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1 Introduction 

Let v = {l;}~ 1 e [O, oo ) = !, l.¡ < t.,+1 - oo as i - oo t he fixed moments of 
impuls ive effect.s of t.he syst.em: 

x'(I.) F(l.,x(t)) , t # t, 
(1) 

L'.x(l;) G;(x(I.; )) , l ~l., 

wbere .6.:z: (t,) = x (l.t} - x (t i). As usual , x(t.t) o.nd x(t~ ) denot.e respectively, t.he 

right aad Lhe le ft, !a t.eru.l limit: of x(t) ns t. - l.,. 

·Rcsearcl1 Support.cJ by Pondccy l 8!190013 
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1'bc thcory of impulsive different.io.l cquations has developed over the ll\St ten 
ycnrs (sce (1 , 4-SJ). T hese process o.ppear as a no.t.ural dcscript.ion of 1mrny models in 
Medicine, Biology, optimn.1 control models in Economics, e1 c. 

Lct U be an open subset of C 11 containing tbe origin. Assume t.hc following 
hypothcses 

(f') Tbe func,ion F : jO,oo) x U ~ C " sa,isfies 

IF(t,x)I 5 ,\(t)i/(x)I, 

IF(l.,x ,) - F(t, x,)15 ,\(t)i/ (x¡) - /(x2)I 

where / : U - C" is o. continuous function. 

(G) T he functions G¡: U - C" (i = 1, 2, · ·.) saiisfy 

IG;(x)l 5 /l;lg(x)I. 

IG;(x ,) - G;(x2)I 5 /l;lg(xi) - g(x2)I 

where g : u - C 11 is a coutinuous funclion. 

(1) Tbe funct.ion ,\: [0,oo) ~ [O, oo) is un integrable lunction and /3: N - • [O, oo) 
1s a.a absolut.ely summo.ble sequeuce. 

Among t.hose equn.tions we have the interesting systems 

x'(1.) A(t)F(x(I)), 
(2) 

C.x(1.,) 8,g(x{I,)). 

Lc1 B .. = BIO, 1·] ~ U u closed bol\ . Define 

11/lla. = sup l/ (•)I (3) 
seo. 

Md for to~ O 

" (to)= 11 / lla. · (~ ,\(s)ds + llYlla.. · L: /];, 
Íro (10,00) 

where 
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¿: {3; ¿: 8, 
(to,t) 1,1,e {to,r) 

Let be (µ , t0 ) saf,isfying 

µ+o(t0) ~ r (5) 

We will prove t,hat. for lxol :S ¡t, any solut.ion x = x(l, t.o, xo) of Eq. (1) is defined 
nnd bounded on [t.0 , oo) and it su.t.isfies 

x(t.) = ( + 0(/\(1)) (6) 

where ~ E C" is consl.o.nf. and 

/\(!.) = l~ ,\(s)ds + ¿: {3, . 
(t ,oo) 

(7) 

MorOO\'er , x(to) i: o implies e #- o wheuever f.o is sufficiently large. Conversely, 
given e E u 1.here exis t. '·o suffic ient. ly large anda solut.ion X defined on ''·o,oo) ll 

oeigbborhood of infinit.y such t.hu.1: (G) holds. Moreover , if ( f. O then there exists 
such a solu1.ion x of Eq.(1) s11.t.isfying x(t ) f: O for auy t. E [t0, oo). 

2 Preliminary Facts 

Let c ;(I), / = [O, oo), be t.he vectorial space formed by 1.he cont.inuous funct1ions 
:z: : l - 11 - C " such t.lm!. x(r.j) = x(t.;) and x(t;) exist. for 1,. E v . Consider V.,1 (!) 
t.hc bounded funct.ions :z: in C;; (! ). V11 1 is a Banach space wit.h Lhe supremun-nonn: 

llxll = sup lx(t)I . 
<El 

Le mma 1 .4ny S C V.,+([a,b]) bounclcd and equiconlmuous in t '/; 1.1 i.s re.lati.vdy 
compacL 111 v,,~([(J,b]) . 

Proof: Lei {1 1, t .. 1,···, I . ..,} beo.fin il.e numberof l, E v cont.ained in fo,bJ. Next., 1.he 
resull will follow from Ar"l.e]u-Ascoli t.hcorem in t.his way. i) By apply ing it. on any / ¡ = 
{t,, t,+iJ ( l $' $ m) where we cons id er x(t,) := x(t;) ii) N~ = m.o.:t:19:s11116x(l1)1 
is uniformly bounded und hcnce t hey forme n totally bounded se1. in R.. 
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Oeftoillon 1 S C V"+([a , oo)) is called an equu:ontieryent set if any :i: ron· 
l'trgts lo z00 as l - oo and for any e > O the:rr errsls T {bi9 enough) suc/1 
thol 

lx(t) - x~I ~e Jor 1 '.;". T 

/or C'l"t 'l' :z: e s. 

Lcinmo 2 lf S C V"+([a,oo)) is bounded, equ1contmuou.s m f </. 11 and equiconvcr· 
genl, thcn S tS relativcly compact. 

Proor: Cive.n e> O, t.here exist,s T = T(c) such lhat l:z:(t) - x00[ ::::; e for t ~ T 
ond emy x e S. The set s~ = {x~/x e S} is comaincd in a boll 8(0,p) e C" 
and conaequent ly S00 is t.ot.ally bounded. f'inally oo lo, TJ we apply Lemma t . So 
lhe proof is complete. 

Conalde.r t he operat.or 'H. gi ven by 

(1ix)(t.) = xo + [ F(s ,x(s))ds + L G,(x(I.;)). 
'º (ro,r) 

Lemmo 3 Under condil.ions (F') , (G) arad ( /), lhe operot.or 'H. is complt.tcly conhn· ..... 
Proo r: Let. D = D(0,1·) a ba.11 in v., .. . Assume Lbat. 'H.x is defined for X e D. 
By coodltions (F), (G) and (!), the operator 1i is well defined and 

1i : D - v.,.(110, )) 

Now, we will prove that :F = 'H(D} is equiconvergeni .. In fact., for a ny x E 
D, r • 1-fa is convergen!. t.o ~ as t. - , where 

< = xo + [ F(s, x (s))ds + L G,(x(i;)) . 
'º (to.oo) 

() 

Moreov r, 

lv{t) - <! ~ j~ IF(s , x(s ))Jds + L JG,(x(l;))I = O(A(t)), (9) 
1 (f ) 

.. i.... 

A(t) = [ .\(s)d• + L fJ, 
1 (1,co) 
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So, :F is equiconvergent., u.nd by Lcmmn 2 :F is relati,•ely compocL. 
Out.be other band, 'H.: lJ _, V., is cont.inuous. Supposc :en - x in V., . We get. 

l(rtx ,,)(l) - (11,,)(1.) I S f,~IF(s,x., (s))- F(s,x(s ))lds 

+ I:c,0 ,,¡ IG ,(x., (1,)) - G,(x(I.,))¡ 

S J,';' ~ (s)IJ(x., (s)) - J(x(s ))lds 

+ L C•o.=¡.8.lg(x.,(1.,)) - /(x(l.1))1 

an d t.he continuit.y of !:he operu.t.or 1t folJows at. once froru t;he Lebesgue 1s t.heorem. 

R ema_rk 1: Lf F u.nd G1 (1. = 1, 2,···) are cont.inuous funct.ions t.hen t.hesecond 
inequalilies in (F) and (G) are not. necessary to prove t.he cont.inuit.y of t.he operulor 
'H . 

3 Main R esults 

Theorem l As.~ume tha/. conditions (F), (G') and (!) are fv.lfilled . Lct be (µ , r.0) 
satisfyrng (S), wherc r will be espccijicd below. Then for lxoJ $ 1.1. any solut.ion 
x = x(t , t0,x0 ) o/ Eq. (!)is dcjincd and bounded on lto, oo) and -il sat.isfies (6). 
Moreouer, x(to) #:-O irn7ilies { #:- O whe11e11er l.o i.s sufficient.ly lnrge. 

Prooí: Since O E U there cx ists 1· > O such thnt B = 8(0, r ) e U. For this r, lcl. 
be /J , to satisfy iug (5). We define 

D = D(O,r) = (x E v •• (11.o, ))/llxll Sr). 

F'or :t E D we define !.he open.Lt.or 

(71.< )(1.) =·' O+ l F(s,x(s))ds + L G,(x(I.;)) 
1º 1,e(ro.1} 

fo r 1 ~ t0 . Fo r x E D and lxol S ¡; by (F ) a nd (G) we have ll 'Hxll S '' + o {l.0 ) S" 
A.nd heucc 1f : D - · D. T be operntor rt is com inuous by Lcmmn 3. Morcover, 
rt(D) is compncl. by Lemmll 3 . T hcn t.he hypot.hcsis of Sclrnuder·Tichonov fixed 
point. thcorem is snl,isfied 1Lnd hcncc the cqunt.ion 'H..z = I has n solution x in D. 
Sincc y = 1ú; snt.is fics 



Mnmiol P iulo 

.y'(t ) 

t.y(t.,) 

F(t.,x(t)) , 

G;(x(t1)), 

l'f t., 

t=t, 

•hb fixcd polnt is n solubion of Eq ( l ) nnd it sntisfies (6) by (9). 
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Fmally, we will prove bha.t. for a.ny x with :c(t0 ) FO t.here exists t.0 sufficiently 
huge sucb thnt (6) is sntisfied wit.h ~ #- O. T h is follows f-rom (8) t.a.king x{t.o) = xo # 
O a.nd lo lo.rge enough so llha.t. 

J j~ F(x , x (s ))ds + L G,(x( t, ))J S JxoJ/2. 
ro (lo.oo) 

Thcor m 2 As1rnmc t.hnt conditfons (F) , (G) ond (/) ore f1tlfi lled. Then for any 
( E U there cxist lo sufficiently big anda solution x o/ {1) defined on [lo, oo) 
such lhol (6) l1olcL'! . .M01'Cove1·, if ~ f O U1e11 therc ttrst.s such a solulion x of Eq 
(1) •~fymg x(t) 'f O for a11y t. E [t., ,oo). 

Prooí: Let. (E U, t.hen t.here is r > O so t.hat the closed ball B = /J [~, rl e U. 
for 1lus r !et. be l o such tlrnt 

whtte l / U. = max{ IJ(s) l/x E B}. 
t.1 

D = o(e, ,.) = {x E v.{[t., , ))/llx -en~ s ,¡. 

for z E D, we define t.he opera.tor 

(A x}(t.) = € - ¡~ F(s,x(s))ds - L G,(x(t.;)) , t 2: t0 
1 r,2:1 

wbue ~ verifies (10). Since 

l(Ax)(t) - (J S o (to) Sr, t 2: to 

(10) 

( 11 ) 

we ge• A : D - D. We will now prove t.hnt .A is coatinuous. The funct ions f nnd g 
ue unifonnly cont.inuous on 8 , hence given t: > O t.here cxist:s 6 > O such Lhnl 

1•1- z,1 < 6 implies lf (x1) - /(x1)I $ < nnd lg(x.) - g(x1)I $ <. LeL x ,, - • x in D. 
Tbtn t herc i.s N su ch thnt 
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.rn1he[1o,OQ)lx,.(l) - .t:{t)I :$ 6 

for n ~ Thus lx ,,{f.)-x (l)/ :$ 6 fa r every L ~ to and n ~ N . Thcrefore IJ(x,.(t)) -
/ {x(t))I $ é. for any /, ~ 1.0 und n ~ N . The same is 1rue for t.he fuuct ion g. 

Tbus for n;:::: N, we get. 

ll Ax,. - Axll ' "P«l•o.~1IAx ,, (t) - Ax(t) I 

$ f,';' .!(s)lf(x,,(s)) - f(x(s ))lds 

+ ¿:)';: 1 /Jdg(x.(t,)) - g(x(t., ))I 

$ <(J,';' .!(s)ds + i::;:, /3,) 

from whe.re the conl,inui ty of A fo llows. F\irt.hermore, D is n bounded , closed and 
convex seL in V11 ,. . Since A(D) is cquiconvergent. by Len.una 2, A is a compact 
operntor in V., ,.. 

Tbc.n tbe Scba.uder-Tichonov fixed point. t.beorem implies t.bat there exists a so­
lu tion :z: E D of t.he equat.ion :i: = A x. This funct.ion x is solution of Eq.( l ) on 
lto, ). 

Fina l! ·, if l .¡:. O t.hen tuki ng r sma lJ enough , as fa r ins i.ance r = lll/2, from 
( 11} we obt.ain 1.hat. x(t.) .¡:.O far every l ~ t.0. 

R e mar k 2: The second inequulit.ies in (F) and (C) are u.sed in t.he lo.st. proof to provc 
Lbe conlinuity o f 1.he operntor .A . Since we can use also 1he m t.hod of t.he ¡>roof of 
Lemma l , by Remark 1, T hcorems l nnd 2 are true ií F and G¡ ( i = l , 2, · · ·) are 
cont.inuo us fu nct.ions stll:isfying on ly t.he firs t inequa.lities in (F) and (G) . 
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