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1 Introd uction. 

In tbls cxpoe:ilion wc will centor on Lhe íollowi.ng problcm: if X ia a. set , A ~ X , nud 
lí f . ít - X ls A fun Llon, whcn ca.u we 8.S8Crt lbc CX.lSW.n cc oí xo E A such Lhnt 
/(<o)• zo? 

Wc wiU al9o 111. r 0 11 sorne of Lbc mrun uses oí sue:b rcsuh.s, nfl.l11ely in cli ffcront.ilJ 
equu.11ons aod w wil.l start. witb Lt shorL dlscusuoa of discre1.e dynnmico.I systerus. 

Tb(' mmn common spocial case t.hnt nppears in Lbe: lit1e:rnt.urc is thnt iu which 
A • X. plus sorne 1.o¡>ologicnl considorn.tions_ i-\s "''e progresa we wil\ b u.ble Lo scc 
thnt lopologlcal consldomtlons M e nt. tbe cor oí the- problem. Wc wlll nlso 1:1cc 1.ha1 
ln m~,, Ull'ful c1rcumsltrnccs iL is preforablc Lo con.s:1der the ll80 A ~ X . 

Ottudts lhe mtrinslc intorcsL of t.hc <1ucstion posect 1 l us st.tlrt. 1.0 construcL so111c 
of ~be applicat1oas 1bnt. 1.hcso resulta mny luwc. Tbi.s "'rill a.Isa givc us tho nclvantngc 
of r~alamg ••h1ch a.re somo import.o.uL qucstions connecled t.o our problom. 

Tha.s papcr 11 only oí IJ.U int.roduclory nnt.ur : it is mca.nl for thosc who l)._f curious 
(l.bou& &be subJcct bul. bo.vo not st.udicd iL in any dcpth yct. IL is not intcuded in nicy 
WQJ to ~ a revi w of 1.ho Men. 

W~ .11_.,, witb n dccolvlngly simple problc.m~ Jet D <; R.11 trnd f D - D n 
funchon \\~e pose tho fo llowlng problem: gi\'Cll .i:o e D , defiuing X ri+ I = f (x,.) 1 1.rnd 
dc.finmg Lh~ .ailution of thiti problcut t\S lhe scquc.ncc {f"(.ro)}:00 (where /º = 1, Lhe 



ld•ntity function. and /"+1 = f o /" ), 1.he 11 th re LS no qucstion nbou1 lhf' c)..is1cnC'f" 
r l\ UIHQUC solu11on for f\- llY problom of t.liis SOrl &nd , if I is coatinuomJ, then w 

hnv con11nuous dcpC!nd1tncc of solut.ions on ini tinl condu1ons, th two mn.in requmlt 
us unlly 1mposed on ordina.ry difforo11t.i1d cqutü.ions Tbis problem lll cal led t\ discr 1c 
dynnmica.I sys-tc.m on D (incluced by t.he fun tio n J). 

Let u.s 6.rst obser\'e 1hn1. if x 0 e /J is ú. fi xcd po im of / , th n 1he co1\SIDJ\t scquence 
{.r,,} ,,. 0 , .r .. = .ra, o ~ 1,n a positivc int.eger, is o solulion of thLS probl m . Thc rea.J 
problcm 15 - can wc pred i 1, n.nyt.hing u.bout thc bc.hn"ior of solutions 1.0 this probl m? 

Thl.s 1s ccr1aJnl)• e..n int1oresti 11 g quest.ion , which is ,. ry mucl1 rel&t,ed to th fixcd 
points of thc funcuon f. We will t.ry t.o gct some insigl11 inu:> th probl m vin two 
st rik lng ly d1ff nrn1 ex1t..mp les comi ng from npplica1ions to blology. 

1. 1. Ccms.1dcr a drug 1 lu\\, hu:; t.hc foll owing prop n.y : ah.c r 'H hours of ndm11us1 rR~ 

tion o f n dosc. a propo rt io n o ~ (O, l ) renmins in 1 he pn11ent lf you s i n.r1 wi1.h n el 
o( m 0 (s.ay mdbgrams) n_ncl prescribe t,hlll thc pnli nL b ad.mmi.51,ercd P un iLS 0\1 ry 
2•1hours 1heroa.her, a.nd t his is 1l lo ng t.crm l.r atmenL ( for cxa.mple a Cal ium cluumcl 
block r, Prouc, an anj ibiot.ic, et.e. ), con you prcdic1 d1 to tal drug sccumulation in 
thc pat1 nt (abo cal led t he rr ct.ivc dose)7 

To a1J.S'Y."Cr 1bi.s qu t ion Je t U!:! firs l. CXlu nin whn1 w1ll happ n dny by dny: 1f w 

denot by .r,. e:: amounl of drng in !.he pnt.ienl cxnct ly IÚl r th n'" o.d minls trntlon of 

thc dmg. tb n wc ccrtninly hnvc 1.lmt x,. 1-i = oxn +P. zo = rno 
Tlus l\ Simple Al.g bml problom thM auy swden1 knowing s..bout ll n M fun c11ons 

s hould be abl 10 901\- , wit.h somo co. \cull\lions nlong lh way \Ve will look l\L 1t nl 1\ 

shghtly dlff ren1 maim r. 
on.id<r 1b luncllol\ f : [O, ) - · [O, ), / (z) = oz fJ 11.nd 1 h discrc1c dy· 

ntunical S)incm 11 mdu T hon wc 6-0 t hnt if w 1 t. .ro • mo, w mus1 htt\1 1 ha t 
.::,. .. , - / (.r:., ) • .to - mo Thus wo hu va th discret dy nonucal sr l .('11) induccd by Ib is 
funct1on 

o~ lbat lhe only fix d p int of / Is X ... 6 and !IOmc el menta.ry co.lculua 

aho• lhe.t . no m11H r who1 t,ho vn luc oí m0 , lim.. Zn - ~· This s hows 1lrn1 ll 

íu:cd potnl of J ( in tlus CMC 1.ho only fi xcd point of thc functton) serv a.s 11 predi tor 
oí wbat thf' S) 4!m w1 ll ultiin11t,oly do). 

l. 2 . Cons1d r thc- dis rete logi8t,ic cquntion , wl11ch can be po9ed as followa: lcL 
o E (0 . ~1 Md d•finc f : [O, 1J [O, !J , / (z} = oz(I - z}. Th• rcs1ric1ion o e (O, 4) 
is 1m~ so 1ha1 th fun 1\011 is 110L idc nLicaJly 1.cro and so •he.1 11 mopd !O, lJ 111LO 
ll u 

C1' n .ro E (O, IJ, 1hen tha so l11Lion with 1his miu a.I cond111on Í.I g-iv n by x .. .,. 1 -

/ (.r,_), and aga.m •• Wl\.IH 10 g t som ins ight of wlH\1- solu t1onsdo Thc fir s1 observe.~ 
llon 1$ lht;I O L5 • fixccl pol n1 oí/ tmd 1 nccordrngl •, lhc tcqumcc whích is cona!. ntly 
uro 1.$ a . luoo n 10 t h pr bl m. A n thc r ob,•1011.s 90(ut100 anses by p1 c.kln.g .r0 • 1, 
y1C'ldmg 1hc sotutt011 {r")~-o• :to • I, r,, • O. n ~ 1 

"'" 1mmtd1fltely t lrn1 lí O < o S l. thcn O 13 he only 6x<'d polnt of f o.nd 1f 
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.ro E (0.1). 1b n thc 80lution {:r:n}n-o is such that llm r,,, • O {1.his is noL dífficulL 
10 1h ) . 

H l < o S .1, 1h n we hnv nJso o poslLive fixed poam of / , namcJy :r :a (o - !)/o , 
and wr thlLll h1w two constant solu11ons. \Vitb not mucb "'Ork it. an b shown t,hnt 
IÍ l <o < 3 1hen wc hav lhat. i í :i:o e (O, 1), then the mlution {.rn} .. a-0 is Sll h that 
!un,,_. .r. • (o - l )/o . T lms thc fi.x.ed p int.s oí/. m this ra.ng f vo.\u s of o , ore 
prt>d1clors of thc bchtwior of oll solutions to tbc problem 

lí o • 3, thcn we hovo Lhnt t.hc fixcd point 2/3 us nU 1tppronchcd by solutlons 
but thal 1hc con" rg 11 Is vcry slow. 

[f o > 3 then many üdngs starl to occur, such th ep¡>CtlrlUl e of poriocllc 
solut1oos and, M rhc vn.lu r o g ts lnrg r, the more compbated th b hovior f 1hc 
solutlon.s of th" probl m1 st.artlng wit h th cxlstence of a.symp1.oli 1Llly stnblc pcrlodíc 
!IOlut1ou.s of penad 1.wo (hcro "nsymptotlcnlly stablc'" m ana, in111i1.iv ly1 t h tll if you 
8lan near thc pcnodi solul.lon, tb n you na.y oea.r ihe aolu1ion for ali v1llucs r n 
i.\nd, M rt mere t.o infini ty, t.h diffc.rc.ncc oí the mluoons goes Lo zcro) 1 thon oí 
pN1od four, 1ben clgbt. 1rnd so on up lo n point wbcn penod1c 801uUons nro no long r 
n.sympto11ca.ll • swblc flnd solut ions b omc extremely dcpe.ndent 011 t.h ir initinl vnluc 
Thc atud)" oí 1 lua mn¡>¡ ing is foscinnting but w w11l lea' 1t he.re f r 1.hc 1n1rposcs of 
thui p p<'t 

Thc ncxt 1ype of npplicot.ion 1.hn.t wo o.r intcrcsced m LS 1he xist.on e of solut.ions 1 
hdtatll ,-.Jue probll'm f r rdinn.ry diffor nt10.I equauoM Tbe probl m lHI b pos d ns 
fol10W11 ''" D !;; n•+•, (to, %0) E D (wh r we 1>kc lo E R,.ro E R"), nnd f : O - · R" n 
funct1on • 1 - R" su h l h ttL: I isnnint rvalofposi11\ 1 ngt h,lo / ,(t 1 1P(t)) D 
for ali 1 E / , 6 IS difJ r ntinbl nnd ~'(1) = / (t . co(t)), t E / ," said to b a lution of 
the 1111t1al '"ILlue problcm 

z' • /(1 ,z) 
x(t0 ) • zo 

Wc ~· h1t,. thc ¡>robl ms: n) Whc.n do 1mt1a..l ,-.Juc problcms hnv solut lomi7, b) 
lf tut 1ru•1aJ ,..Jue probl m hns aL leost two solu1101u thal are "lnl rinsi ally'' diffcrcn1 , 
whM u ta bt- SAJd of 1 h s t. of 1Lll solutions to the mmaJ ,-.Ju problcm 1 

To gC1agrupof1 he probl 111 1 we start by asaumm.g 1ha1 D Is ll.n o¡> n subs t oí 
R""1 and 1ba.l / 1s n 111.inuous funct1on \\'e w11J say 1hs1 n fun 1.ion 1/1 : 1 11" 
\3 n í!OlutJOD oí the inlcgrn.I cquntion .i:(t) • .i:0 + J~ / (.t.i:(a))d! if 1 Is nn int rval 
conuunmg '•·t. lS conl lnuomt, lí t.hc graph of y ~ comamcd 111 G and: 

,P(t) • zo + {' /(" 1.'(•)d•, I E !a,bj. 
J •• 



Thc scuiugJU.Sl cxpl11incd will ullow u8 Lo Lmnsfom1 th mu m.I ,ia.Juc problum 1111.0 
n fixcd poim probl m for :;ome opernto r dcfincd in l\ sub t of fun 1.io11 apa • 

Tlus illusuates 1.wo fo ls: whcn dou.ling with difl'. renual cqulllions , t.ho sp or 
"unkuowos'" lS a pace of funct.ions and t lulL 6nding soluuons m 1his 1ypc of &0Ll ing 
is cqul\1\Jcnt to 611ding fi x d poin1.s of funcLic.. ns d fined in rather .. larg " Sl)l\CC:S. 

F'ma.l ly wc explam n problem from d iffcre.ntial equn1ion.s of a di ffer nL sort , ollcd 
n boundary '-ahu~ 1>roblem for 1\ sccond arel r di (forcmial equation. \Ve will dcal o nly 
w1th n.n illustnUi\"C specin l cn.sc 1 which includcs n.s n J>Rrl icuhu e.a.se th Emdcn ~Fowlc.r 

cqunt.ion; oth r l)'J> of onclil.io ns LIHll, mny be imposcd would allow t.hc problcm to 
bccom "s.inguhtr"' B~ O. 

\Ve are gh na 00111 i11 11ous funcl.ion / : {O, 1) x ¡o, ) - ¡o, ), /{x, y) lnLcgrnblc 
ns a funct 1on of z for n.ny fixcd 11 E (O, ),o,fl,1, 6 nonnega1ivc real numbors such 
t luu p = 'l +o;+ 06 > O, nnd we me nskcd 10 fi nd , if thcy xis1, o.JI fun Lions 
;S : ¡o, IJ IO. ) whi h uro cont.inuously di ff rcn<iabl 011 ¡o, IJ ( d> e C ' (IO, IJ)), 
(tBking onc s:idcd derivniivcs td, t.hc cnd points of Lh intcn't\I) 11J1 d i h y 1Lr 1.wl 
con1muotasly d1ffere.nlinblc on (O, 1) (4' E C 2((0, 1))) , w1th the fo llowlng prop r1 ícs. 
;S"(r) m - f(r , o(r)), r e (O, 1) 1111d t.hut. a;S(O) - /l<l>'(O) = O. 70( 1) + 6<1>'( 1) • O 

Thc problc.m lS symboliclllly wr lt.ton 08 : 

y"+ f( :r,y) 

ay(O) - /Ju'(O) 
1U( i )+6y'( I) = O. 

F'or cxa.mpll", if f{x ,y) = n(x )11'1. p > O, we ha.ve nn ob,·iou.s 90Julion , na m ly 1h 
ldcm1cally zcro 90)ution ; 1 hcn t,hc problcm OÍ in l r L i.s 10 dct.ennin 1.11 xiSI ll t' 
or " nou-nrgAll\"'t' non-c-ons1.un1. solu t.ion. This probl m hu bccn surv ycd by Wong 

V) nnd th J>Ml nU difforcn1.i11 l qu llt ionli v rsiou (which wc aui "1so ot tnck uslng th 
me1hods exphuncd b low) lrns bccn sur vcycd by Lions ILJ 

lf ~ auo ... for I : (O, 1) X (O, ) (O, ), lh n ~ ~'Ould hov .. CXOlllJ>I 
J(z.11) • 0(.1:)11-",p > O, l\ problcm t.hn! is singu lar RL O Th re ar mo.ny c.x.is1, n , 
muh1phcuy. epproxmrnt,ion rcs11l1 s f r boundary value problema of 1hls t.yp . 

Onc way 10 a 11 ack this probl m is, ns in th mitin.! ,iJuc problem, LO trn.nsform 
1t mio an mtqn.J equn ti n on whlch onc cnn use 6xcd poin1 1heory. To simpllfy 1hc 
no1.n.t1on we ""iU a.ssum 1.hn t. o = l ,/J =O,..,= 1,6 - O 

O.Hn e ¡o. 1¡ x [o, iJ - · [O , ) by: 

G(x, 1) e ( 1 - r)I, O S t Sr, 

G(x, 1) • x( 1 - 1), :r S t S 1 

Th~ runc110n lSCRllcd 1ho Crc•n':t fun t llon íor lh probl .. m 

y o 
y(O) • v( I) • 0 
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AgoJn ror aimpllcif.y of o.xposit.ion, WO will assume ibeA J('x. y) is incrcasing us 
"funct1on or JI for ach ·fixcd X e {O, l). Thcn 1t follows 1hnt. i f WC d ·not.o by 

K • (6 E C!O, !J : o>(r.) l!: 0,x e !O, l j}, wc c&n defino T : /( - • /(, T(<P)(•) = 
J01C:(z ,1}/(•,4'(t))dt , n.nd our 1\8StnnpLions mn.kc surc ' b&1 this mnp is wcll dofinccl . 

Oboon lhRI if ,; e T< thon T(<,b)(x) = J;(1-z)</(1,9{1))dH J: x( l - t )f (t,<,b(t.))dt , 

•nd 11 is clcnr thnt T(o>)'(x) = - Jd tf(t,o>(t))dt +J.' f {l , qi(t) )dt .. lt íollows t.h1tl 
T(<,b)"(.r) • - /(.r ,4'(•)),x e (0, 1), nnd so if T(<>) = " ' " .. hnve n soluLion of our 
bonndlU}' ,1\Juc problem. lí r/J is n soluLion of our boundAry v1.duc problom 1.hon 
clcnrly T(6) • o>. 

2 C la ical Fixed Point Theore m s a nd Sorne 
Applications. 

Wr "''tll now stnl somo oí tho most. import11nt fixed pomt thooroms, without. proof, 
ud wt w1U acc 1hc st,nndard w1.lys to g ncrallzc thcm u wcll a..s Lo polnL out., wi t.h 

tome dthUI, how they tlr uscd in llppllco.tlons to d1ffc.rc:nua.J equnt,ions 11nd clyJHuui td 
1yatc11U1 Thesc are by no mclu1s t.h · only imporlrull apphcah ons of th ser sulttJ, und 
w "'''ll U)' 'º m nLion, in pu.iising somo of thc olher applknt.ions Llrnt mnko Lhcs 
re11uh1 90 uaclul. 

Befon? we starL wit.h Lho t.hcoroms, h. Is nd,•bable to s1a1 somo rcaul1 s 1,ho.t. will 
c.IDriíy 1ht narnrn..I xt.o.na\0111:1 Lh y hnve. Thl!: wilJ be our s.1 ar1. point. 

In .u or our discu881on W Q wHI rcst.rlct OUJ"SC?_h-e! 10 1be foUowlng 9 t l.h1 g1:1: t.h 
apnce wt' will dcal wi1.h wHI n\ways be c.ilher complc1e me1ri spnccs or thc losur 
or bouodt'd open subsot.B of Bti•lllt h spuccs (vec1or spaccs º'rer t,Jw ronl1:1 wl tih u norm 
~hnt 1ndut"CS a complct.c mo.bric). 

Ooe (BC1 1btll wc nood t.o ko p in mind 1s Lhat 1f X is a fini to dlmenaiomd nonncd 
ilpace tbt>o aJI norma aro cquivo.\onL, mennin.g Llun ali oonn.s gencrnt,c the su.me topo
logy in 1~ 4)>8.CC. Thls is not t.ruo ín Bnnnch spnces wh1cb u noL of flnl t.c clhu nslon 
M l\ \.1!C10r IJ>&C'e 

Lc m m l Ltt X be n Dan<ich spacc and G ~ X . IJ Y is o /Jonach s1Jncc nn(/ 11 '" 
l1omcomo,..,,,tc '" G wit.h hu111eomorplwn11 9 (1 . g : e - /1 i.!J onc to onc, COllf.muowt 

a11d i.:·1lh conlmuou .. • invorse) and 1] f : G - G M conl.muOfLS rwd lw.1 a fixcd 110111t, 

t/1(1n gojog-1 : 11 - J.f al.w has afi.r.t:d potnL 

Ooflnilion 2 Lc.t ~ be a Danoch spacc and K e; X Ufc unll sn11 t/l(lt /( 1.s a retrort 
of X 1/ lltcrc t.$ o /unr l1011 H : X - K , wluch ,_, aml.tnuou.s nnd sucli thot /t(:z:) • :r: 

whcnc &Yf' z I< 
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Theorem 3 (Dugundji /D/) . Let X be a Banach space and K ~ X be a closed convex 
subset. Titen K is a retrQ.ct o/ X. 

Theorem -4 (Brouwer's Pixed point Theorem /Blf). Let C ~ Rn be a closed bounded 
convex set. Then i/ / : C - C is continuous, it has at least one fixed point, i. e. there 
is xo E C such that f(xo) = xo. 

Corollary 5 Let K ~ Rn be homeomorphic to a closed bounded convex set. Then if 
/ : K - K is continuous, j has a jixed point in K. 

This result. is at the heart. of many important applications, ranging from the exis
tence of solutions to a system of n equations (not necessarily linear) in n unknowns 
to the existence of nonnegative eigenvalues with nonnegative eigenvectors for certain 
types of linear operators (the Perron-Frobenius theorem which states that if ali the 
entries of a square matrix are nonnegative, then the result is true). 

There are elementary proofs of Brouwer's theorem but they require the construc
tion of sorne elaborate results that would extcnd the length of this presentation beyond 
what we have in mind, so we will not present it here. 

We will illustrate one of the uses of Brouwer's resul t which implies the existence of 
critica! points far an autonomous differential equation. For simplicity we will restrict 
ourselves to dimension two. 

Let / : R2 --+ R2 be a continuous funct ion. We will say that j is locally Lipschitzian 
on R2 if the following holds: if C ~ R2 is a closed bounded set , then t here exists a 
number Le 2'. O such that for any x, y E C we have 11/(x) - /(y)ll ~ Lcllx - Yll· 

Now consider the differential equat.ion 

x' = /(x). 

We will make the following assumption far this diffcrent.ia l equation: given any 
x0 E R2 the initial value problem x' = f( x ), x(O) = xo has a solution ·tPxo : [O,oo)-+ 
R'. 

Because of the locally Lipschitzian condition one can show that any initial value 
problem has a unique solution defined on [O, oo) and that the following happens: if 
{xn}~=l is any convergent sequence in R2, say wit.h limn-.ooXn = xo, then the sequence 
of solutions is such that limn-.oo'tPx,.(t) = 1/lx0 (t) uniformly on compact subsets of 
10,00). 

If x 0 E R2, we define the positive semiorbit through this point to be the set 
-y+(xo) = {lfx0 (t): t;::: O} , and we consider it. as a curve on which the only allowable 
paramet.rizations are given by solutions of our differential equation. Because of the 
uniqueness of solut ions to initial value problems and the fact that t.he equat.ion is 
autonomous (meaning that t.here is no expl icit t dependence in the equation itself) , 
it t.urns out that if x,y E R2 then either ¡+(x) n -y +(y) = 1> (the empty set) or 
7+(x) <; 7+(y) or 7+(y) <; 7+(x). 
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Now suppose that 1/J ; [O, oo) - R2 is a solution of our differential equation and 
suppose that there is T ;> O such that ,P(O) = ,P(T). Define ( : [O, oo) ~ R2 by: 
((t) = ,P(t + T) and observe that í'(t) = ·,P'(t + T) = f(,P(t + T)) = f (í(t)) se we 
have a solution of our differential equation. Furthermore ((O)= 1/J (T ) = 1/J(O) so, by 
uniqueness of solutions of initial value problems we must have 1/J(t + T) = 1/J(t), t ;:=:-: O. 

We conclude from this that ¡+(1/J(O)) is a closed curve. Let us assume further 
that ·¡/J is not a constant function. Then there will be a minimum T for which this 
happens and ¡+ (1/l(O)) is a simple closed curve, which we will denote simply by¡ 
(and is parametrized by 1/J).¡ is homeomorphic to the unit circle. 

Jordan's curve theorem now t.ell us that R2\¡ consists of exactly two connected 
components one bounded, the other unbounded. We denote by C the union of ¡ with 
the bounded component. C is homeomorphic to the closed unit disk. We will show 
that there is Xo E C such that /(xo) = Q. 

For each T > O, define the function <l>r : e - e, <Pr(x) = 1/Jx(r). By what was 
explained above this mapping sends C into itself since no solution staring in the 
interior of C can ever intersect ¡, the mapping is cont.inuous an<l so, by Brouwer's 
theorem it must have a fixed point Xr. Then 1/Jz,(r) = X r = 1/Jz,(O), and it follows 
that ,P,, (t + T) = ,P,, (t), t 2'. Q. 

Pick asequence {r11}::o such that Tn > 0 , n E N, limn._,00 Tn =O. We then have a 
sequence of fixed points {xr,,}~=l • which remains in the compact set C. This sequence 
has a convergent subsequence which we will relabel it with the same indices and we will 
denote by xo its limit. We recall that the sequence of solutions { tPz,.J~=l converges 
uniformly on compact sets to l/Jxo . 

Let t > O. Then for any n there is an integer l11(t) such that ln.(t )r11 :S t < 
(l.(t) +!}T., and we have ,P.(l.(t)) = x, •. We get: 

fl,P,,(t ) - xoll ~ 11.P,,(t) - ,P,,Jt)ll + llV-,.(t) - x,.11 + llx,. - xoll 

Now it is clear that, as n - oo the right hand side has limit zero an<l so 1/J:r0 (t) = xo, 
concluding that 1/Jzo is a constant solution and hence f(xo) =O. 

Our next step will be to consider Banach spaces of infinite <limension . Before 
getting into this new topic we would like to remind you that a degree theory exists in 
finite dimensional normed spaces which allows one to conclu<le, in many situations, 
the existence of a fixe<l point for a continuous mapping of the form / : G - Rn, 
where G is a bounded open nonempty subset of Rn, and / has no fixed points in the 
boun<lary of G. 

The next fixed point result that we will discuss is the natural generalization of 
Brouwer's Theorem to Banach spaces of infinite dimension. 

Theorem 6 (Schauder's fixed Point Theorem (Sj) Let X be a Banach space, C i;; X 
a closed bounded convex and nonempty. lf f : C - C is a continuous map su.ch that 
f(C) is a compact set then / has at least one fixed point in C. 
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We will proceed to show one of the applications of this result, in the area of 
0rdinary differential equati0ns. 

Since ali norms in finite dimensional vector spaces, in all the spaces Rk we will 
use the norm l\(xi,x2, ... ,xk)ll = E!:~lx¡I, ancl we will clenote, for x E Rk,r > 
O,B(x,r) = {z E R': llz - xll < r,B[x,r[ = {x E R': llz - xll Sr). 

Lemma 7 Let G ~ Rn+l be an open set, ( t0 , x 0 ) E G, f : G --+ Rn continuous. Then 
there exists p > O such that the initial value problem 

x' = f(t,x) 

x(to) = xo 

has a unique solution defined on the interval [to - p, to+ p]. 

Proof. To see this, let r >O be such that there B((t0,x0 ), r) ~ G. By the c0ntinuity 
off there is M > 1 such that 11/(t, x)ll $ M, (t, x) E B[(to, x0), r/2j. Choose p = r/4. 

Now let X = C([to - p, t0 + pj, Rn) with the supremum norm, define <Po : [to -
p, t0 + p] - Rn by <Po (t) = x 0 , t E [to - p, t0 + p] and consider B[<Po, p) in our space 
X. It is a closed, bounded, convex subset of it. 

Define T: B[~0 ,p] ~X by: T(,P)(t) = x0 + J,:f(s,,P(s))ds. Notice that if 
,; E B[~o. p] then 

llT(,P)t- ~o(t)ll 111.' /(s,,P(s))dsll 

$ 1J:11/ (s, ,P(s) lldsl 

$ lt-tolM 

$ pM 

$ (r/2M)M 

r/2 

$ p, t E [to - p, to+ pj. 

It. follows that llT(1P)ll $ p, so T(B[~o. pJ) <;; B[~o, p] and so we can consider this 
as a mapping from the closed ball into itself. T is continuous since we can use the 
standard theorems concerning the interchange of limit of a sequence 0f functions and 
the integral. 

Also, if .,PE B[<Po,p] then the graph of T(.,P) is contained in B((t0 ,x0 ),r), since: 

ll(t, T(,P)(t)) - (to, xo)il $ lt - to[+ llT(,P)(t) - xoll 

$ r/4+r/4 

r/2 

< r. 
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Now we need to show that T (B [iPo,p]) is compact . 
Let {1"k }~1 be a sequence in B [iPo,P] and observe that: 

llT(,p.)'(t)ll 11/(t ,,P(t))ll 
S M . 
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lt follows that {T(1"k)}f:1 is an equicontinuous uniformly bounded sequence of 
functions and, by the Arzela-Ascoli Theorem, it must have a convergent subsequence, 
implying that T(B [~o.PD is compact. 

By Schauder's Theorem T has a fixed point in 8[4'0 , p], implying that the integral 
equation has a solution in [to - p, t0 + p], yielding the desired result. 

The last result we address is Banach's Contraction Principie, which is used to 
prove existence and uniqueness of solutions of initial value problems, among other 
applications. 

Theorem 8 ( Banach 's Contraction Principie {Bj) . Let (X, d) be a complete metric 
space and let / : X - X a mapping such that there exists o E (O, 1) such that: 
x, y E X => d(/(x), /(y) ) S ad(x, y). Then f has a unique fixed point in X . 

We will not prove t his result although the proof is remarkably simple (pick xo E 
X and prove that the sequence of itera.tes of / at x 0 is a Cauchy sequence, hence 
convergent and then use the continuity of / to sbow that the limit must be a fixed 
point of /). Uniqueness follows by contradiction. 

Banach 's T heorem is one of the standard tools to prove uniqueness of solutions to 
initial value problems. It is also valid in spaces that are not Banach spaces, but t he 
existence of a E (O, 1) restricts the usefulness of the result. 

A branch of fixed point theory has been developed to try to include the case a= 1, 
when the mapping is called nonexpansive and the results are centered on the finer 
aspects of the geometrical structure of Banach spaces (see [KG] and [K]). 

3 R esults in Cones in Banach Spaces. 

In many situations we are confronted with either the existence of a "trivial" fixed 
point (in which case a result asserting only the existence of at least one fixed point is 
rendered useless) or we need to find fixed points with certain properties (for example, 
the existence of a nonnegative solut ion to a differential equation). 

There are many results that do assert the existence of two or more fixed points 
for certain mappings. We will restrict our attent ion to an approach that can be used 
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for both of the purposes stated above; we will present a few results in this subject, 
which we will apply to boundary value problems in differential equations. 

The standard references to this area are the works of M. A. Krasnoselskii [Kl] and 
H. Amann jA]. 

Definition 9 Let X be a Banach spacc and K <; X be a nonempty closed set. We 
will say that K is a cone in X if the following conditions hold: 

a)x , y E K =>x+yE K. 
b) x E K,o ~ 0 =>ax E I<. 
c)Kn(-K)={O} 

As a first example of the types of results available, we will present a result which 
can be viewed asan extension of Krasnoselskii 's "cone compression" results. 

Theorem 10 ([GSl},(Tj). Let X be a Banach space, K <; X a cone, O < r < R , 
denote by D tite set {x E K : r ~ llxll ~ R} and let T: D - K be a continuous map 
such that T(D) is a compact set llnd such that: 

a) x E D,llxll = R,T(x) = !.x =>!.'.::l. 
b)xE D,llxll =r,T(x)=!.x=> !. <o l. 
e) inf{ llT(x)ll: x E D, llxll = r) >O. 
Then T ha a fixed point in D. 

Corollary 11 ((GSJ]. Let X, K, r, R, D, T be as in Theorem 3.2 but now assume that: 

a) x E D, ilxli = R, T(x) = !.x =>!.<o l. 
b)xE D,llxll =1·,T(x)=!.x=> !.'.O l. 
e) inf{llT(x)i i : x E D, iixii = R) >O. 
Then T has a fixed point in D. 

We will present typical applications of these results to the existence of positive 
solutions to boundary value problem on ordinary different ial equations (they are also 
applied t.o semilinear elliptic partial differential equations). 

Let f (0, 1) x [O,oo) - [O,oo) be a continuous function such that f(x,·) is 
increasing as a function of the second variable far ali x E (O, 1), J(-, y) is integrable 
as a function of the first variable far ali y E [O, oo), and consider the boundary value 
problem: 

y"+ f(x,y) = O 

y(O) = y(!)= O. 

The prototype of function we are thinking about is f(x ,y) = a(x)yP,p >O. 

Theorem 12 ({GOW}). /f lim 11-.o+ ~ = oo, limy-.QO ~ = O, both limits being 
uniform on compact subsets of (O, 1), the boundary value problem has a non-constant 
nonnegatiTJe solution. 
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Proaf. We C0nsider the Bainaeh space of all c0ntim10us r.eal vailued f.unctions 
defined on ¡o, 1] wi·th the sui:ir.emuu:1. nerm and we !et K = {iP E X: <P(x);::: O and the 
gr.aph 0f <P is c0nea.ve cl0wn}. 

As in the intr0d"cti0n, define G' [©, I] x [G, I] ~ [O, oo) by• 

G(x,t) (1 -x)t, 0,St'.Sx 

G(x,t) = x(I- t ),x ,S t '.O l. 

Now we define T : K - I< by: 

T~f~:(x) = 1' G(x, t)f(t, f(t))dt. 
'º 

As discussed in the intrnd1J€ti0n, if iP E K then T(iP) is differ.entia.ble 0n f0,1]. s0 
it is certainly contima0us 0R [©, l], j,t is clear that T(<jJ)(x) 2: O, x E [O, l], aad we have 
shown that T(o) is twice ddferentiable 0n (O, 1) with (T(f))"(x) = - f(x, f(x )) and 
since f is nonnegative it foll0ws that the graph 0f T( if>) is c0ncave d0wn. 'T'hus we 
may consider T : K - K. 

If D i; K is any 'b0l!H:lded subset 0f K, then using 0ur computa.ti0n 0f tfle derivative 
of T(ef;), we c0aclude, using the Arzela~Ascoli The0rem, that T(D) is a c0m.paet set. 

We will seed 0ae tia.sic fact c0ncemi-ng functi0ns in K : if ef; E I< ,then we have 
tihat o(t) 2: ~' t E [1/4, 3/4'[ ([GOWJ). 

Since limy--0+ ~ = oo, uniformly 0n c0mpact sets, we can. fincl ro > O st:J.eh that 

J01 G(l/2, t )~ > l. We pick r = 4ro and observe that if rP E K, llrPll = r and if 
T (o)= >.0 , then• 

T~f)(x) >.f(x), X E [@, lj 

l G(l/2, t)f(t, f(t))dt >.0(1/2) 

l G(l/2, t)f(t , f(t))d t '.": >.r/4 

l G(l/2, t )f(t,r/4)dt 

"' 
>.r /4 

1' O(x, ,¡f(t, ro) dt 

"' o ro 
1 

"' 
>.. 

In particular ,\ > 1. 
Also we have that f E K, [lol l = r => f( l / 2) = J; G(l/2, t)/(1/2, f(t))dt . 1'h"" 

~(1/2) 2: J,'/.'G(l/2,t)/(1/2,ro)dt = M, an hence inf{llT(o) '~E K,11~11 = r ) 2: 
M > 0. 
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Finally, we can pick R > r such that J0
1 G(l/2, t)í.J!¡f!ldt < 1/4. If f E K, llf.11 = R 

and if T(f) = >.~, then: 

l G(l/2, t)f(t, ~(t))dt = >.~(1/2) 

l G(l/2, t)f(t, R) ? >.R/4 

4 ¡1 G(t t)J(t.,, R) dt > >. Jo o, R -

1? >.. 

Now we have satisfied ali the c0Hdi·ti0ns 0f Theorem 3.2 0n the set 

D ={~E K :r ~ llfll ~ R). 

The exJ.stence of a n0n-c01;istarH.t R0nnegative s0luti0n to the b0undary va.rlue prnb
lem follows. • 

We have just prnved a res1:1lt which c0rresp0nds t0 what is frequently cailled the 
"sublinear case" and, in the particularr exarm¡;;ile in mind, corresponds te O < p < l. 
There is ,of course, the "superlinear case" c0rresp0nding to p > 1, and it is treat.ed 
much in the same way, n0w 1:1sing Corn'llary 3.3. The proof is s0 similar t.hat we will 
0nly state the result here. 

Theorem 13 ((GOWJ). Suppose that, under the general hypotheses on f used before 

now we require that: limy ..... o+ ~ = O, limy .... 00 ~ = oo, both limits being uni
form on compact subsets of (O, 1). Then the boundary value problem has at least one 
nonnegative, non-constant solution. 
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