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A bstract 

The basic concep~s of Clifforcl analysis are int.roduced bot.h in 
euclidean space and over t.he sphere. Cauchy integral form ula.e and 

links to con formal structure are describecl. 

1 Introduction 

Cliffo rd analysis initially arose out. of attempts to extend nspects of one variable com
plex analysis to other algebras. T hough generalizations of Cauchy-Riemann equations 
can be described over arbitrary algebras one also needs an analogue of Cauchy's inte
gral formula. A number of authors not.ed t.hat a suitable generalization of the Cauchy 
integral formula can be introduced over the quat.ernion algebra. Fundamental use 
appeared t.o be made of t.he fact that the quaternion algebra is a division algebra. 
Early progress in t.bis direction wns made by A. C. Dixon {Dij. By the 1930's more 
consolida ted attempts to develop quat.ernionic analysis were developed by the Swiss 
mathernat.ician Rudolph Fuet.er [F] and his students and also by t.he Romanian math
emat.icians Moisil and Teodorescu [MTh] . 

La.ter it. wns noted t.hat t.he full structure of the quaternionic division algebra wns 
not beiug used t.o develop quaternion ic ana\ysis. In fact to set up t.he Cauchy int.egral 
formula from quat.ernionic analysis one only reljes on the fa.el that ea.ch non-zero 
vector has a ruul t iplicat.ive inverse. In fa.et one only ueeded a subspace of the algebra 
1.0 poses the property tha.t ea.ch non~zero vector in the subspa.ce has a multiplicative 
inverse in order to set. up such arn integral formula. This a llowed one to open the door 
a bit wider and not.e t.hat one could introduce aspects of one variable complex ana\ysis 
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ovcr R" for a rbitra ry n using Clifford a lgebras. Ultimately it was understood t.hat 
nlmost. every aspect. of quat.ernionic analysis extended to ali dimensions using Clifford 
algcbras. The earlier aspects of this study was developed by amongst othcrs Richard 
Delanghe [DJ, Viorel Iftimie [I] and David Hestenes IHJ. The subject that has grown 
from these works is now called Clifford analys1s. 

In more recent times Clifford analysis has found a wealth of unexpect.ed applica
t.ions in a number of branches of mathematical analysis part.icularly classica.I harmonic 
analysis1 see for instance the work of Alan Mclntosh and his collaborators, for instance 
[LMcQ, LMcS], Marius Mil.rea [M l 1 M2J and papers in [R4J. Links to representation 
theory and several complex vario.bles may be found in jGiMu, Rl -R3]. 

The purpose of this paper is to present a review of many of the basic aspects of 
Clifford analysis. We begin by trying to motivate Clifford algebras via geomet.ric con
sidcrations. Aft.er developing these ideas we move on to introduce the Dirac operator1 

which plays 1.he role of a generalized Ca.uchy-füemann operat.or, and to introduce t.he 
Cauchy int.egral formula. We also introduce other analogues of basic result.s from one 
variable complex analysis. We also describe t.he function associa.t.cd t.o the cquation 
Dkf = O where D is t.he Dira.c operator. After this we go back to Clifford a lgebras 
to introduce t.he so called Va.hlen matrices. These matrices were introduced by K. 
Th. Vahlen in 1902 in [V]. Except for an occasional reference they were prompt.ly 
forgotten until t.heir propcrties were red iscovered and developed in a sequence of pa.
pers by Ahlfors [AJ in t.he 1980's. T hese matrices give an elegant. wa.y of describing 
con formal t.ransformations over Rn U { oo}. 

\Ve move on to describe t.he link between Vahlen matrices and Clifford analysis. 
We use t.hem as a link f.o a suit.able euclidean analogue of a cross ratio and Schwarzian 
derivative. We describe t.he invariance of solutions t.o our generalized Cauchy Riemann 
equat.ions under MObius t~ransformations. Via a Ca y ley t ransformation we conclude 
by introducing analogues of these results over doma.ins on tbe sphere. 

Alt.ernative accounts of much of t his work together with ot.her related result.s can 
be found in !BDSo, DSoSou, GSp, GiMu, l<Sh, O, R4j. 

2 Algebraic and Geometric Pre liminaries 

Consider tbe unit circle S1 lying in the xy-plane and a point X lying on either t.he 
posit.Jve or the negative x axis. lf we draw t.be Une connect.ing t.his point to t.he nort h 
pole of S 1 , namely t.he co~ordinat.e (O, 1), then this line cuts the circle at. precisely 
one point.. On drawing the line from the sout.h pole, (O, - 1), t.o this point. the new 
line cuts lhe x-a.xis at a second point X '. We would like t.o know the relat.ionship 
between the numbers X and X'. Simple arguments for t riangles involving elementary 
t.rigonometry tell \IS t.ha.t X' = t or x - 1• 

'fbe lines t hat we drew in this ca lculation help describe st.ereographic projections 



228 Basic ClifTord J\ nalys is 

of first 5 1\{(0, l )} and tben 5 1\{(0 , - 1)} onto the x axis. 

\"i'e may use similar constructions fa r two dimensiona l space. First consider the 
unit sphere 5 2 = { x E R3 : llx 11 = 1} lying in R3 . Let us consider t.he horizontal plane 
to be the xy plane. The north pole of the sphere will be the co-ord inate (O, O, 1) while 
the south pole is t.he co-ordinate (O, O, - 1). Taking any non-zero vect.or (x, y) in the 
xy- plane we may consider the plane contai uing this point and the north and south 
pales of 52 . We may identify 5 1 with the restriction of the sphere to this plane and 
repeat the geomet.ric construction we developed earlier. The point we end up with 
will be t he co-ordinat.e (~, ~). On ideutifying the xy plane wit.h the complex 
plane in tbe usual way, so that. (x ,y) is identified with x+iy = z, then t.he co-ordinate 
(~,~) is ident.ified wit h the complex number lf%ir-· 

The geomet.ric argument. we have developed in one and two d imensional space 
using stereographic projections from a sphere in one higher dimension clea rly can be 
extended to ali dimensions. If we consider a non-zero vector x = (x 1, •.. , Xn) E R" 
1.he analogous argumen t will give t.he point ~. This vector is often called the Kelvin 

inverse of tbe non-zero vector x. The transformation f nv ; R"\ {O} - R" \ {O} 
/ nv(x) = fzÍ¡l will t.urn t.he interior of t.he closed uni t disc in R n int.o the complement. 
of the sarue closed unit clise. 

In the one and t.wo dimens ional se t.tings we saw t.hat Kelvin inversion is int.imately 
related to the algebra of t.he real and complex number systems. Wc would like t.o relate 
Keh1in inversion in higher dimensious to some similar a lgebraic st.ructure. Wc begin in 
three dimensions. Far each vect.or (l., x, y) E R 3 we sha ll writ e 1.his vcct.or as t+ix + jy 

and denote it. as q. T he Kelvin inverse is ~(t + ix + jy). Following 1.he complex 
set.ting where t.he Kelvin inverse may be expressed as tiP-· We wi ll writ.e the Kelvi n 

lnverse of q as ~- In t.he complex num ber sys tem zZ = llzU2 . We would likc to 
consider q asan elemcnt of an algebra H such that qq = llqll 2 where q = l - ix - jy. 
In terms of tbe element.s 1, i. and j t.his means t.hat i 2 = ; 2 = - 1 and ij = -Ji. 
li. fo llows 1hat. (ij) 2 = - l. On placing k = ij we get that k2 = ijk = - l. These 
identities are the usual ident.it.ies far t.he generntors of 1he quat.ernion algebra. So H 
is the quaternion algebra. Let. us now consider a genera l element. q = t + ix + jy + k w 
of H . We denote it.s conjugat.e by q where q = t - ix - jy - kw. Using t.he identit. ies 
govern ing the genera tors 1, i,j, k of H it may be seen that. qq = 1Jqlf 2 . Consc<¡uent.ly H 
is a division algebra wit.h each non-zero element q of H hav ing mult.ip licative inverse 
q- 1 = ¡¡;fu,-. It should be mentioned t.hat. t.his algebra was introduced by t.hc Irish 
rnathematician William Hamilt.on in 18.. Let us also observe t.hat. t.he relations 1.he 
generators of H snt.isfy show us t.ha t the quaternion a lgebra is non-commutat.ive. 

Let us move on t.o t.he general n.-dimcnsiona l case. F'irsl in arder to simplify 
not.ation slightly let us not.e t.hat if q = ix + jy + kw then q = -q. lf we wr it.e a vector 
x = (x¡, ... , Xn) E R " as x 1e1 + . . +x11e,. where e,, ... , en is 1hc standard orthonormal 
basis fa r R " then we might. consider R " as embeddcd in an algebra Cln in such a wo.y 
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that -x:r = llxll2 or x2 = - llxl\2 for each x E R ". The a.lgebra Cl,, so far has not been 
properly introduced. It has·mearly been vaguely mentioned asan algebraic structure 
that cnables one t.o do a desirable algebraic manipulation. No attempt has so far been 
made here to formally introduce this algebra. We shall now at. least partially correct 
that omission. We will set up the algebra in terms oí generat.ors. As we are interested 
in t he identity x 2 = - llxl\2 in terms of the vectors e 1 , .• , e,, we get that e~ = - 1 
for 1 S 1 S n and e;ei = -eiei for i ':f:. j. As we need no other relations on the e/s 
the Clifford algebra C/11 will be defined as t.he real algebra generated from R" vin t.he 
relationship 

Cl,, will have as basis the elements 

1, e1, ... , e,,, e1e2, ... , e,._¡e,,, ... , e11 .•• e1~, • . , e ¡ .. e11 

where Ji < . . < Jr and 1 :5 1· :$ n. 
As ihe collect.ion of elements of the type e11 •.• eJr is in one to one correspondence 

witb the number of subsets of {e1 , ... , e,,} containing precisely r elements the binomial 
theorem tells us t.here are precisely (~) elements of this type. So the dimension of Cl11 

is 2". 
\Ve ha.ve set up the Clifford algebra Cl,, in a basis dependen!. way. A more general 

approach can be found in [AtBS] and elsewhere. 
One interesting feature of the algebra Cl11 is that each non-zero vector x E R" e 

Cl,, has a multiplicative inverse x - 1 = ¡¡;rr,. Up to the minus sign this inverse corres
ponds to the Kelvin inverse of x. However Cl,, is not a division algebra for n > 2. 
Whcn n = 3 the elements E± = Hl ± e1e2e3) belong to Cl3 and E+E- = O. 

Another point worth mentioning is that it. is clear from the relationship on t.he 
generalOrs of Cln t.hat this algebra is non-commutative for n > l. 

\Vhen n = 1 the basis of the a.lgebra is 1,e1 and ef = - 1. So Cl 1 is the complex 
number syste.m. When n = 2 a simple calculation shows that Cl2 is the quaternion 
algebra. 

Later we shall need an analogue of Lhe conjugation opcrat.or we saw ovcr the 
complex number syst.em and the quaternions. Tbe conjugate operat.or is Lhe linear 
tra.nsform given by 

lt 1s easy to check in t.he cases n = 1 and n = 2 that. this operator corresponds 
to Lhe operator of conjugation over the complex and quaternionic algebras. Instea.d 
of wnling -(X) we sha.11 write X for ea.ch X E Cln- Morcover t.he real par!. or 
ident1ly coroponent of XX is equa.l lo nx 112 = x5 + ... + xL,.. It is relat.ively easy 
to note for each pair X, Y E Cl,, tbat XY = Y X . So conjugation reverses the 
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arder of mul t iplication and so is an example of an anti-automorph ism on Cln. Closcly 
associated to conjuga t.ion· is t.he opcrat.or 

Again we will write X inst.ead of ,...., X and it may be deduced that. X-Y= Y X. 

3 Sorne Clifford Analys is 

We start by replacing t.he vect.or x = x 1e1 + .. +xnen by the different ial opera.t.or D = 
EJ::: 1 e;~. One basic but interesting proper t.y of D is t hat. D 2 = -.Ón 1 t he Laplacian 

E'j,= • ..Jk in R ". T he different.ial opernt.or D wi ll be caUed a Dirac operat.or . This 

is beca.use the classicaJ Dime operat.or constructed over four dimensional Minkowski 
space squares to give t.he wave operat.or. 

D e finitio n 1 Supposc t.hat U is a doma.in in R " and j nnd g are C 1 /unctions dejined 
on U and taking va.lucs in C l11 . Thcn f is called a lcft monogenic function if D / = O ori 
U wlule g tS caUed a right mono,qenic f1mction ou U if gD =O where gD = Ej1: 11ff;e,. 

Examples oí such funct.ions include t.he grad ient s o f real valued harmonic funct.ions 
on U. So if h is ha rmonic on U and it is a lso real valued then DI! is a vector va lued 
left monogenk function. It. is also a right monogenic function . Such a fun ction is 
more commonly referred t.o as a conjugat.e harmo nic funct ion or a harmonic 1-form . 
See for ins tance !StW J. An example of such a fun ction is G(x) = JJilr· 

To int roduce other possible examples of leít monogenic functions suppose t.hal. 

µ is a Gin valued measure wit.h compact support. jµJ in R ". T hen !he convolut.ion 
Ílf.il G(x - y)dµ(y) defines a left. monogenic funct.ion on the maximal doma.in lying in 
R"\Iµ]. 

Another way to cons t,ru ct examples of left. monogenic funcrions was int.roduced 
by Littlewood and Gay in (LiG] for the case n = 3 and independent.Jy re-introduced 
far a.JI n by Sommen [S2]. Suppose U' is a doma.in in R n-I , 1he spa n of e2 , ... , e11 • 

Suppose also t hat /'(x') is a Cl 11 vnlued funct.ion such that at. each poin t. x' E U' 
there is a multiple series ex pansion in x 2, . . ,x11 that converges uni fo rmly on some 
neighbourhood of x' in U' to /'. Such a funct ion is called a real analytic fun ction. 
The series 

E~0Ax~(-e1 D' J'( x') = ex p(-x 1e 1 D')J'(x') 

where D' = E;z2e,/;¡ 1 defines a left monogenic function / in some neighbourhood 

U(!') in R " of U'. The Jeft. monogenic function f is the Caucby-Kowalewska ex tens ion 

of /' . 
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lt should be noted t.hat if f is a left monogenic íunction t hen 7 and j are both 
right monogenic functions.· 

We now t urn to a.na.logues of Cauchy's Theorem and Cauchy's integral formula. 

Theorem 1 (The Clifford-Cauchy Theorcm): Suppose tJ1at f is a left monogenir 
Junctaon on U a11d g is a right monogenic .function on U. Suppose also tltat V is a 
bounded subdomain of U with 7l'iece111ise di1Jerent1able boundary S lying in U. Thcn 

fsg(x )n(x)f(x)du(x) =O (l) 

uiliere r1(:z:) is tite outwan~ pointing nonnal vector to S at x and o is thc Lcbe.sgue 
rncas-ure on S. 

The proof follows direct.ly from Stokes' Theorem. One important point to keep 
in mind though is that as Cl,. is not a commutative algebra then lt. is lmportant to 
place the vector n(x) between f o.nd g. One then has tbat 

f g(x)n(x) f(x)du(x) = f ((g(x)D)f(x) + g(x)(DJ(x )))dx" = O. 
h lv 

Suppose that g is t.he gradient of a real valued harmonic funct.ion o.nd f = l. 
Then the real part. of Equation 1 gives the following well known integral formuln. 

j < gradg(x), n(x) > du(x) = O. 

We now t.urn to t.hc analogue of a Cauchy integral formula. 

Theorem 2 (Clifford-Cauchy Integral Formula): Suppose that U, V, S, f and 
g are all o.T m Tl1eorem 1 and that y E V . Thcn 

and 

/(y)=_.!:._ f G(x - y)n(x) f(x)du(x) 
w,. ls 

g(y) = _.!:._ ( g(x)n(x)G(x - y)du(x) 
w .. Js 

whcrt w" "" tlle surface arca of tite umt spl1ere m R ". 

Proof: The proof follows very similar lines to the argument in one variable complex 
analysls. \Veshall establish thc formula far J(y) the proofbeingsimilar for g(y). Firsl 
le' us take a sphere s•1- 1(y,r) ccntered at y nnd of radios r. The rad ius r is chosen 
sufficently sma.11 so that t.he closed disc with bou.ndary S"- 1(y,r) lies in\/ . Then by 
the Clifford-Cauchy theorem 

f G(x - y)n(x)/(x)du(x) = f G(x - y)n(x)J(x)du(x) . Js Js .. 1(11,r) 

Howevcr on "- 1(y, r) t.he vector n(x) = ~· So C(x - y)n(x) =;;h. So 
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( G(x - y)n(x) f (x)da(x) = f _'.__(J(x) - J(y))da (x) 
Jsn- l(!J,r) } 5n - l(J1,r) ,.n-1 

+ f f(y) da(x) . 
}5 .. - 1(!1,r) ,-n-1 

The right side of t.his previous express ion reduces to 

f (J(x) -:_((y)) da(x) + J(y) f da(x). 
} 5n - l{1J,r) r" }5 .. - 1 

Now fs .. -1 da(x) = w11 and by continui ty lirn r-o f5 .. - 1(1J,r) ~d11(x) = O. T he 
result. fo llows. o 

One important. feature is t.o note that Kelvin invers ion plays a fu ndamental role 
in t.his proof. Moreover t.he proof is a lmost. exaci.ly the same as the proof of Cauchy's 
Integral Formula far piecewisc C 1 curves in one va riable corn plex analysis. 

Hav ing obtained a Cauchy Int.egrnl Formula in R " a number of ha.sic results that 
one migbt see in a first course in one variab le complex analysis carry over more or 
less aut omatically t.o the cont.ext described here. This includes a Liouville Theorem 
and Weierstrass Convergence Theorem. We leave it as an exercise to t.he interested 
reader to set up and establish the Clifford analysis analogues of t.hese result.s. T hei r 
statements and proofs can be fo und in [BDSo] . 

Thoorems 1 and 2 show us that. the individual com ponent.s of 1he equat.ions D f =O 
and gD = O comprise generali zed Cauchy-Riemann equations . In the part icular case 
where f is just vector va.lued so f = EJ'=1/;eJ t.hen the generaJized Cauchy- Rieman n 

equations become ~ = ~ whenever i #:- j and E7=• ~ = O. This system of 
equations is often referred to as thc Riesz systcm. 

Having obt.ained an analogue of Cauchy's integral formula in euclidean spa.cc we 
sha.11 now exploit. t.his resu lt, f.o show how many conscquences of 1.he class ica.I Cauchy 
integral carry over t.o t.he cont.ext. describcd herc. We begin with t.hc tvlcan Val ue 
Theorem. 

T heore m 3 Suppose t.hat D(y, R) ·is a closed disc centered al y, o/ mdius R and lying 
in U. Then for ea.ch monogenic function f on U 

1 /, J(x) " f Y = - ----dx . 
( ) Rw., o¡,,n¡ llx - u11·- 1 

P roof: \Ve ha.ve nJready seen t.hat for each r E (O, R) 
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where S"- 1(y, r) is the (n - !)-dimensional sphere cen1.ered at. y and of rad ius r. 
Wc obtnin t.he result. by i1itegra.ting bot.h sides oí this expression with respecL to the 
variable r and dividing throughout by R. 0 

Let us now turn to explore the real analyticity properties of monogenic functions. 
First it may be not.ed t.hat. when n is even G(x - y)= (- l )!ljl(x - y)- "+1. Also 
(•- y¡-1 = ,-•(1 - yx-•¡- • = (1 - T- 'y¡-•,-•, and 11•-'Yll = ll yx-' 11 =ti\· So for 

llYll < 11•11 
(• - y¡-1 = x- '(l + yx-• + .. + yz-• ... yz-• + ... ) 

= (1 + x - 1y + ... + x - 1y ... x-1y + .. . )x-1 

Hence thesc two sequences converge uniformly to (x - y)- 1 provided llYll .$ r < llxll 
and they converge pointwise to (x - y)- 1 provided UYll < llxll· One can now take 
(- 1).,_i times t.he (n - 1)-fold product of the series expansions oí (x - y)- 1 with it.self 
to obtain a series expansion far G(x - y). ln this process of multiplying series together 
in order lo mainl.ain the same radius of convergence one ueeds to group t.~gether a.11 
linear combinations of monomials in y 1, ••• , Yn that are of the same order. Thus we 
ha.ve deduced t.bat when n is even tbe multiple Taylor series expansion 

co1werges uniformly to G(x - y) provided lfyll < r < llxll and converges point.wise to 
G(x - y) provided llYll < 11•11· 

A similar argument ma.y be developed when n is odd. 
Rctuming to Cauchy's integral formula Jet us suppose tha.t f is a left monogenic 

íunclion defined in a neighbourhood of t.he closure of some ba.11 8(0, R). Then 

f (y) = _.!._ f G(x - y)n(x) f (x)da(z) = 
W11 188(0,R) 

1 [ ., ( y{' ... y~" iYG(x) ( ( ) ( ) 
~ 188 (0,R) EJ ... o Eji+1.~:+1;:, :11:; id ... Jn! 8x{1 ... ax~t )n x)J X da X 

pro,,ided l111tl < llxlf. As this series converges uniformly on en.ch ball 8(0, r) for cach 
r < R lhen this last. integral can be re.written as 

_.!._Ej'-o f (E ,, ;" y.f', ... y~; ~'G(z) 1 n(x) f (x) )da(x). 
W n 18 8(0,R) Ji + ... +j,.aj J¡ .. · · Jn· 8X¡ ... 8x.n" 

As lhe summat ion wil.hin the parentheses is a finite summation this last expression 
easdy reduces 10 

1 ., y{' ... y~"J, iYG(x) () ( )) () - E,-o(E il ... 1,, -.-1--.-1 -,-, --,-.. n x f x da x . 
"'" 11+ ... +J .. • i )I · ... ),.. 88(0,R) 8x1 . .. lJXn 
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On placiag 
l [ oiG(x) 

;:;: Í 8B(O,R) 8x~ 1 ••• fJx¡;• n(x)f(x)do(x) = ª 11 · 

it may be seen that on 8(0, R) t.he series 

converges pointwise to /(y). Convergence is uniform on each ball 8(0 , 1·) provided 
r < R. 

Similarly ií g is a right. monogenic funct.ion defiued in a neighbourhood of t he 
closurc of 8 (0, R) then the series 

converges pointwise on 8(0 , R) t.o g(y) a nd converges uniformly on B(O, r) for r < R, 
where 

l [ IJ.IG(x ) 
b¡, ... , 0 =;:;;; i &B(O,RJ g(x)n( x ) 8x{' ... ax~" da(x). 

By translating the bnll B(O, R) t.o t.he hall B(w , R) where w = w1e 1 + ... +w11 er1 one 
may readily observe t ho.t for any left. monogenic function f defined in a neighbourhood 
of tbe closure of B(w, R) t.he series 

00 (y¡ - wl)it · · · {yn - Wn) 1" 1 

E,::o( Eiil~ ::/J~ =j id· · · in! ª" · ,J 
converges pointwise on B(w , R.) t.o / (y), where 

, 1 /, &IG(x - w) 
a . . = - --. --. n x x do x 

Jl ... J ,. Wn 80(w,R) 8x1 1 • •• x~" ( )/( ) ( ). 

Aga in the series converges uni farm ly 011 B(w, r) far each r < R. A simi la r ser ies mo.y 
be readily oblained far o.ny right. monogenic funcLion defined in a neighbourhood of 
t.he closure of B(w, R) . 

The types of power series t.hat. we ho.ve developed far left monogenic fu nct.ions are 
not entirely sa tisfactory. In pa.rt. icular , unlike t.heir complex analogues t.he homoge· 
neous polynomials 

E x11 .. . x!" 
j¡·./~ . 1;"., •J j¡ ! .. •Jn! QJl •-•Jn 

are not expr~ ns a linear combinat.ion of left monogenic 111.>lynomials. 1'o rec l ify 
th is situation le1 us firs t take a closer look at the Taylor xpansion far the Cauchy 
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kernel C(z - y) where llil the Taylor coefficients are real. Let. us first look al. the first 
ordcr terms in 1.he Thytor cxpansion. T his is t he expression 

8G(x) 8G(x) 
Y1~ + ... +yn 8zn 

Ae G 1s a monogenic funct.ion t.hen ~ = -Ej""'2e) 1e,~. 1'herefore t.he first a rder 

tcrms of the Taylor expansion for G(x - y) can be re-expressed as 

E" ( _1 ) 8G(x) 
j • 'l YJ - e ¡ e,111 --¡¡;;· 

Moreo\'cr, for 2 $ j $ 11 the fi rst order polynomia1 y, - e) 1e,y1 is a left. monogcnic 
polynomial. Let us 11ow go f.o second order terma. Again we will replace t.hc opcralor 
'k by the operator - Ej .. 2e¡1e;'lfh whenever it arises. Let us consider t.he t.erm ~ 
where 1 -::/: j .,¡:. 1. We end up wit.h the polynomial y ,y,-y,y1e¡'e, - y;y1el 1e¡ = 4((y¡
y1t!¡·1e,)(11,-y1e)1e,)+(yj - Yie)1e;)(y¡-y1el1e,)). Similarly the polynomial a.t.tached 

to thc term ~ is (y; - y 1e!1e;)2 . Using the Clifford a lgebra anti-commutation 

r lationship e,e, + CjCi = - 26¡; and on replacing the differcntiu.l opcrn.tor {!¡; by 

the operator -E~1G2e¡ 1 ej'/x¡ it may be determined tbat the power series wc previously 

obtained for G(:z:-y) can be replaccd by the series E;°~(E n ':i Ph ... j,, (y) 0~G~~ .. ), 
n+ .. +J .. = J 2 ... " 

where IJylJ < IJxlJ nnd 

P12 ••. J .. (y) = ~E(y,,(I) - Y1et1e,,(I)) ... (Y,,(J) - y¡ej1e17(j))· 
J. 

Here a{I) E {2, ... , n.} and t.he previous summation is taken ovcr ali permut.ations 
of the rnonomials (y,,(i) - y1ej1e,,(i)) without repetition . 1'he qua.ternionic mono
genic ana1ogues for t.hese polynomials were introduced by F\1ctcr [F] while thc Cli
fford analogues1 Pfr .. J,, 1 describcd herc were int roduced by Ocla.nghe in [D]. IL should 
be noled that each polynomial Ph .. ·Jn(Y) takes its values in t.he spacc spanned by 11 

e1e2. , e1e" . Also ea.ch such polynomial is homogeneous of degree J. Similar argu

menla to 1hose just. out.lined give that G(x - y) = E;°=0(E n.:.~.+1J:, ... ;ll~2~.'.:}... P;:j .. (y)) 

prov1ded ll~IJ < IJxlJ. 
Proposit.ion 1 Each oj the ¡>olynom1als P12 ... Jn (y) is a left mono,r¡enic polynomial. 

Proof: As DPn Jn(y) = e 1 (~ + e¡1 E~,"""'2e1~Pn ,,.(y)) then we ~hal l considcr the 

expression Ci;- + Ej.2eL 1eJ~)P12 .. .J,,(y). This term is equal to 
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(Ya(1- 1) - e¡- 1e .,.(i - 1)Y1)(y,,(i) - eJ 1e a (1)Y1)(Yo(•+ I) - ej'"1ea(i+1)Y1) · 

... {Y,,(j) - e¡- 1e.,U)Y1) . 

This is equal to 

E(Ya(l) - e) 1e a ( l}Y1) . (Y,,.(i- 1) - e ; 1e.,(i- 1¡yi) (-ej'" 1e <J(i))(Y<:1{1+ l ) - e¡- 1e u (•+ l)Y1) 

. (Ya(;) - e¡- 1e"(j)Y1) + Ee¡- 1e11(i}(YO"( i ) - e\ 1e.,(l )Y1) . .. ( Yu(•'- 1) - e\ 1eo(i- 1)Y1) 

(Yu(i+l) - ej'" 1ea(i+t)Yi) · (Ya (;) - ej'" 1eaU)Yd· 

lf we multiply the previous term by Yt and add t.o it t.he following t.erm, which is 
equal to zero, 

E(Yu(1) - ej 1e,,.p¡Y1) (Ya(i- 1) - ej'" 1e.,(1-1)Y1)(y.,.(;) - Ya(;¡) 

(Yn(i+l) - eJ 1e,,.(i+l)Yt) · (Y11U) - e¡'ea(i)Y1) 

we get , after regrouping terms, 

E(Ya(t ) - ej 1eu(t)Y1) ... (Y11(i-l) - eJ 1e,,.c1-1¡Y1)(y.,(;) - e¡1e11(i}Yi) 

(Ya(i+l) - e} 1ea(i+i)Yi) (YCJ(J ) - e¡'e.,w yi) 

-E(Y<J{i) - e¡ 1eu(i)Y1HYu{I) - el 1eu{l)Y1) · · · (Yu(i- 1) - et 1eu(i- l)Yi) 

(Y11{i+l) - e} 1eu{i+l)Yi) · · · (YuU ) - e¡ 1eu ü)Yi)· 

As summation is taken over aU possible permutations without repetition t.his last term 
vanishes. 0 

Using Proposition 1 and the results we previously obtained on series expa.nsions 
we can obtain the following generaliza.tion of Taylor expansions from one variable 
complex analysis. 

Theorem 4 (Taylor Series) Suppose lhat f is a Left m onogcnic function defin ed in 
an open neighbourhood of the closure of the baU B(w, R) . Th en 

where ª.n ... ; .. = ~ faa(w,R) ~~(:i:;;,J, n(x )f(x )da(x) and l/y - wjj < R . Conve1·9encc i.~ 
tmiform provided ll x - wll < 2r .. ~ R. 

A simple applicat.ion of Cauchy's theorem now tells us tha.1. the Taylor series t.hat. 
we obtained for f in the previous theoreru rema.ins valid on t he la rgest open ba.ll on 
whk h f is defined a.nd the largest open ba ll on which gis defined . Also the previous 
identit.ies immediately yield t.he mut.ua l linear indepeadence of t.he collect.ion of t.he 
left monogenic polynomials { Ph. .. j " : j 2 + . . + j" = J and O S: ; < } . 
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4 T he Equation Dkf = O 

He.re wc wi!J examine some of t he basic proper ties of solutions to the equat.ion Dk f =O 
íor an mteger l.· > l. We st.art. with t he case k = 2. In this case we gel. Lapluce's 
cquat1on Ó.n / = - D 2 f = O, a nd the solut.ions are han:uomc funct ions. 

lt is rcasonably well known that if h is a real valued harmo nic funct.ion defined 
on a doma in U e R" t hen for ca.ch y E U nnd ea.ch compact., piecewise C 1 sur fo.ce S 
lying m U such that S bounds a subdomain V oí S and y E V, t hen 

h(y) = ..!._ f (H(x - y) < n(x),g.-ad l1(x) > - < G(x - y), n (x ) > h(x))do(x), 
Wn Js 

where H (x - y) = (n- 'l)iiL11¡¡ .. - 2. This formula is G reen 's formula. for lL ha nnonic 
funcuon, and it heav1ly relies on the s tandard inner product on Fi.'1 • lnt.roducing t.hc 
Chfford algebra C /11 t.he right. s ide oí Green 's formula is the real part oí 

..!._ { (G(x - y)n(x)h(x) - H(x - y)n(x)Dh(x))do(x). 
w,. ls 

Assuming t.ha t. t.he funct ion h is C 2 then on applying Stokes1 theorcm t.he prcvious 
íntegra.) becomes 

..!._ f (G(x - y)n(x)l1 (x) - H(x - y)n(x)Dh(x))M(x ), 
Wn Jsn-1('1J,r(11)) 

where 5 "- 1(y, r(y)) is a sphere cent.ered at y, oí radius r(y) a nd lying in V . On letting 
thc radms r(y) t.cnd t.o zero t.he firs t. term of t he integral tends lo f1 (y) while the second 
tcrm tends t.O zero. Consequently the Clifford anaJysis version of G reen's fo rmulo is 

h(y) = _.'.... { (G(x - y)n(x)li(x) - JJ (x - y)n(x)Dh(x))do(x). 
W n Ís 

This formula was obt.ained under t.he a.ssumption that h is rco.l Vltlued a ncl '2 . The 
íact thaL .,..'e havc assumed h t.o be real valued can easily be observed to be irrelevunt, 
aod so we can assume t.hat h is C l,. valued. From now on we shall assumc tho.I. a ll 
hannonic íunctions t.ake their values in C ln . H h is aJso a lcft. monogenic fonct.ion t.hcn 
thc Cbfford analysis version oí G reen's formula becorues Cauchy1s integral formul u.. 

Tbe assumption that h is C 2 can also be dropped as we sha ll sce shortly. First 
we establish the following result. 

Proposition 2 Suppo.'le that f t5 a monogcmc Jr.mrtt0n on somc domain U . Titen 
.r/(.r) u hannomc. 
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Proo í: Dxf(x) = - nf(x) - t:j1,,. 1 x;~ - E ,,.. X.tete,~. 
• J J.µ: J 

As / is left monogenic t.his last cxpression simplifies to E~ ... 1 x,.,~ . Moreovcr 

DE']; 1 x1~ =O. Consequently D 2xf(x) =O. 0 
T he previous proof is a genero.lizat ion of the st.at.ement.- " if h(x ) is a real valued 

harmonic function then so is< x, grarl h(x) >". 
In fact in t.he previous proof we determine that. Dxf (x) = -nf(x) - 2Ej"' 1 x1~ . 

In the special case where / (x) = Pk( x), a left monogenic polynomia l of a rder k, 
this equat.io11 simplifies to DxPk(x) = - (n + 2k)P.1;(x). Suppose now that h{x) is 
a harmonic function defined in a neighbourhood of the ba ll 8(0 , R). Now Dh is a 
left monogenic íunct.ion so we know t.hat t here is a series E/:0 P1(x) of left. monogenic 
polynomials with each P1 homogeneous of degree l and such that t.he ser ies converges 
locally uniformly on 8(0,R) to Dh(x). Now consider the series E~o.;:~P1 (x) . As 
n121 ll P¡(x )11 < 11P,(x)11 t.hen this new series converges Jocally uniformly on 8(0 , R) to a 
left. monogenic funct.ion f 1(x). Moreover, Dx/1 (x) = Dh(x) on 8(0 , R). Consequent.ly 
h(x) - x f 1(x) is equal t.o a left monogenic function h(x) on 8(0, R). Thus we Juwc 
established: 

Proposition 3 Suppose that h. is a harmonic function defined in a neighbourltood of 
8(0 , R) then there are left monogenic fun ctions /¡ and h defined on B(O, R) sur.h 
that h(x) = xft(x) + f,(x) for each x E 8(0 , R). 

T his resul t remains invariant under translation . As a consequence it shows us 
t.bat a ll harmonic functions are real analytic funct.ions. So there is no need to speci fy 
whether or not a harmonic function is C 2 . The result also provides an Almansi typc 
decomposition of harmonic functions in tcrms of monogenic fun ct.ions over any hall 
in Rn . 

It. should be not.cd t.hat. Proposition 3 remains true if h is only renl valued . 
Proposit ion 3 gives rise t.o an a.lternat.ive proof of the ~lean Value T heorem for 

harmonic functions. 

Theorem 5 For any hannonic fun ct'iorl h defined m a nerghbourlwod o/ o ball B (a , 17 ) 

h.(a) = ...!.. r h(x )do(z) 
w,. J oB(o, r ) 

Jor any r < R . 
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Proo í: Proposition 3 tells us that there is a pair of left. monogenic functions / 1 and 
¡, sucb Lhat h(z} = (x - n)/¡(x) + h(x) on B(a, R). So h(a) = h (a) , and we have 
prcvíously sbown thnt ± J881. ,,¡ h(x)da(x) = j,(a). Now J88¡0 ,,¡(x - a) j, (x)da(x) = 
r J881 •• ,¡n(x)f1(x)da(x) = O. o 

The following is an immcdinte consequence oí Proposit ion 3. 

Proposit.ion 4 1/ l1 1(x) is a harmomc polynormal homogencous o/ dc,qree 1 titen 

h1(x) = p¡(x) + XP1-1(x) 

wht:re p1 IS a left monogenic 7>0lynomiaf llomogenoou..! o/ dcgree l while 111- i is a lcft 
monogtrur polynouual which is homogeneous o/ degru I - 1. 

lt is well known that. paira of homogeneous harmonic polynomials of differing 
degre«.'S of homogeneity are orthogona l wit h respect. to tbe usual inner product over 
lhe unat. sphere. Proposit.ion 4 offers n further rcfiuement. to this. Suppose that f and 
9 Me Cln valued functions defined on S"-1 and each coroponent off and g is squnre 
integrable . lf we define the Cl,. inner product of f a.nd g to be 

1 J, -< f , g >= - J(x)g(x)da(x) 
w,. 5 .. - 1 

theo 1f f a.nd g are bot.h real valued tbis inner p roduct is equa l to 

±J."_' f(x)g(x)da(x) 

wb1ch 1! Lhe usual inner product for real valued squa.re int.egrable funct.io ns defincd 
on S''- 1 Now 

< xp¡_1(x),p¡(x) >= -~ J, p1_1(x)xp¡(x)da(x) 
w,. 5"-1 

= -~ J, p1_1(x)n(x)p,(x)do(x) = O. 
Wn 5 " - L 

The e\'&luftlion of tbe lt)St int.egrnl is a n application of Cauchy's t heorem. 
Let us denote the space of Cf,. valued functions defined on s11- 1 a nd such that 

each component. is sqm\re integrable by L1(S"- 1, Gin)· C learly t.hc space o f real vnlued 
squa.re mtegrablc funct.ions defined on S"- 1 is a subset of L}(5n- 1, CI,._¡), The space 
L,(S"-1,Cln) is a Cf,. module. 

We bave shown that by introducing t.he module L1(S"- 1 , Cl,,) Pro posit.ion '1 pro
\•1des a furtber orthogona.l decomposition of ha rmonic polynomials us ing left mono
gemc polynomials. We shall return t.o t.his t heme later . This decomposit.ion was 
mtroduc-ed for the casen = 4 by Sudbery [SuJ and independently extended fo r nll n 
b¡ Sommen 1502¡. 
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Let. us aow cons id er higher order it.ern.t.es of t.he Dime operat.or D . In t.h~ sume 
way as we han 1·hn1. DH.(x) = G(x) t.here is a funct.ion G3(x) defined on R" \ {O} 
sucb that DG3 (:z:) = H(x ). Specifically C 3(x) = C(n, 3)~ for some dimensional 
const.ant C(n, 3). Cont.inuing inductively we mny find a funct ion Gi.:(x) on Rº\{ O} 
such t.hat. DG.1..(:r:} = Gk- i(x ). Specifically 

when 11 is o dd and so is k. 

when 11 is odd and l..· is even 

Gk(x) = G(n, k) llxll:_ .. , 

1 
C:k(x) = G(n , k) llxll"- ' 

' ( X c:,(x) =e n,k)llxll"-'+' 

when 11 is even , k is odd and l.: < n 

1 
C:, (x) = C(n,k)llxll"-' 

when n is even1 k is even und k < n 

G,(x) = C (n, k)(x'- " lag llx ll + A(n, k)x ' - ") 

when r1 is even and k ~ n . In t.he last; expression A(n., k) is a real const.ant. dependent 
o n n a nd k . C(n, k ) is a const.ant. dependen!. on 11 and k t.broughoul .. 

lt should be no t,ed 1.ha.t. G 1(x) = G'(x) und G'2(x) = H (:r:). !1 shou ld also be not.ed 
thnt D'G,(x) =O. 

Here is n simple t.echnique for cons t.ruct.ing solut.ions to t.he equa t.ion Dkg = O 
fram left monogenic funct.ions. The special cuse J.-= 2 wns illustral.ed in Proposit.ion 
2. 

Propositio n 5 S uvvuse t.hnl /is a left m.01109e11 i c /1mcl 1011 011 U t.hcn Dkxk- 1/ (x) = 
o. 
Proof The prooí is by inducl:ion . We have nlrendy seen t.be resul1, to be 1.rue in 1.he 
case k = 2 in Proposit.ion 2. lf k is odd t iten Dxk- 1/(x) = (k - l )xk- 2/(x) . lf ~: is 

ox•-• J (x ) = - n(k - 1 )x'- 2 f(x) + x'-'i::;~,•,x OJ(x). ax, 
By argu.rue.nts pre,,enl.ed in Proposil;ion 5 t his expression is equal fo 

(k ) k-'¡( ) '-'¡:;" 8/(x) - n ~ - l X X +X , ... x,-¡¡;;-. 
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Thc mduc11on hypothesis t.ells us tha t the only t rm we oeed consider is xk-l ~·. 1;tJ~ · 
HowC\'Cr t;.1x,~ is n. l~fl, monogenic íunction. So prooí by induct.ion is now com

plete. o 
In ÍULure we shaJI rcfor to a fonct.ion g : U - Cln which so.tisfies t.he cqualion 

ot9 .. O as a leít ~·-monogcnic fonction. Similarly if h U - Cl,. sat.isfies the equation 
hD* =O then 11 is a right k-monogenic functio11. In lbe case where k = l wc return 
to thc scuing oí leít, or right , monogenic íunclions and when k = 2 we retu rn t.o the 
scllmg of he.rmonic funct ions. When k = 4 the equations D4 g = O and g04 = O 
corrcspond to lhc ec¡ua t.ions .ó.~g = O nnd .ó.~h = O. So left or right. 4-monogcnic 
funrtions are in foct biharmonic funct.ions. In greater genera lit,y if k is cven Lhen a 

lcJt. or nght k-monogcnic funct.ion f automati ally satisfies t.he equntion .6.,, f = O. 

Proposit.ion 6 Supposc that 7J is a lef t k-monogenic polynomial homogencous of dt-
gree q thcn Uierc nre left monogem c volynomaals fo, , h:- i such that 

nnd each polynomrnl JJ is homogeneous of degru q - J UJhcnet1er q - j ;:::: O a.nd 1s 
1dt:nt1roll11 zero othen uise. 

Proof: The proof is vin induct.ion on k. T he ca.se k = 2 is est.ablished immcdiately 
o.íter thc prooí of Proposit.ion 2. Let us now consider Op(x). T hi8 is it lcft. ~· - 1-
monogcruc polynominl homogencous of degree q - l. So by the induct ion hypot.h sis 
Dp(.r) = g1(.r) + ... + x k-l9k-i(x) where each 9, is a left. monogenic polynomial 
homogcncous of degree r¡ - j whcncver q - 1 ;:::_ O and is equal to zero o t.hcnvisc. Using 
Euler's le.ruma and t.hc observat.ions made afler Lhe prooí of ProposiLion 5 one may 
now find left monog nic polynomio.ls fi(x), ... , f¡1_ 1(x) such t.hat. D(x/ 1(x) + ... + 
•' 'J.-1(<)) = D¡1(x ) and f;(x) = c,9,(x) for sorne e, E /l and for l $ J $ k - l. 
IL foll~"S that p(x) - tJ::xi fj(x ) is a lcft monogenic polynomial f o homogcncous of 
dcgn>e q 0 

One may now uso Proposit ion 6 n.nd the argume.nts use<I Lo establish Proposil,ion 
3 to deduce: 

Theorem 6 Suppo!•e lhat f is a le/t k -monogcmc fun cLwn defined 1n a netghbourlwod 
o/ lhc. boll 8(0, R) then. there are lefL monogcnic junchon.s fo, ... , b.- 1 defincd on 
8 (0. R) uch Uiat J(x ) = fo(x) + ... + x•-• ¡._,(z) on 8(0, R) . 

Thoore.m 6 estnblishes a.n Almnnsi dccomposition for leíl, k-monogcnic functions 
in l('ntU oí left. monogcnic fun tions over o..ny open ball . lt also follows from t.his 
thoort"m that each lcft. A·-monogenic function is a real analytic funct ion. IL is o.Isa 
rtasonably well known l.ho.t if h is a biharmonic function defincd in a ncighbourhood 
oí 8(0, R) then 1herc ar harmonic fonclions h 1 and h2 defin d on 8 (0, R) a.nd such 
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that h(x) = h 1(x) + llxJl 2h2(x ). In t.he specin.l case where k = 4 T heorem G boi.h 
establishes this result and. refines it .. 

As ench left k-monogenic funct.ion is n real nnnly1.ic fuuct.ion 1.hen wc can imme
diately use Stokes' t heorem l:o deduce t.he fo llowing Cauchy-Greeu t.ype fo rm ula . 

Theor em 7 Suppose l.ha.t f is a left k: -moriogenrc / tm ctio r1 defin ed 0 11 some domnm 
U rmd suppose tha l. S is a ¡1 iece111ise C 1 compact smface lyrng m U mtd bomulmg n 
bounded subdom.a i11 \1 o/ U. Then fm· each y E \/ 

/ (y)= .!:_ ( (Bj. ,( - l)i-IG,(x - y)n(x)D'- 1/(x))du(x ). 
w,, is 

5 Vahlen Matrices and Clifford Ana lysis 

Here we will examine t.he role plu..yed by t he conforma! group wit.lli n pa rt.s of Clifford 
analys is. Our starting poin f. is t.o us lc wlrnt, type of diffeomorphisms acLing on subd o
ma ins of nn preserve monogenic fun ct io ns. lf a diffeomorphism cf> can t.rn.nsform l he 
class of left monogenic funct ions on one dorn nin U t.o n class of lefl monogenic func
tions on ihe domai n ¡J¡(U ) o.nd do !.he same far l he class of right monogenic funct.ions 
on U then il must. preserve Cauchy's t,heo rem. So if f is left. monogenic on U u.nd 9 
is right. ruonogenic on U nnd 1.hese funct.ions are t. ransformed t.o !' a nd g' respect.ively 
left and rigbt monogenic funct.ions on <P(V) t.hen 

r g(x)n(x) f(.,)du(.,) = o = r g'(y)n(y)/'(y)du(y) 
Js } <li(S) 

where S is a piccewise C 1 campo.et. surfu.ce ly ing in U nnd y = i;r,(x ). Ao import.o.1u. 
poiot to not.e here is t lull. we need to ussume 1.hat. dJ preserves vect.ors ort.hogonal f.o 
t.he 1n.ngc.nt. spaces a t. x nnd f/J(:c). As t.he choice of :t o.nd Sis arbi t.rary it. follows that 
lhe diffeomorphism et> is tlngle preservin g. In other words tP is a. conforma! t.ransfor
mo.tiou. A t.heorem of Liouv ille [Lio] t.e lls us t.hat. far dimensio ns 3 and great.er Lhc 
only confo rma) 1 ransformat.ions on domu.ins are t-.•IObius transformat.ions. 

In arder t.o deal wi!. h MObius t.ru nsfornrnlio11s using Cliffo rd aJgebro.s we neecl t:o 
introduce somc more algebrn. 

Consider thc o.et.ion e1xe 1• This gives rise 1.0 a reflection a.long t.he line spnnned 
by e 1. Mo re specificolly on p llici ng x = x 1e 1 + x 2e2 + ... + Inen nnd mulLiply ing out 
e1(x1e1 + x2e2 + .. . + x 11 e11 ) e 1 we get. - x 1e 1 + x2e2 + ... + Xnen, nnd t.h is describes 
the desired re6ec1ion. In grea!.er generalit.y we may ta.ke a \fect.or y E S"- 1, t.he unil, 
sphere in R" , and consider t.he triple product. yxy where as before x E R" . Onc nrny 
rewrit c x as ,\(x)y+y;, whel'e ,\ (x) E n and y; is n vecLor in R" 1hat. is perpendicul ur 
to y. In th is ca.se yxy = ,\(x)y3 + yy¡y. This expression simplifies t.o -,\(x )y +y;. 
This shows lhat. the 1.riple product yxy g i\•es rise to a reffec1ion in R" a long 1.he line 
spo.nned by the vect.or y. 
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One mBy now coasidcr a finile sequence oí vectors 111 , . , Yp E "- 1. On placing 
o • 111 Vp Bnd proceeding induct ivcly we may observe 1ba1 the t ripie product cixii = 
vi V,,Zl/p vi gives rise lo a sequence of consecutive rcflections o.long t.he li nes 
apanncd by t he veclors y¡ , ... , Yp· 

Ocfinilion 2 A hnear tra11sjormatio11 O : R" - R" is collcd an or01ogo11al tmnsjor· 
mohon 1/ jor cach patr o/ vector.i; x, y E R" the mner prodt1cl < x, y > is eq11al to 
< O(z), O(u) >. 

lt lS a sm1ple excrcise to deduce t.hat any reftection is an examplc of 1u1 ort.hogonal 
t rtt.nsformation, and t.hat t.he set , O(rl), of ali orthogonal lransformalions over n" 
forms a group under composition. T hcreforc the triple product axii describes an 

orthogonal t rru1sformat.ion. Moreovcr the set {a E Cln: a = Y1 ... y11 with y1 E$" C 
n" and l ~ J ~ 1' for 1J nn u.rbitrary posit ive integer} is a group ly ing insidc thc 
Chfford a.lg bra CI,, . Troditiomllly this g roup is called the pin group ancl is dcuotcd 
by Prn{n). For each a E Pin(n ) us a = y1 ... y, and each Yi E S 11- 1 then aO = l. 
Thus P1n(n) is a subsct of t.he unit sphere in Cl". 

Our prcvious construct.ion shows that there is a group homomorphism 

O : Púi(n) O(n) : B(a) = 0 0 • 

where O.(x) = ax ii . We would like to show that the group homomorphism O is surjcc· 
tive. ThLS follows a ut.omat.ically from the the facL tbat each ort.hogonn.1 t.rnnsfo rmo.tion 
O E O(n) can be expressed as the composition of at. most n reílcctions . 

So we have scen t.hat Cli!Iord a lgcbrns are weU equipped to describe orl.hogonol 
trall!format1ous and inversion of vecto rs. Botb of these 1.ypes of functions can be 
extended to homeomorphisms over t he onc poiut. compact ification R" U { } of R". 
'These a.re special exn.mples of MObius t ransformat ions. Also for each v E H11 the 
translat1on map Tv: 11" - R" : Tv(x) = x + v can be extended to n homeomorph ism 
O\ler R" U { } by set l.ing Tv( ) = F'urlhennore for ). E n+ we can cxt.cnd thc 
dihu1on map D;, : R" - R" : D>.(x) = >.x ton homcomorphism ovcr R" U { } by 
setung D.\( ) = . T hese are a ll cxamplcs of ti. IObms transformn.tions. 

Oefinition 3 A Miibtus tmnsfonnntlon is a ftmchon M : R" U { oo} - 1111 U { } 
u.1harh con be erprcsscd as a fim te compos1t1011 o/ tmn.dottons, dilations, ortlw9011al 
trom/onn.at1on and irrncr.Yion.'l. 

Ea.ch Mobius 1.rn.nsformation is a homoomorphism from R" U { ) to itsclf. Thc 
tet of alJ Mobms 1 rru1sformations of R11 U { } forms a group and we denote iL by 
M(n). 

In geoc.ra.l it is rnther messy to write out. an arbit ra.ry MObius trnnsformat.ions 
as 1h~ de601t1on is exprcssed in terms of generators of thc group M(n). In t.wo 
dimensiona onr can idcntify R2 with the complex plane C in 1.hc usual way. T hcn on 
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restricting to only us ing 1.he special ort.hogonal group raLh r t han 1 he fu ll orihogonal 
group a MObius t ra nsfo rmal.ion can be expressed as ~ where a , b, e and ti E ' and 

dei(: !) = L 
Over the quaternion algebra we can wrile out. ~ IObius transformations of th Lyp 

(aq + b)(cq + d)- 1 where a, b, c 1 d a nd q E H and the ma Lrix (: ~) is inver tible in Lh 
nlgebrn H (2} of 2 x 2 matrices with quo.ternionic coefficenLS. T his certainly mimics 
t he t.wo dimensional si1.uat.ion and is easier t.han working with generato rs of a group . 
I t would be nice 10 find condit.ions on t.he quo.tern ionic coefficents a, b1 e and d such 
t.hat when q = :r E R3 t.hen (ax+b)(cx+dr 1 is a ~ ! Obius transformat.ion on R3u{ ) 
where R3 is the span of i 1 j 1J.nd k . We shall now try lo determi ne such condit ions . 

Let us 6rst assu me t.Jrn.t. e :f. O. In thl scase (a::r:+b)(c.x+d)- 1 factors as (ac- 1(c::r:+ 
d) + (fl - ac- 1d))(c.x + rl) - 1 which in t.urn foctors to oc- 1 + (b - ac- 1d)(cx + dr 1• It 
would be reasonable to assume t.ha t. t.his expression represent s a t.rans la t.ion t.hrough 
a vector oc- 1 E R3 fo llowed by a ort.hogonal tmnsformation and di lat.ion represent ed 
by c.xC and a fur1her t.rnnslal.ion nnd one inversion. In a rder for ex· to representa 
dilat ion ru1d s pecial o rt.hogonu t t.rnnsfornrn.tion we should consider e 1.0 be a producl. 
oí non-zero vectors from H3 . As wc are tlSSmning that ac- 1 E R3 it wou ld fo llow t.hat. 
o E R3. Also we should phice b - ac- 1tl = ,\C- 1, where ,\E R\ {O}. Jt would thcn 
follow that dC E R3 , an<l so d is also li product of vectors from R3. A s dC is assumed 
to belong to R3 1 hen dC = dc = crl o.nd 1 he cqualion b - ac- 1d = ,\C- 1 becomcs 
bC- ad=!.. 

Let. us now 1urn to t.he cu.':ie where e= O. In a rder to gel a ~IObius transformo.t.ion 
we must assume 1hat d :¡:. O. In order t hnt 1he expr ion (ax+ b)d- 1 remnins in 
R3 U { ) w need to nssume /Jd- 1 E H3 . Consequen tly we need to nssumc that. b is 
n.lso a producL of veclors from R.3 . Wc ulso need Lo as.sume 1hat d- 1 = ,\ii for some 
!. E R\{O) . 

In summa.ry if !he quat.erniorn; a, b1 e and dar ali products of vectors from n.3 

and sntisfy t.he followi ng cr it.crio.: 
(i) ac- 1,dC E R3, providcd e :f. O 
{li) ad- bC = ± 1 
(lii) b</- 1 E R3 when e= O 
th n thcc.xpr ion (ax+ li)(cx+rlt 1 descr ibes a f\ IObius transformaiion on R3 U{ }. 

Onc remarkable feat.ure of t.be condi t.io ns t ha.1 we workcd out for the coefficent s a , 
b, e and d is tha.t t.hey rco.dily exteud t.o ali dimensions. Tb1s extension was a¡>pa.rent.ly 
fi rst. workcd out by Karl Theodor VRhlcn [VJ in 1902 1 and was re-int rodu 1 by Ah lfo rs 
!AJ ove.r e1ght.y yea rs later . 

Thc Lrick 10 extend 10 a li Cliifo rcl a lgebra.s In , "'hiclt are no longer di visio n 
algebras , 1s to consider coefficent.s o , b, e a.nd din C ln that are ali products oí v t.ors 
from R" . Tbe.n in t his case eaci1 element a, b, e ancl d lS e1t.ber inverti b le in Cl" or 
tbe O vector. Let us a lso imposo l.hc fo llowíng three cond1tH>11S on o, b1 e n.nd d. 
(i) ac- 1,dC E R" wh n e :f. O 



(11) a"-d - bC = ± 1 
(lii) bd 1 E R". 

Jolrn HyA11 

lt is uow an eMy exercise t.o repeat. our earlier ca.lculat ions over t.he qunt.ernions in 
thc new context and see t.hnt when ~E R" t be expression (a¡_ +b)(c~ +<1)- 1 factorizes 
to cquaJ ac-1 ± (c;¡i + dC)- 1 when e f O a nd it. simplifies to ±o~ii + bd- 1 when e= O. 
In both cases i.hcsc n.rc examples of MObius t ransformations. 

Oofln ilio n 4 A malrix (: ,~) with coefiicents belongmg to C/11 is callcd a Vahltm ma
tn.r 1/ 
(1) The cocfficents a , b, e, and d nre nU products o/ 1.1eclors f rom H.i . 
(u) oi, cd, db and dñ E fl'1 

arid 
(111) ad - bC = ± 1. 

'fb condit ions (ii) and (iii) in t he last. definitioo are not. qu ite ns rigid as migh! 
be firSl thouglu . For insto.nce if aC E R" t.ben aC = ;;¿ = cO. Conseq ucnt.ly iic E H" . 
Also Czc E R" for cnch x E R.11 • In pa rt icula r C(oC)c E R" . But. Ce is a sea.lar, o.nd so 
éo e R" O n let t.ing ..... a.e t 0 11 t.his vector we see t.ha L Oc belongs t.o n.•1 t.oo. Similar 
argumenl.S moy be made for the ot.her \!ect.ors arising in cond it,ion (ii) o f t.he previous 
defimtK>n. 

S1milarly od - bC = ±í. So dO - cb = ±l. Also consider C(ad - bC)c. This is 
cqua.1 to ±cC. But C(ad - bC)c = Cadc - CbCc. As Ca = Oc and ric = Cd t hen this lust 
cxpression simplifies t.o (iid - Cb)(cC). So provided e f O then iid - Cb = ± 1. If e = O 
then up to asigna ancl d are inverses of each o t.ber. Simila.rly da - be= ±l. 

A mam point. t.o remember is t.hat. Gin is not. a corumutative u.lgebm. T ho lack of 
commutauvity necessil.a t.es ali t.he calculat.ions in l be previous two parngmphs. 

Let us now nssume thu.t we ha ve a Vahlen matrix (~ !) . Lct us suppose also t.hat. 

e .¡. O. 'fben C(cxC + dc)- 1 is well defined provided cxC .¡: - dC. But t.his expression 
foe:tors to (ex+ d)-1. Menee t.he t.erm (ax+ b}(cx + d)- 1 is well defined wit.h in t.hc 
algebra Cln and for ea.ch x E R" provided cxC .¡: -dC. In 1.his case t.he exprcssion 
(o.r + b)(cz + dt 1 is equo.l to ac-1 ± (cxC + dcr1• As c-1 = ~ tben l1c-1 E /l" 
Md (o.r + b}(cx + d)-1 is a MObius t.ra.nsformation O\'Cr R" U { }. W hen e= O t.he 
expression (o:i: +b)(cx + rl) - 1 is ec1ual to ±(o:i:ii + bd-1) which ngai n cun be seen Lo be 
l\ Mob1us transformation over R" U {oo}. So each ahleu mo.t rix ca n eusily be uscd 
to descnbe a MObius t.rnnsformation. 

Examplc:s of Vahlen matrices include (o~ !-~) wbere >.E H+, (011,,.~ 1 ) where o E 

Pan(n), (~ 7) where u E /?." and (~ ~) . T hcse are tbe ah.len matrices tho.t. correspond 
to d1l.110D by >., orthogonal t ra.nsformation by 6(0), translat.ion by v ood inversion. 
So cacb generator of t he MObius group J\/ (n) has a cor responding Vahlen ma.trix . 

Wt ca.o m (act. en.sily combine dilat ion and orthogoual tro.nsforma l.ion by consi
denn¡ lhe group gencra.ted by R"\ {O} wit.hin the algebra CI,. . We sho.11 call t his group 
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the Clifford group a nd we denot.e it. by r n. In fact r n = Prn(n) x n+. H ncc (o"a~I ) is 
the Vahlen matrix corresponding t.o the MObius 1mnsforma1.ion a:tñ whenever a E Í',, . 
Note that for each a E r,, t.hen l[a.11 2 = ali", aJso if a= y1 ••. Yr with ea.ch Yi E R" \ {0} 
far 1 $ j $ r tben lla ll = llYdl. llY,11 

The Vahlen mat.rix (0
1 -01) corresponds to tbe ~IObius t ra nsformat.ion -x-• = w!r 

o.nd t his t.ransformat.ion gives what is comrnonly called the l< elvin inverse of n non-zero 
vector x E R" . 

From tbe expression ac- 1 ± (cxC + dC)- 1 it may be assumed t.hat. whenever e"!- O 

the Va.bien matrix (; !) is equa l t.o 

(1 ac- 1
) (º J) ( e O ) (1 c- 1d) . 

o 1 1 o o <- 1 o 1 
(2) 

One can \·erify this assurnption by multi plying oui. 1hese mat rices. Simila rly one cttn 
ve.rify 1bat 

( a .¡, ) = ( a O ) (1 a- 1b) . 
o ;; -1 o a- 1 o 1 

(3) 

Consequently ea.ch Va hlen mat.ri x can be ex pressed as a 611it.e product of the Va.hlen 
mal.rices Linked 1 o i.he generat.ors of Lhe t-.110bius group a.et ing over R" U { oo }. Let. us 
denote the set of ali Vahlcn mal.rices wi th coefficent.s in r ,, U {O} by V(n). 

Theor e m 8 Tlie set \/(n.) i8 a _qmup under matnx mult1pl1cobon. 

Proof: The ident ity 11mt.rix (~~)can easily be verified 10 be a Va. hlen ma.1.rix. Let. us 

now consider a.n a.rbit.rnry Va.hlen mut.ri x A = (: !) and its product wit h the fo llowing 
special Va.bien mnt.rices: 
{i) (~ ~) where v E /?" 

{ii) (0ª0 ~ 1 ) where a E r 11 

(iii) (~ ~) 
On mult1plying A on t.he right. by eit.her the ma.trix appearrng in (ii) or (iii ) it. is eusy 

LO,. rify that. t.he resu lt.ing nuttri x is indecd a Va.bien matrix . 
h. remains to show t.hat 

( a º) (1 ") (º au +b) 
e tl O l = e cv + d 

is a ahlen mat.rix. The ma in problcm arises in verifymg tha1 (ov + b)(cv+ d) is lUl 

el menL o í R". However, up t.o a scu.lur (av+ b)(cv+ d) = (ov+b)(cv+ dr 1 whcn ver 
cuC ,¡: -dC. Conscqu nt ly (<111 + b)(cv+ d) E /?" whene,·e.r cvé F dC. When cvC = dC 

the.n (ou + b)(cv+ d) = O. Jt, now follows from express10ns (J) and (2) t hat, V(n) is a 
grou¡). O 
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From expr ions (2) a ncl (3) a nd 1he proor oí lbe previous t.heorom it. mu.y be 

ob&ern"CI t ha t t b llH\lriccir (~ n wh re V E R", (0º¡º1) whcre a E r .. 1 a nd {°1 ~1 ) l\fC 
ge1t<'ra.1ora oí the group V(n) . Also our caJculallons on Vahlcn ma trices and MObius 
tra.n!líonna1ions providc o. surject ive group homomorphism 

~ : V(n) - M (11) : ~( (: !)) = (az-.- b)(cz + d)- ' 

h l! en.sy to check t.ha t. bot.h (~ ~) a nd (Oª-~) belon.g to 1hc kernel or {) , Onc an 

abo that the Vnhlcn mo.t.rices (o~(~ .. ":1~_1) belong to th kernel of t'J . 11. is lcít as 
an rxerc1 to veriíy tho.t. t.hcsc are thc only matrices m tbe kernel of t'J . 

Havmg uscd Clifford nlgebras to describe ~lobius tra nsformntions in such o.n 
(lleg&nt way w ca n now use this npproach to introduce somc propertics oí MObius 
ira.n.síormnuons tha.1. cnnnot be clescribcd without the use or C lifford a lgebras. Th se 
ar' ali genera.lii a t ions of known propert ies oí MObius transformnt.ions in t.hc compl X 

pla.ne Let u.s begin with !.he cross ratio . 
f'or an ordcred quadruple of poinls { w1, w2 , w3 , w .. } lying in H", no threc of which 

comcide, we define thc cross ratio jw1, w2 , w3 , w .. J oí these points to be 

(1111 - 'WJ)(w¡ - W4t1(w2 - W<4)(W3 - W4rl . 

lf (: :) E \l(n) lUld l/J (x) = (ax + b)(cz + drl tben for ea.ch distinct pni l' X U.lld 
y E R" 

,P(x) - ~(y)= (cy+ d)- 1(z - y)(<-"+ r1¡- 1. 

Tbis equality is easy l.o verify when e = O. \Vben e 1' O then ,P(x) - ~(y) = (cxc + 
di) ·1 (C'yi+dcr•, In t.uru this last expression is equa.1 to (cxC+dc)- 1(cyC-cxC)(cyC+ 
dé) ·1 A dC = cd then equa t.ion 3 follows. Thus it may b dctermined t lrnt. 

Thlt' íormuJa 1s &lso thc formuln one would gel in tbe oomplex p~1c setting. Ho~vcr, 
m ibat con1cx1 thc o.lgebm is commula.t1vc and .so tbe terms (cw3 + d)- 1 o.nd (cw3 + d) 

uld can l. 
CJ<*C.ly related to t.hc cross ratio is the Schwa.niau dcriva.1.ive. Bcforc inLrod ucing 

g"ne:rallz.ation o r t.hc Schwarzia.n derivative \et u.s 6rs1 look al. ~· W hc11 e '/: O 

lben {r) • oc- •± ¿:- 1(x + c- 1dr1c-1• Before d1fferentiat ing this xprcssion 1 t u.s 
coosider tbe special case !P(x) = x-1• On con.sidering ~ it. is ca.sy to vcrify that 

• -r-te,x- 1• lt fo\lows that when e #- O lhen 
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On no t ing t bat c-•n = dc- 1 this eqnat.ion s impl ifics 1.0 

8~ (x ) -a;;;= 'F(cx + dt 1e,(cz + dt '. 

In grea ter genernli ty, lf y is n poin t. on t.he unit sphere 5n- I 1.hen t.he pa.rt.ial 
deri va live of W(::r:) a long t.he y d irection is 

!t. fo llows tha1. fo r ettch x, w E R" t he deri vat.ive, Dt/l~(w), of t/J nt. x nnd nct,ing 
o n w is -(ex+ d)- 1w(cx + (l) - 1• Wheuever x '# c- 1d t.hc term ex+ d belongs t.o 
the Cli fford group r". So for fixed X E R." \ {c- 1d} the deri va t.ive D'l/1-z:(w) describes 
a n ortbogonal t ransformat;ion combined with a di lntion. Consequently fa r ench fixed 
x t he linear transfo rmat.ion D4J-z: preserves ang les between vect.ors. A different.iuble 
funct ion defined over n domttin in H." t.a king values in R" and whose deri va!.ive nt. ench 
poin t preserves the angle bet,ween vect.ors is cn.lled a confo rma! ma p. This definit.ion 
fa r n couforma l ma p rcadi ly ex t.ends !:o t.bc sett.ing of mauifolds. 

Let (:r).n denot.e 1.he second order part.ial dcrivati ve of tb(x) in t.hc d irec1.ion of y . 

So whcn y= e1 t hcn 1/1( :i;)y11 = ~· Let. a lso ~(x) 111111 denote t.he l.hird order part.inl 

deri vat.ive of cb(:t) in !.he y clirect:ion. T hen 

~(x)...-11 = :¡: 2C- 1 ( ~1; + c- 1tlr 1y( :t + c- 1dr 1y(x + c- 1d) - 1c- 1 

wh ile 

A simple comp ut.at.ion now reveals t ha t. 

~ ( x ),,,,,;;1 (x ); ' - ~( ~(x),.~ (x); 1 )2 =O 

This is a di rect. luudogue of t.hc Schwurzian deri\•o.tive aris ing in complex a na lysis. 
f'o r n 8 doma.in in !.he COmplex phlnC ll.nd / (z ) 8 llOll· COllSl llll i holomorphic funcf.iOn 
defined on n the Schwarzi o.n derlvo.tive off is dcfined to b {S, /} =f. - i(f-)2, 
where /' , / " and /"' denot.e t.he firs l., sccond nnd t.hi rd deriva tives of / rcspect ively. 

De fiuitio n 5 ttpposc lhat U i.~ a domam iri H." , so U is on open, r.o nneclcd ncm · 
empty subset o/ R" , m1d 81LJ171ose alw lhat F : U - R" is on muert.1bf C3 map. Tl1cn 
the ScJuuarno n derwnt.foe o/ F i11 thc direct.ion o/ y ..., definc.d lo be 

{S, F), = F,., F,- 1 - ~( F,. F.- 1 )2, 
wh re 1:0,, , F 111 orid /~1/JI den.ole lhe jirst. second nnd tlurd or:d. c. r portia/ derruatwe.~ uf 

F m th e d1rcclron o/ y respectively. 
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Th1.s Schwa.n.ian dcri vnt.ivc was int roducccl in IR6) 
One mfllll diffcrcnce ·bct.wcen t.his Schwa.rz1an de.riva1iv nnd t.he clnssico.l ouc 

1m~11ng m 1hc complcx plnne is t.ha.t. the Schwa.rz.ian we ba\'e introduced in Euclidcan 
apac~ dcpends on thc diroct.ion y E n-I. This problem IS ovcrcome by Wada !WJ. 

As F i an invertible and differentio.ble map tben F,-•, the mult.i plicnt.ive invcrsc in 
Cl" oí F,, cx1slS ev ry where on U. As /~, F1111 and Frn ali belong: 1.0 H" t.hen {S, F}, 
takes 115 values in t ite subspace of C f., spanned by 1, e,e, where 1 :S: i < j :S: n and 
r ,tJttf'I wh re 1 :S: 1 < J < ~· < l :S: n. This lasl oomponenl oí c¡uadruple products 
oí the basis ' 'eclors e1 •.. e,, only nrises ií n ~ 4, and then only nrises in the sccond 
lmlf o( 1he formulo fo r { , F}u · We shu.11 d note tbe idcntit.y componcnt of { , F}. 
by { , F},,0. We shall denote 1.ho component oí { , F} spanned by t.he bivect.ors e,cJ 

whcrc 1 :S 1 < ; :S n by {S, F}J1,IJr while wc shall denot.e t.he lnst. component oí 
{ , F), by { , F), .. J,k,I · 

Onc mnin r nt.ure of 1.hc s hwnrzian derh'RU\'e in the complex plnne is Lhnt 
{ , /) • { , Al(/)} for u.ny MObius lransformation ~· Let. us now see whut. lmppons 
111 tbr Euclid nn sct.ti ng. On 1.aking the composition ~(F) a st.ro.ight.farwa.rd mimic of 
pr \'10\15 argum nis shows tho.1, the partia.l derh•ati\'e of tP(F) in t.he dircct.iou of y 1s 

'f(cF (;} + d¡- 1 F(z),(cF (z) + d)-1, 

or ah rna11vcly when e '! O 

Ont> may now deduce t.hat. 

{S, w( l')), =(el'+ d)-1{S, F) ,(cF + d). 

As oe:,1 . e,/i = ±ci.eJ1iin ... ñneJ~ii far eacb o E Prn(n) nncl ns t.h v ctors 
t¡, t,. a.r an orl.honormnl basis far R" the e.leruen1 ae31 ... e1,.ii. will be 11. linear 
combma.llon of r·fald product.s of orthonorma.I ,·ectors from /?" . H nce 

{S, w(F)} 11,o = (cF + d)- 1{S, F},,o{cF + d) = {S, l'),,o 

and 

and 

{S, w(/'ll ,h•.1 =(el'+ d)-1{5, F),.'"";(c F + d). 

So lhe 9C&la.r pa.rl of lhe Schwu.rzian derivativa as leh inva.rio.nt undcr MObius trnns-
formaltons whil 1hero is a simple and elega.nt fonnula t.o describe thc conformnl 
CO\'Vlance of th 01.hcr lwo components. 

\\'e alta.U now procced to show that each MObius e ransformat ion preserves mo11<>
gt'mc.'1ty Sudbery !Su] nnd ni.so Bojarski [BJ ho.ve es1ablished this fo.et.. Wc will nced 
lb•· foUowm¡ 1wo 1 mmntn. 
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Lemma 1 Suppose lha.t. tl>(x) =(ax+ /J){c:t + dr 1 l'5 a M0b1U-) t ro r1sform ation l11 e r1 

G(;, - v) = J(~,x)- 'G(z - y)j(~, y¡- 1 

111/tere u= ¡p(x), v = d>(y ) and J(<P, x ) = 11~3§ ... 

Proof The proof essent.in.lly follows from t.he fact. tba1. 

(x- • - y- •¡ = x- 1(y - z)y- 1 • 

Consequent ly llz-1 - y- •11 = llxll - 'llx - YllllYll -'· Also axci - aya= a(x - y)ci . 
lf one breaks t.he t.rnnsformatfon clown into lerms arising from t.be generntors o( 

the ~itobius group and use the previous set oí equo.1.ions t.hen one will rendi ly arri ve 
at t.he resu.IL. o 

L emma 2 Suppose that. y = l/>(x) = ((t X + b)(cx + d)- 1 is o MObi.us tran.sformatian 
rmd for domam U and V we hmu:. t/I( U) = V lhen 

r /(u)n(u)g(v)do(u) = r J( .P(x ))j(.p,x )n(x) J (w,x) g( .p(x))do(x) 
Í s Í111- 1(S) 

w/1ere U= (;z:). SIS a of'ienln.blc h117w1· . .;1irface Jymg 111 LJ and J (lfJ,x ) :::: n:t~i" · 
Outli ne Proof O n breaking 'ifJ up int.o t.he generators of the MObius group t.he resull. 
follows from not.in g i.hot. 

o 

h. foUows from Couchy1s T heorem Lhnt. if g( 11) is a left monogcnic fun c1.ion in 1 he 
variable u theu J(tP, x) /(V> (x)) is Jcff, mo nogenic in 1.he varia.ble x. 

When ~(x) is 1,Jrn Cn.y ley Lrnnsform u.t ion y = (enx + l )(:c + en) - 1 we can use 
this 1rn.nsforma1 ion to es l.nbli sh o Couchy. i(own\ewskn cxtension in a neighbourhood 
of thc sphere. lf /(x) is ll real annlyt.ic func t. ion defined on an open subsel. U of 
S"- 1\{en} Lhen /(y)= J (tP- 1 ,y)- 1/(1/J(y)} is u real nnaly t ic function on Lhe open set. 
V= 0- 1(U) . This fun ct.ion hu.s n Cnuchy· l<ownlewskn ex.tension 1.0 a le íL monogeni 
funcLioa L{v) defi ned on an open neighbourhood V (g) e R" of V . Consequcnt.ly 
F(x) = J(o- 1 , z) L(~- 1 ( x )) is n left. monogenic dcfined on an open ncighbourhood 
U(/)= o- 1(V(g)) of U. Moreover ¡;iu =f. Combing witb similar argumenLs for t.hc 
other ayley 1ransformat.ion 11 = (-e 11 x + l )(x - en)- 1 onc can ded uce: 

Thcore m 9 (Ca uchy·Kown lewskn Thcorem) Suppo.1c Uuit / r.s a Gin volued rr:nl 
anolyt1r fun r tton defin ed on S " - 1• '!1urn U1 erc r.s a umqUC" li:jt monogcnic fun ctwn F 
definal on an open nc19hbourhuod U(!) o/ 5n- I • ..-uch thol F. 1 = / . 
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la íact 1( /(u) is d fined on some domRm and sat1.:t.6es the Npmt ion 1)11 f =O tllC'n 

thr lunctton J~(.;i , r)/ (IP(.i')) sntisfies the same equallon, whrre Íl·(l/J, x) = lki:+d¡f .. '' ¡, 1 

Theorcm 10 ( ce's T heore m ) Suppou that /=u~ 111 rs a lwlomor¡>lnr /unrhcm 
un G domotn n e e <md lhal n = ~ and /(i) = /(.: ). Tlitn the funrtwn F fa:) .. 
u(.r 1, .r'H)+cj1r,;.v(x1, ll:z:'ll) tS a umtal lcjt n- l -mon-0qemr ftmr /1011 on tite clomain 

{,r .11 +11¡.r'll E fl} 111hc11~11er n 1.• twcn . llt:n z' = .r1e-1 + + x ,.e., . 

Prooí: F1ni:t lc1 us note t lml x· 1e1 is !ch. n - l monogcmc whencvcr nis cven. lt 
follO'l'""S th 1 a.r , :r 1c1 = cc:z:-k- le1 is n - 1 left monogcmic for eoch p sit.i vc lntcgcr k 

Htrt' '• l!I 90m e non-zcro rc1\I numb r Usmg Kelnn m,· rsion it follows tlrnt. xke1 1s 

lf"Íl n 1 monog1mic for ll h positivc iniegcr k By tl\kmg tmnsl1lt.i ns 1u1d Tllylor 
w rxpans1ons for the funct.ion / the r ult follows o 

Th11 n.-sult wns first esta.blish d for thc casen= 4 by F\1e1er, ¡FJ, sec ldso Sudbt•ry 
ISuJ h wlutcxt ndcd t.o ali cvcn duncnsions by Sce (Sc], though lh m t.hods us d do 
not makr UM' of 1 he conform1il group. 

6 D irac O perators on Spher e 

Wt can US<' Vahlen nrntriccs lo describe a Cayley tra.nsfornHlLion from /? 11 to 1h 
punt.turl"d sphere lying in J? 11+1 and then sel up a Ouac opcmtor with a Co.uchy 
mu-.ral formula. on t.hc sphcre. 1t should be mcnuoned drn.l Di ru.c opcrnlors ovcr 
M;C-nnal man1folds havc bccn ut. ilised in a number of ront xts, s for instuncc [CiMu, 
La.\h. B-BWJ. In ¡e, M2j tlt.t.cmpls a.re ma.dc to dra.w Clifford nnulysis closcr lo this 
more geoenJ sett ing. 

Wtule onc can rcgarcl thc sphere, minus one point, to h<' topo\ogicaJly cquivalent 
to ruchdta.n spacc via ll st.ercogrnphic prOJeclion, and m om· vario.ble complcx lLno.lysis 
ont' oítt'n 1nterchanges domains in thc complex plane for thci r stcr gro.phic imngcs 
on th~ 2-sphere, l.his does not. agree with the setting dcscrlb<'d h(lrC. Whilc thc 
1tc-~•1lh1C' projcct ion docs orrespond to the Cayley transfonnation uscd her<' m 
thf" e · o( thc spher , in ordcr t.o set up a D1rac opcrator on t.hc sphcrc 1.rnd push 
throuch lb<" &S90Clllt e cl funct ion thcory wc need to a1so US(' a mult iplicr opera! r from 
i~ Chfford algcbrn . 

IA-t UJ nov.• considcr thc u..lgebra Cl,.+t and lh Cayley tmnsf nna.tion 

C1 : 11" S": r • (.r - ~,..,. 1 )(- t,,_.1x + 1)- 1, 

btoft' Z .l"¡t'¡ + +x,1e11 E /l11 , and l'n+I IS 6 UDll \'t'('lOr in /1"+1 whith IS Oíl hogonal 
lo Ir' ·ow C1(/1") = S"\{e.+1) . 

for / a \ch monogrnic function and g a nght monogcnic function dcfin<'CI on a 
d•>m&JD t t_ R" WCI luwc 1 hat 
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= ( , g(C\'(x)) J (C\1,x)..(x)J(C¡-' ,x)f(C\ 1(x))d•(x) , 
}e¡ (S) . 

where S is a piecewise smooth surface ly ing in U and boundmg a boundcd subregion 
of U , and C 1(y) = x. Moreover, S11 hus the llic.mannian struclure inbcrited ns a 
submo.nifold oí R"+1• So n(x ) is a unit vector lying in the ta.ngent. space TS'; and is 
normal Lo TCJ1(S)r.- Also, 11' is the Lebesgue mea.sure on the surface 1( ). 

On applying Stokes' 1.heorem to !.he integral 

( g(C\1(x)) J (C\ 1,x),.(x)J(C\1,x)f(C\1(x))d•(x) 
Íc¡ 1<S) 

we obtain 

( (g(C\1(x)) J (C\1,x)Ds-)J(Cj"1,x)f (C\ 1(x))dry(x) 
Í Cj1 (R) 

+ ( g(Cj"1(x)) J (C\ 1.x)(Ds-J(Cl1.x)f(C\1(x)))d•¡(x), 
Jc¡1( R) 

where R is tbe re:gion bound d by S, Dsn is the Dirac operator on S" aris ing from 
the application of Stokes' t.heorem, nnd '1is1he Lebesgue surface measure on S" . 

As is arbi1 rary it. follows thtlt 

g(C\1(x)) J (Cl ' .x)Ds· = O 

e.nd 
Ds .. J (C\1.x)f(C\1(x)) =O. 

D e finition 6 Suppose thaf, V is n. domam on the sphcre. S " then a pomtwi.'le d1ffc· 
renllable /und 1-0n f : V - C lu+I is said to be. spltencal left mo1109cmc i/ Ds .. / =O 
on V 

A similar definit.ion mny be given for sphericn.I righL monogenic funct.ions. 
Prom Lhe previous calculat.ions it. is r lntively ea.sy lo deduce: 

Tbeore m J J A Junct.i.on h(y) is svltcn cal left monogenac 1/ ond only 1/ 

J(C1.x)h(C1(x )) 

1$ le/t monogem c, wli e.rc C1(x) = y . 

A similar result. mny be dcduced for righ1 monog nid l)' 
ll foUows írom theorcm 11 nncl [R5j 1hnl any sph tical left monogenlc funct.ion is 

also a real e.na.ly lic funcl.ion1 lrnd similorly any righL sphencaJ monog n1c fonct lon is 
a real a na.lytic funclion. 
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\\' would Like o more cxplicil represcntatioo for l h sphoricu.I Oirac opero.tor 
o~ We follow ru1 n.rgumcnt presented by Cnops a.od }i.t aJonck in !CnMJ. Supposc 
6r1t chat / and g ar cont.inuously d ifferentaable functions defincd on a dom uin U 
h·1n¡ on 1hc sph re S" o.nd / nod q n.re l,.+1 \'8.lued_ \Ve x t.end thes fun tions to 
funct10n! F ruid Q defined on a domain in R"+1 by pladng F'(x) = ,.? /(11) and 

Q(s) • rl.Tq(1¡) where x = '"'1 and r1 E U. Now toosid r t he doma in V in nn+t 
where \ • {.r = r íJ : O< 1· 1 < r < r2 and '1 E U}. Stokcs' 1heorcm tells us t.hat 1í ' 

11 a p1eccw1se smool h sur fn.ce ly ing in U and boundmg a subdomain W t.hen 

J. F(•)n(•)Q(x)da (x) = { ((F(•)D)Q(r) + P(•)( /JQ(•)))dx"" 
ow• Í w• 

where hcre D is 1.hc Dime opero.te r in H" ... 1 and U'' = { r11 : r 1 < ,.3 S r _ ' "' < r1 
ond qE 11') . 

The mtcgml over 8W 1 can be d ivided into three pa.rts. F'irst thcrc is l.ho integral 
O\cr the parl wh r r = r 3 t hen t.here is the integral O\'er the par!. wher r = r,1 and 
la.st tbcre 1s th integrnl over t.he pnrt where '1 E T he first t.wo int.cgrnls cancel 
nch other This is beco.use 1.he vector n(z) are opposi1e on t.hese suda.ces ami on 
r wntmg t be integro.! to 1m integro.I over W tbe extensions oí f and t¡ combin to 
gwe the me valucs. T he last, integral can be rewnuen as 

· ·bcre do hcre r pr sents t.he volume lement oí S. 
Before cvalunt.ing the int.egrnl over W' let us express t.he Oiruc opero.t.or D m 

l<'nns o{ sph rico.! co-ordi110.tes. Now D = -1111D a.nd qD = i;_ + r wh re r is pur ly 
a sph<ncal op rnt.or. So D = - •1(8; + r) and DQ(r~) = ,. '-'r'.1(r - 9)'1(•1). A 
a1m1W- formulo holds far F(n1)D . So 

{ ((f'(•} /J}Q(x) + F(x)DQ(x))dx""1 = lw• 

J. n. - l n - l J.'' 1 (f(~J(r - -)~,,(~) + /(q)q(r + - 2-)q(q))d•(•il .. - "'" ,, 2 .., 

A and W a.re n_rbil.ra.ry it now follows tha.t Ds- = q(r- ~). 
Now.• for aoy MObius tro.nsformation y= w(z) = (o.:z: + b)(cx + d)- 1 wc hu.ve lhnl 

•(IP(x)- \P(u)) =J (v,x)-1G(x - •)J(\P, u( 1• (4} 

TbD lollo-'S from 1.he identit.y (x- 1 - u-1) = u-1(u - x):r-1 1 sec fo r ins to.ne jPQJ 
Cowirqut'ntly, from t.h orcms 2 nnd 3 we obla.m; 
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T heore m 12 uppose t.hnf \/ 18 (l, domam HI S"\ {e,..+ 1} r111d n ,_, (1 .rnbdomarn o/ u' 
w1tl1 cl( R} CU. Morem1c!·, Cj"1(S) i.s a ¡J&crewi.sc mooth urfoa;, ui/1erc S = lJU, lil e 
boundanJ o/ U. Th en for <mch y E /? rmd ead1 :,p/1cncnl lcft monogerur funct.um / 
defin ed on U we Ju111e: 

f(y) = ~ r C:(x - y)n(x) J (z)dw(z) . 
W 11 ls 
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