentiable if and 
only 1/ lhe relotrons 

Bofo = B1. 1f1, élo/1 = -Bwfo 

ore volad. 

Corollary 21 All above defined elementa.-y funcllons are mdially C LJF
f'OllD regular. 

Now we will demonstrnt~e how to transform radially regular functions to 
Clifford regide.r f11nctions. T he bu.sic idea gocs be.rJ< f.o R. FuriTEll, who 
formuJa&ed a 1 ran íormation of holomorphi fon tions f,o quat.ernfonic regu
lar functions. Later M. ScE [22J o.ncl T. QtAN [20j generalizecl t hese res11l ts. 
We wilJ illus Lrnle this mapping in Cl0,., . Let z := u + iv E IC and h := 
11 + u E Cfo,n· lnt.rocl11cing by T t.he mnpping: 

q = r(z) = tJ,(n- l)/'11. 
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Proposition 22 (20} Let h = u(x0 , l;;:I) + wu(x0, l;i¡IJ be a function rod1.ally 
,-egular in an open set ofJR"+1 . Then for an.y rtumber k EN we /ind 

where 

Pmof. The proof given in \20J follows by mathematical induct.ion. • 

Theorem 23 Let. n = 2. A radial/y quatem10111c regular function /11/fi/$ 
U1e followmg di.lferential equation 

l;;:I' 6 h - l;;:IB¡;¡;llr + w Vec h = O 

Prvof. The set.ion of t.he operator 6 on Ir . 

F\u-ther we obt.ai n 

H nce 

[l;;:I' 6 - 1;;:18¡;;:1 + w Vec] h = O. 

Coro Uary 24 The Davlacian rcalues Uie mappmg 

6 : ker Billo ........., ker 8, 

where 8., = 8o + D., . 
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Rcmnrk 25 F'or ru1 arbitrary n w hnve to subslilute th operator ó. by 
th{' opcrat.or .o,<n- l)/ 2. 111 t.his wny wc hnve for odd n t.ha t. this op rat.or is 
j11st n pomtwi liffcr · ntia l opcrat.or and íor even n we have t;o consider thc 
FouruER mullipli r op rat.or indured by the ymbol 

\Ve wiU now restriC't our <·011s id · rntions to th case of real qunt.crnfo11s. 

Theorem 26 Fu1::Tgn. ' s mappmg delwt>r w the /ollowin.g <¡tLaleniiomc 
regular tlemcntary f'unctions. 

l . erp X:= (+VI +w ·tll-=¡11J .. •ln!¡!) ~o 

f. s10 z:=sin x ~+w(t;r!c~hl.!J-amhi)rosx o --i¡¡- J .1:1' o 

3. coa x:=cOS3'o~-w( •mh!z,'.;.'f!c..hL) mx0 

4. cosb x := + ('OSh xo~ + w •ml.r\;1¡1cua 1 mh zo. 

Proof mg th pnp r ([201) t.h proof is an ex rcise. • 

R emark 27 F ui-::rn:.11 1 s melhocl al o generales a "'loganlhm" wluch we w1ll 
denote by log x. Afte1· a st1mghtforward aimputatron we find: 

log z = --1-- - w ( --1-- + _!._ arcros __ x_o - ) 
(r2 + x~) r(r2 +xi) r2 Jr• + x& · 

Unforl.unately lag lS not lhe mv rse o/ exp 

Now " \lio!'}ll ronsid -r SOlllC lcrnentary properues or the regular xpon ntial 
funct1on exp x . Seuing 

·= (Bo+ º) . 2 . 
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Theore m 28 The exponential function has the property: 

i'iexp>.x = Áexp>.x , >. E C 

Proof. We obtain D = ~ L + wiw· As for definition 

DexpÁX = (@L +wl;.,) expÁx 

us ing Lf(l;i;I) = O (for any real fu nction /!) and Lw = 2 t.hen we get. 

D exp>.x 

(ii) lim lexp:i;J = e'º. :. .... o 

4. 2 Select ed b ounda ry value proble ms in fluid me
chanics 

\: e assume for t.he moment that. t.he domain e is bounded by l\ pieceweise 
smoolb bounded Liapunov surface. In the Iast years these assumpt.ions 
could be consid rabie weaken d . 

4.2. l Linear equa t ions of Stokes ' ty pe 

- Ll.u + ~ 'i7p 
- r¡ 

'!. ¡ 
ry -

in e 

div M: fo in e 

!! 2. 011 r . 
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11 re q"' thc " isrosit.y '""' p t.hc clcnsity o[ the fluid. We hav to look far 
1.hc vcloc1Ly u f\nd t.hc hydrost.at.ical pressure p. Be1ween fo and a_ w huve 
to fulfil th rclat.ion: 

j fodx = j n!!.dr. 

e r 

F'or g =O thcn the m nsurc oí t.he compressib1h1y fo satisfi t.hc iclcnt.it.y 

j fodx =O. 

e 

For nU surh real fnnct.ions fo cn11 be r pr nted 1he 1miquc solnlion (p is 
un.1q11e up to a real con!'t,nnt,) ílS follows: 

T heore m 30 /12/ let f := fo + [ E w;(C,H) (k ~O, t < p 
uit hove 

111 that \\'8.Y w st,rongly scpnrnlcd velOC'ity and pressure. 

4.2.2 onlinear equations o f tok s' typ 

). Titen 

Now " um t.hat. t.h comprcssibihty d pends on t.he v lorit.y nnd t.h 
11011hncar out r forc . Thr cq1ui.tion descnbmg th1s sta.t. ar t.h following: 

- t. .. +~'i7 
- '1 p 

f (u) '"e (13) 

di" (r¡- 1y) o '" e 
y o on r 

Th PN'&mCt.er oí "isrosity r¡ (r¡ > O) d pends on the posit.ion. Th main 
r ull gmm by: 
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Theorem 31 {15] 

/ . Let f E L-,(G,IHI),p E Wj(G),ry E C (G). Then euery solution of tlie 
system {13) permits the i.nlegro/ representotron 

" = ARE/ - RBDp ( 14) 

O = ScAQTcB/ - ScQTcBDp. 

Here B is the mulliplical'ÍOn operotor by ry-1 and R := TcQTc. 

2. lf the opemt,01· f1mclion f(u) sat1sfies t11e esllmates 

(i) 11/(u) - /(v)Jl2 :::; L llu -vJb_t, for llull2.1, Jl11Jl2.1 :::; 1, 

(ii) 118112:::; I<for positive constants /( , L 

(iii) A < (llTll;mQn1.,,t.,llTllt.,.t., f<L} - 1 

the rternhon procedure 

u,,= ARllf(u,,_¡) - RBDp,, 

AScDBRJ(u,._¡) = ScDB RDp,, 
o 1 

llualJ,,1 :::; 1 (11-0 ew, (G, IHI)) 

o 1 
is coriuergmg t.o a unique solut1on {u,p) EW2 (G,IHI) n ker(divB) x 
L-,(G) of (/./), where p 1s un11rue up t.o a real const.ant. 

4.2.3 Pro blems of N avie r- Stokes typ e 

In the st.alionary case Navier- Stokes equations are described in Lhe following 
wny: 

- Ó!!+ !'.(!!. V')'u + ~ V'p !'.¡ in e (15) 
ry - ry ry 

div !! o in e 
!! o on r . 

We will abbrevinl,e wiLh M(v) := M"(u) - / , where M"(u) = (!! · grnd)!!· 
The mam resnlt is now the following: 

T heorem 32 {9J/ 11 / 
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l. ll!t f E L,(G),¡1 E W,'(G). Every soluLlon of {I S} ¡1ennits l.he 071era
tor rnt.egrol 11!Jn-eSen.tation 

u = _ !!.nM (u) - ~TcQp 
1) 1) 

(16) 

!!.scQTcM (u) - ~ScQp = O. 
1/ 1) 

• l 
2. The system {16) has a umque solutao11 ( u,p) EIV2 (G, IHl)n ker(divB)x 

!.,( G), wherc p is 1miq11e up Lo " real consl<JJtl , •/ 

(i) 11!11,, ::; (rs1<2c,i-• 
with /( := !!.l/Tcl/¡,,, m w~1llTll ¡1,,,,i,¡ 

1/ 
• l 

{i.i ) "º EW2 (C,lll)n ker(divB) 
. 1 

with llt1olh.1 $ nun(V, 4KC, + W) 

holds. Herc m erms V := (21<c,¡- 1, 1 := ((·ll<C;¡- 2 - ~J! anrl 

C, = g!c 1 tuhere C is the embeddrng constant from. YVJ in l2. 'I'he 
1lcrotron procedum (.<J l,art mg 1UlU1 u0J 

11.,, = !!. nM(u._,) - ~RDp. 
,, 1) 

!!.scQ7'c;M(t1.,,_,) = -~ScQ¡¡,, 
1/ 1) 

• l 
(uo ew, (C,H) n k rdiv) 

converges ;,. W,'(G, ~i) x l,(G). 

4.2.4 avier-Stokes equations with heat conduction 

Wc. \1.ri.U now consider t.he flow of a viscous fluid und r ~he influ ne of 
t mpc:rat.u.re.. The correspondinv. cq11nt.ions read ns follows: 
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- V'w + ~(u· )w 
1 e -h in 

" K 

di\I !! o in e 
!! o on r 
w o on r 

We denote by p t.he densily of 1.he fl uid , by ry t he viscosit.y, by -y t hc Grnshof 
number, by" t.he t.emperatur co11duct ivity and by m the Prandl number. 
As usual !! s tands for l:he velo«il.y, w for the tempernlnr nnd p > r lhe 
hyclrostat iC' pressurc. Wc will here only formulat the main result.. lt rnn 
be sho"•n thal. l.hc sol111.io11s of t his ysten1 ful fil the fo llowing sys1 m of 
operar.ar integTal equations, where bmmdnry conditions will be fulfill ed 0 11-

LOmatically. Here we have this system: 

u= - R!M (lL) - 1e3 w) - ~ToQp 
ry ry 

O= ScDRIM (u) - l 3w) - ~Qp 
ry ry 

w = _'!:. n sc(u D)w + Rg 

" 
wh re Al (u) := ~(!! · grud )u + f (u) - F. 

Tbeorem 33 f 13/ 

/. ll'e cons1der the following itcratwn proccdure: 

(17) 

u,, = - R!M (u,,_i) - 1 3w. _,J - ~ToQp,, (1 ) 
r¡ ry 

O= ScDRIM (u.- 1) - 1e3w. _,J - ~ Qp,, 
~ ry 

w,, = -~RSc( u,,D ) w. Rg. 

" 
The compulallon of w11 will be done by the rn.n.cr i.t.eration: 

u!,, = ~ RSc( u,, D)ul,,- 1 + Rg. 
K 

o l 
!?. Let u. ew,. F'urth r, le! mi '' " and u. f < K/mKC. The scquence 

¡w,\'>¡, converges m Wi(C). 
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3. ut F e L,(C, IHI), g e L,(G), f : W,'(C ,11) - L,(C, IHI) witl• ll/(u) 
/ (u)ll2 5 Lllu - ulh.1 and f (O) = O. Under lh.e addi.t.ional smallness 
condrhon.s 

) p 11 'Y 1 1 (i. ;:¡llF , + ;:¡Kldl- 119112 < 16K'C 

(ri) llull2 < (1 - ~)11d'C2K~Cm) 
(1.ii ) m <'I" 

tht! sequ nce {u.,, 1 W11 ,P11} {1•eNt converge m ll J x Mli x L2 f.o lhe muque 
o l o l 

olution (u, w, ¡;) ew, (C, IHI) x W", (C.IH) x L,(G) of the originally 
boundary valu.e ¡nvblem, where p 1 umque up to a real const.ant. 

Remark 34 We not.e l;hat condi tions (•) and {u) can alwa¡¡s be realized fo,. 
flu ul.!s wrtl1 big enough vi.'lcosity numbcr. 

4.3 Eigenvalues and Teodore cu t ra n form 

4.3.1 On the flrst e igenvalue of Oirichlet ' s problem 

W ore going to esl.ablish conn ·tio11s between suit.able nonns of the Teodo
re&·u l ransform and the fi rst cigenvalu of Oirichlet' probl m. Assum e that 
e is n bounded domain with n bounclary r wh.ich sati fies weak smoothness 
t·ond.ilions for ins1,o.nce 1.he con property. Then t he Di rae opernt;or 

o 

D :Wi (G) - im Q 

ís im-ert ible aud 

o 

o-' := Te : i mQ ~w,' (G). 

~Ve ob1.ain in thi way !•he following estimal : 

llTcu lb :5 cllulb (•'E Q) 

llDull2 ~ c- ' llulh (u eiii (G)) 
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For the smallest, eigenvalue >. 1 of Dirichlet' s problem w g 1 

>-1 = inf (u., -Lh), = inf (Du, Du), inf llDull~ 
·••=l<o> llull~ .... :jcai ~ = ·••=l'ª' llull~ · 

.. ,ta u.,io .. .,o 

Hence 

With u := Tcu and 11 E i.mQ it, follows 

l 
llTc11 lll ~ :x;llvlll 

and llTc llt•mQ,W.JJ ~ ,\~ 112 . Assume now that. U¡ is t.he corr ponding cig n
fun t.ion to the eigenvalue )q .We obtain 

UTcwlll = llTcDuilll = lludll = llDudll = llwlll+i 

with w = Du.1 and {u1 EWi (G)). As a consequen e, we hav 

>-1 = llTcll~:.Q.'4 1 " 
ln a sin:Ular way we flnd 

llTcll' • = >. , + 1· 
[imQ,W.J (C)I ,\¡ 

Bccause of llToll¡i,,",I ?: llTcll¡ .... Q.'41 we gel., applyi.ng Schmidt' s ioequalil.y, 

llTc ll11.,,1..,¡ ~~· 
Here 8 1 denot.es t.he 1mi1. ball in IR" and 18 11, IGI denot.es th vol11me of the 
mlil bal1 and t.h doma.in el rCSpec."liv ly. Thus we hav obtained nnder 
1 hesc very w llk ro11di1,ions t.hc doma.in G Lhe folJo\\lmg low r t.imat. for 
>. , 
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Rcmark 35 Under additional geometr1cal and mootJ1.ness conditiom thern 
e.MI belter lower estimates. Lower bounds fur e1ge1w alues wern fi1·st esta
blí•hcd rn 1936 by E. 1\-ef!t z/F.A. W1llers, Llmulal cd by problems in engi
nccn119. &sential conl•'ibution.s we1'C given by J. Hersd1. {1960), W.A. !<o11-
dral1eu (1967), J. Cheeger· ( 1970), L. Payne/I. Stakgold (1973), W./(. Hay
"'ª" {1 9'l ), M. Taylo1· (1979), R. Osserman11 {1979), C. Banclle (1980), 
C.8 . Croke (19 1), M.H. Protter (19 1), R. Klo t.z.ler (1983), J V. Je
gorou/IV. JI. Kondroü v (19 4) and so on. 

4.3.2 F irst. igenvalue of N uma 11111 s problem 

Oy modificnt.ion of t.he Teodor C' t1 1.rnnsform \\"C wiH g t. a Jower estirnnl,ion 
oí th first. cig nvo.l11c oí N 111nl.1.1111 1 s problem 

- t.·u = At1 in C, 
a,,11 =o on r 

F'or this purp , we i11t.rod11ce the factor space 

Wi(C) := {u E Wi (C) : J u(:i:)dC = O} / k r·D 

e 
nnd th modi6ed Teoclorescu trnnsform 

Note tha1 

Tu := Tu - l~I J (Tu)(x)dC (u E L..,(C)). 

e 

D: Wi(C) ~ L..,(C ). 

Thc foUowing properties cnu be provcd: 

(i) im D(Wi (C)) = L..,(C) 

(ii ) k r D n Wi(C) = {O} 

(iii) k r f n L,(C) = {O} 

(iv) im f¡¡,.,(C)) = f"d CC) 
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Menee, it follows immccliat,ely thnt. the inverse of lh operator D as a mnp 
between tllis pa.ir of Bnnach spnces is giv n by 

0-1 :=T. 

Using the same tedmic¡ne as before, wc prO\'e by ronsidernt.ion of 1.hc ope-
raLor T (cf. fl3j) t.he est.imnt:e 

where ).~'denotes t.he firsl'. eigenvnl11 · oí Nelm1rum 1s problem. 

4.4 An e igenvalue problem of Stok type 

Let f: ll"~(C) ~ \lec L2(C) be u non-linear operator whirh í11lfils a Lips
t hitz <-ondilion 

11/ (u) - /(u)ll2 :5 Lll·u - 1111. (u, 11) E {u E ll'~(C): 1111.ll :5 1). 

\\·e are going to cons ider the fol\owiug non-linear Slokes' igenvaluc probl m 

- /:;¡;_ + ry- 1grndp = 1\/(g) in C. 

div!! = Ü in e, 

!! =o on r. 

The real numb r A is culled tgenvalue parometcr. 11 = ry(:t) el ribes Lhe 
viscosity hmC'tion. AfLer lirnnsformnlion in a corresponcUng quaternionic 
language we g t. th ecp1ivnl nt. opcrntor-int graJ fonnnlalion 

u-l-r¡- 1Tc;Qp 

r('ScQ,, 

wherc u = u0 + !! nnd /(!!) = f(u). 

ATc;QTc;f(u) 

cQTc;/(u) 
(19) 
(20) 
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O Anition 36 !/ for problrm fomwlaled above the pamn1el.e1· A there e.i'ist 
1101h~tro /un{'ltons u a n d p wluch salve the problem /ormulaüd abo ve 6hen 
¡\ 1.< called a paml o/ tlte spectrnm o o/ our problem. !/u llull2.1 5 r t.hen 
we denote th1 p<Jrt of lhe .tper;t,rtun by u,. . 

Th r m 37 /,el A E 111 , f(O ) = O. Abbrevoate llTll1 := llTll¡1.,,Q.WJI u:ml 
ll'f'lb .~ llTll¡,mQ,t.,)· Tlwn 

IAI ?: (i, llTll dlTlb)-1. 

Proof. Th di!f ren1.iol.io11 of 1.h r · pres nlnlion formula ( 19) yields 

D11 + ~Qp = AQTJ(u). 
'I 

.!4 m lh rl\tiC of t.he li11 or 'T 1< 1~ systcm we have 

llDulll + ~11 vlli = IAl2llQTJ(u)ll~· ,, 
llrnn bc hown (rf. 112]) 1.ht>I, 

n:;-v ~llullv 5 IAI llTlbllf (u)lb 5 IAI llTlbL. 

(2 1) 

llcre," nsod Lhol. ll f (u)ll2 5 L for llulli.2 5 1 as a oonscquence oí the local 
LfP. tllTZ condition. He11C'e, 

llulh.1 5 l,\l llTlldlTlbL. 

Now the following iti rat.ion pro<· l11re an b íormulntied: 

º ' uo E W2 (C) n krdiv, lluoll5 1, 
u. >.TQTJ(u,,_ , ) - ~T p,. (n = l , 2, . .. ). ,, 

l\l roch q> a linenr 'TOKES problern has to be solved. lliltlking sorn 
GP4lr •c:w 11mn.1ions1 wc ob1.ni11: 

Du. - u..- ill" ' 5 IAI llTll1 llTll2Lllu,._, - u,._, 11,,,. 
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Asstuning IAl llTll 1 llTll2L :5 1 we conclude tl1e contractivity of Lh non
linear mapping . Wi t,h the help of {2 1) il is ensured 1hnt llu. 11 12 :5 1 (V u E 
N ). ow, we cnn apply BANACll 'S fixed-point theorem o.nd oblain tha t 
{u,,, Pn} conv rges t.o the 11nic¡11c solution. Therefore, such Uiat 

can noL be.long to a 1 . • 

Whal happ ns wh ·n we omit. t.hc restric t.h•e condition J(O) = O ? 

R ema.rk 3 lf J (O) ,¡, O l:hen, it can not be ensured lhat. u,. - O, a1U1ovgli 
•' lhe proof of convergence goes througli. lf we MSume that f :W2- Lp(G) 

(~ < p < ~) and 

llJ(u) - J (v)llv :5 Lll u - vlll.t · 

't u,11 E Wi(C): llu lh.1 :5 l , Uvlh.1 :5 l. 

We can prove IJwt. 

Thas i.s a conseqttence of 

Mllulk1 :5 1-'I llT ll¡i,..i,,JL 

wluch can be concluded f rom (21 ). The a.ssumplwn p > ~ guamntees thal 
T : Lp - L, is boun.ded. 

on has th following theor m: 

T heorem 39 Let /\ E u 1, J(O) = O. Tl1en undu th assumpt1on 

11 /Cu) - / (v)l12 :5 Lllu - •·lh. 'tu, v : Oulb :5 l , llv lh :5 l. 

1VC hall<! thot. 
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, 1 

Proor. We olrcody know Llrnt ll D1•lh ~ Allulh (\llL E w,). Th dore. 
írom (2 1) wc g 1 

ow ftTlb 5 1 / ff. mak . 1 he proor complete. • 

n m o.rk JO The L1PSClllTZ contliltou rn L1 ~ morr uscful than the cond·i
l~o11 klu n L1 and \.\t.]. /3111 uw lwtit: lo pay f or thr,s convenience. Namely, 
u1t hove anotlu:.r c1ge11val·ue 111 ou,. final '"' ull. 'ev rtl1eless, all eslirnnl,es 
an· construrtuw, bccau..11c ,\ 1 ns well as the T-nonn.s can be explicilly esl'l
maltd bv prop¡;rt1r,, of C. 

~Ul.l Low r bound of t h · sp t r um o í a non-linear problem in 
e la.sti ity 

L tu. co11sider lh íollowi 11g cigo11val11 problcm (cf 1?]!13)): 

- 61L - ~grn 1 cliv u 
- m - 2 -

!! 

rl/{y) in e 
o on r 

'fhc pa.rrun w m d -not,C::i Poisson 1 s conlroction numb r and .!! is the vector 
OÍ displl\C'.eJllcnt.s. As in t,h pr vious ec.·tion we compleLe t.he vector funcl:ion 
J! to the qunt rnionic func~iou u = u0 + !!· \Ve obtnin the quaLernionic 
rormulauoo 

DMDu A / {u) 
o, 

whcre 

m - 2 
/Vfo := 2{ nr - 1) "° + !!· 

An hcr'80on prorcduro is now d fincd by 
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lt is nsy to how t ht\I, lr,.u.., = O!). In j12) n 1 venfied lha1 1h 
{u,.) converges t.o zero i f 

inf IAI > m - 2 . 
A ª' - 2L.(m - l )llT llil\T jj, 

In that way w gct. low r bou nd of a1. 

¡uenC'C 

R rnark .i 1 Srm1/ad111 one gel au eslimatron o/ the first rg n.valu o/ tlte 
o ctllal1on probl m w. l'i.near efost icily: 

- Ó.!! - ~grud cliv !! - 01p 
m. - 2 

!M rn. e 
!! o on r 

Here O denol s tJ1 c oscillali011 /1<q11 ency and p th dens1ty o/ IJ1e maltnal 
The hmallon n ·ad.• : 

A1 > ~-~-1-+0'p 
- 2(11t - 1) JX;'+T 

u·hc~ A1 dcno tc.11 llic fir.i; t Cl!JtrHmlut. o/ D1nclalet' probl m . 

.J . .S.2 mpa.rison of e ig 11 vnlu o f diff r nt ig nvalu prob l rns 

In tlus t1on w want, t,o ded11re relnt ions b l\'- the firsL ig nvalu of 
01ri-
ch.I t' problem 1 t.okcs' probl · I'n nnd Lam ' probt m. Th r ults \\1 re 
obUWJcd b)' 1<. Giirl bcck . onfcr our book l12J. Lam 's syst m 

,,, 
- Ó.1! - m _ 2grnd d1v !! !! 111 

!! o on r, 

wh re u - O íor /\ E IR. This 8YSIC' lll has only Lhe 1 rivirLI solut ion if 

IAll\Tc; "''" 'Tclh1.,.L,1 < 1 

lh~1 
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Now wc cnn csthnot. 1 0 11 t.hr ne hn.nd, 

( e) . í (DA! D u, u), < ,·,.r (D"• Du) = /\ 
1 m, = •• i!'.' .... , llulll - ... :.;n•··->< ... ll"·lll •· 

~~o .~ 

On th o~h r hand 

{ (ll Du.l!l+ ~11 
/\ 1(m.C)a mf l!ulll 

e Dullll 
uE\11, Sc u = O,u o¡! O . o 1 } 

'n1orcforc1 w l' hn monot.onici1.y rclnt ivcly to m i.e.. 

1(m,C) $ A1(m', G) for m < m'. 

t.he limit. 

,!!1 ~~ /\1 = A .. :S A. 

\Ve l\rt' nbl LO forn1ulnt.c t.hr íollowing result· 

T h r m J2 ( iirl b ·k[ IOJ) /,et A. bo tht fint cr9erw nlue of St.oke• equa
ium undcr Drnclilet 1.o; crmtáüori ami m > 2. Then u• ha.ve the inclusion 

(1Bi1 )'1" ., TCf 1r :5 ,\1(G) < A1(m.G)::; 1\ . (G} 

and 1(m, G) - 11 . (G). /11 oll1cr words.· The firsl ergcnvaluc A, of DL1ich

/ct' prolil"m rs smollcr l.hrm the first crgcnualue A1 o/ J, amé's p!'Oblem and 
lh~• ogom 1.1smailcr1./1.en first 1gcnvalue A. o/ lok ' p!'Oblem. 

ll ninrk d3 B. 1 muohl obl11111cd rn 19 7 (ej . { 16{ tJ¡ estimatio11. 

( 1+-( ·m ) ),1 1 (G) ~1\ 1 (m, C)~A, (G). 
n rn. - 2 

ll mark J4 i/ one lul.'I 11 sol11Lw11 u of Stokes ' problem 

-~u +,, 1grad p J rn e, 
div u o rn e, 

u = o on r, 
lhtn rl upo flbúi to gel 1111 11ppcr csl mwte far A1• 11. holds 

J<' 
O< ,\ 1(G) :S l=/l 

whcn: K = (./21iTc/ll2 - 'I 'llQ111i2Jllull;:: has to be sma/l enough. 
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