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O Int r oduction 

Thc purpose of Lhis articlc is to rev iew the most significant. rcsu lt.s about the 
rcso11anccs associatcd 1,o :-;elfa.c\joint second order diffcrential operators (wit li a.b
so l11 te\y continuous spc<.:t. rnm on ly) wh ich coincide wit.li t.li c Endidca.11 La.pla
cian outside a. comp;tct. doinain . Typical exa.mplcs of s ud1 opcra t.ors are thc 
Schródingcr opcrnt.or wil,lt a co inpaclly s upport.cd polcnt.ial, or thc La.p lace opcr
itl.or in the ext.crior of a bouuded doma.in (with Oir iclilet. or Nc11n1arni bo11n<lary 
condit.ions). The lat.t.er describes the propagation of acous1. ic w;wcs outsidc an 
obst.adc, which rcfl cct from thc boundary but do not. cuter insidc. Thc rcso111.inccs 
are import.ant. objcct:s in the scatt.eriug lheory of such opcrators. Thcy are com
plcx numbers usually clefined ª·" the poles 0f t. hc mcrnmorphic cont. inuation of thc 
rcsolvcut. (ac ting on suit<:ib lc spaccs) through the real ;Lxis. Pliysically> a resonance 
..\ E e (wit.h Re ..\ > o, llll A > O) describes/\ !\Ollst ab lc qna.nt.nm state osci l at.in~ 

wit.h a frcqnc11 cy Re>. , whosc li fc~ t. i1 11 c is proportiona l to l / Irn...\. Thcrcfore, thc 
closer a rcson;rnce is to thc 1ud axis (tha.t. is , the sn1aller it.s imaginary par t. is), 
t.hc longcr it livcs, i.Llld hcucc tli c more int.crcsting it is from phys ical point of 
vicw. In t.he phys ical ex pcrimcnts tlie rea l parts of t.hc re...:;omu1ces are observe<! 
a.s thc points al which the íirst dcrivativc , .·/(,\), of thc pha.."e .'i(..\ ) , A E R , of thc 
scat.t.cri ng mat. rix has peab. Thercforc , it. is import.ant to study thc rc liLtioush ip 
betwccn thc bchav iom of s(A) (or of s'(A)) and t.hc reson;rnccs. Thc knowledgc 
of t he resonances ncar the rc<d axis cnab les a lso t.o deduce importan!. i11formatio11 
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111 Sf'ction 1 1 cousidcr ma iuly the ca..<\c of srnttcring by both a 11 arbitrary 
nh~radt' a ncl a pcrturbcd mctric (11ot ucccssa irily Ric111a11nia11) . Among othcr 
i limv,~. thr problems of cxis tcnce of resonanccs, lowcr and uppcr bounds on t heir 
rou11ti11g fum:: t.ions are discnsscd. In Scction 2 1 consider opcrators satisfying 
tht• so-c-nllrd gcncralizcd H11yghc11s principie (sce (2.1.l)). Usually this principie 
¡~ s.uisficd in t.be ca.ses whcn t.here are 110 trappcd rays, a.mi that is why such 
prrturbations are called nontra pping. Typical cxamples a re t he scattering by 
n :-.Lrict.ly convcx obsllicle or thc SchrOdinger opera tor wi th a smooth compactly 
:,11pportcd potcnt ia l. In Section 3 1 d iscuss thc scat.tering by severa! strictly convex 
oli:-.lt\d cs, whid1 is a t.ypical examplc of trapping per turbations. One sces that in 
this case the rcsonances ncar the real axis are distributed differcntly compa red 
with thc case of no11trappi11g pert11rbatio 11s , namcly, the existcnce of infinitely 
111a 11y rC'souanccs in a s trip is a n indica t ion of preseucc of trapped rays. In Scction 
1 1 disr11ss t hc Neuma.un prob!C'm in linear clast.icity. T his problcm is intercsting 
(and diffC'rcut from the prol>lcms d iscussed in thC' prev ious sections) beca.use of thc 
t•xi ... tt·un· of surfacc waves (callcd Rayleigh wavr.s) moviug on the boundary of t he 
oh..,iadr. As a co11seq11e11ce 1 t lic generalized Huyghcns princip ie is ncvcr fulfi lled 
iu 1his rn . ..;f'. Note t hat. t.ILcrc are 110 sm:h smfocC' wav<':-; in the Dirichlct problcm 
111 lin<'ar r lasticity. Pinally, i11 Scction 5 1 rliscuss thc transmission prohlem which 
c1~...,nih~ thc propagation of acoustic wavcs whid1 pcnct.rnte int.o the obstaclc and 
1110\'t' 111 ib inter ior wit.h a difforcnt spced. Üf'("ausc of t.hc cxist.cncc of periodic 
hrnkrn rn_vs in thC' ohst.ade, tite g<'ncralizcd H11_vg:h<'11s pri1u::iph~ is not. fulfillf'd for 
1111 ... prohl1•111 ueit hf' r. 

1 n111 1101 going t.o disc:uss n~so11a111·1•s for s1•111i-d ;L..;sirn.I prolilcrns nor for opern
tn~ 011 spact•s wit.li n<'gativ<' cnr vat.un•. For ot hrr n·v it•w articl1~s 0 11 thc reso muH.:C!'i 
1 rrf1•r thc IN\clcrs to Zwor.'iki 1s art.iclf's [92J. [!lftj. 

Acknowled gem e nts. A par!. of t.his a r tid1• was wri t.t.1·11 whilt: 1 was v isit. i n~ 
tlw l'111vt•r ... idnclí' Frdpr;,J c\1• P(•rna1 11b11n1 ( l1 1·1·ili·-PE). i11 Fchrn<try-M;irch 2000. 
1 wnuld lik1· 10 t.liauk Prof(•ssor F'c•rna ndo Ca rcloso for liis kirnl i11v it.at io11 a 11d 
htll'lpllality, <L'l w('ll ª·" for so11u• 11srfnll disn1s~io11s . 



1 Di tribution and de ns ity of t he resonances 

1.1 P ro pe r t ies o f the outgoing resolvent of the Laplace operator 
on R" 

Lcl .ó. = L ;=l a;J be t.\ic La.place opcrator in R 11 , 7l ~ 2. Denote by Po t.he 

sclí-ndjoim rcnliznt.ion of - /j, ou thc Hilbcrl spacc Ho = L2 (Rº). Denote by :F 
t.h Fouricr transform , t.lia.t. is, 

Clcarly. :F is an 11nit.a ry opcrntor on Ho, and 

(1.1.1) 

Menee Po is a posit.ive sclf-adjoint operator wiLh a bsolutely continuous spcct.rum 
011ly wit h doma in of definit:ion , D(Po), which coincides wit h t.he Sobolev space 
H2 (R n). The rcpresent.ntion ( l.1.1) allows to fine! an explicit. fon nulac for t.he 
kernel of l.he operntor f( ffo) = F - 1 f(l~J):F in t.crms oí oscila t.ory iutegrals: 

whcrc g u - l clcnOt ('S t,hc uni t :-;phcrc in R ". Let. h(s) = {s2 - ,\2) - 1, .o; E R , >. E e, 
lm >. < O. Thc Oll LS"Oing rcsolvc11l:1 Ro(,\), of Po is dcfined as fo llows: 

I3y thc .spL'<."lral t.hcorem Wt) lii-we 

ll Ro(A)llc¡11,¡ S s11p[h(s)[ S --1- foc Jm ,\ < O . 
. •Ert [A[[ lm ,\[ 

Thc k<'rnc.'I o í Ro(>..) is ~i vcn by 

whcrc E.\(r) is t hí' 0 111.goin¡; fu11d;tmenl.al solul.iou of 1.hc operat.or - ti - .>..2, t hat. 
i.s. (-6 - A2)E.\(:¡;) = 6(:1:), i5(:i.: ) bci11g thc Dirnc fu ncLio n. The function E.\(x) 
can be cxprrsscd in t.erms of t.!te Henkel fnncl.ion.s of llrst l.ypc by the formulac 

·i ( ,\ ) '' E;(x) = ;¡ 2" [";[ H1\ 1l(A[.i;[) , p = (n - 2)/2. 
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T heore m 1.1.1. 1"01· every p E C0 (R11 ) tite operntor-valued Jmiclion pRo(..\)p : 
llu -> // ! mlrrrils (111 a11.a.l:1¡lú:. f'~fj/,c11.sio11 on thc com¡>lex plan e e if 7/. ~ 3 is oddl 

1111tf or1 !he R-itmwn11 smjru·e of l0g:z, t\ := {-co < argz < +oo}, ifn ~ 2 is 
11w11. Moreouer. 

pllo(,\)p = Jl(,\) + 8 (,\)A'' - 2 log,\, (J.1.3) 

uiltere A(,\) cmd l3(A.) are enl-irc operator-11afoed fu11ctions (B(>.) =O ifn ü odd), 
wltile lag.>. llll.:e.'> ils ¡wincival branc/1 on -iR +, that is1 log ,\ = log /Al+ i{arg .>. + 
~). Moreouer, t.he following estimal.e holtls 

1i,\pllo(,\)pllq11,¡ ~ C jor hu ,\ ~ O. (1.1.4) 

This Lhcorem can be proved l:>y 11sing Lhe fonnulae 

(11.5) 

and thc following 

Proposition 1.1.2. Thern c:tisl.s a consl.<tnt T > O {dependúig on suppp) so 
llml 

pcos (iJPo) p =O f<Yr l. e: T if ne: 3 is odd, (J.1.6) 

cwd peas (tffo) p is o.nalyl.ú: in t. f 01· l ~ T if 1L is even, anrl has th1~ Jollowin,r¡ 

pcos (1./Ri) p = f: 1-" ' Q, . 1 e: T , ( 1.1.7) 
J = O 

mh1'n· Q1 are fini f.e nmk 07w1·r1.lon-. 

Thc propcrLy (1.1.6) i~ lrnow11 as l·lnyglwn:-.: prin(·ipl('. T lii:-; propoHit.iun can 
¡,,, f'n.sily provcd by uHi11g Llu• for 11mlaP (1.1.2). lnd<'cd. t.h1• kr.n wl !<(:1:,y, f.) nf 
vros (tffo) p is of 1,Ji(' íor 111 

/<( ,i;, ¡¡, l.) = (lrr) - "1 " p(.r)ifr ('" ~ !/) p(y), 

wlu•n• 

>/1( z) = fs,,_, rp((z.w) )dw. 

with n fnnc1ion ip(J.:) dofin<·d liy IA1(' u:wi\;1tory in!.C'J.!..ral 

i,o( k) = 1 r'1 1 c:0Hn" 1~·rdr = :Fr ,,..(r" 1y{r}crn;r) 
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= (- iD.)''- 1 :F,_" (g(r)cosr), 

whcrc y(r) = 1 for r ~ O, 9(r) = O for r <O. lt is dear frorn thcsc represcntatious 
t ha t to pro,·c the above propos ition it. :;nfficcs to show that ¡p(k) is analytic a t 
k =O a mi 

(1.1.8) 

'vVc writc 

= ~ lim ( --1- - --1-) = ~ (- 1- - - 1- ) =i fk'J+' 
2 c --tO+ 1 - k + iE l + /,; - iE 2 1 - /,; 1 + k J = O 

in a neighbourhood of k = O, which clcarly implics (1.1.8). 
By (1.1.5)-(1.1.7) wc can writc 

whcrc Q1 = O if n is odd. Put A = - ü, z > O rcal1 ami set 

f,00 
- 11 - j - 1: q ... (z ) = t e di., 

/' 
1n = 1.2, .. 

It is C'asy to check by indnctio11 in m. t hat 

fJm(z) = ~z111- 1 logz + c111irc fnn<"lion, 
(m - 1). 

which cl("arly cxt.cnds for a ll va lues of z E 1\. T l111s (1.1.:i} ami (1 1.4) íollow from 
(1.1.9). 

1.2 Defin itio n of t he resona nces 

LC'l o e R " be a COlltpad do111ai11 wit.h a e · SlllOOlh bounclary, !", l\ lld a con· 
nC'ctcd co111plcm<'11t O = R " \ 0. Considcr i11 Q t he LapJ;1,cC'·Ü<'lt.ra 111i op<'rator 
ó.9 dC'finNI by 

l ,J "- 1 
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wllf'n' d.r). ~¡,1 (.r) E C"(O) an• rC'a l-va\11cd Íl1m ·tio 11s such that c(.r.) = 1, 9ij(:c) = 
1111 fo1 l.rl 2' l'n » 1. 1) 11 ht •i n~ 1. hf' J( roncckcr syrnbol. In ot hC'r words, ó.9 coincides 
w11 h t lll' Eurlic\ei111 Laplnn· Op(' rator ó. out sidC' somc compact. We suppose Lhat 

y(r.O :=e(.•·)' L y,,(L)~.~J ?: O. V(L,{) E T'fl, 
1.;= l 

wlirn• T"!l dc.• nofrs t hC' co t. angcnt. ia l bundle oí n. Note that. 6 9 is not necessar ily 
1111 dliptir op<'rnto r. WC' s upposc t hat - ó.9 has a posit ive. SC'lf·adjoi11t Dir ichlct 
1t'itlit.atio11 (which wi ll be dcnotcd by P) 0 11 thc Hil bcrL space H = L2 (f2; c(x )2 cfa:) 
wit h nb~lutC'ly continuous spcctnun 011ly. Hcrc "Dirichlef' means t hat t he func· 
1101\S bl'longiug LO t ite domain of dcfinition, D( P ). oí p vanish on r . Wc a lso 
s uppost~ Lha t P ii' a subclliptic opcrator wit.h loss of 2- 2E derivativcs, O < € $ 1, 
that is. 

llull11 ''(0) :S C'(llPull u + llr<llu), VuE D(P) , ( 1.2. 1) 

whrn• // '(f!) denotes t.hr us na l Sobolev spacc. Clcarly, fo r e lliptic operators 
(1.2.1) holds wit.h E= l. In t hc samc way a.~ in Lhc prcvious scct ion wc define 
thl' outgoing rrso lvrnt of P by 

/l(,\) := (P - ,\2 ) - 1 := h(VP) íor lm,\ < O. 

Fix a .\o E C , 1111.\0 < O ami Jet. X E Co ( R"). \ = 1for1:1:1 $ Po+ l. Thc 
1·st imatC' ( 1.2. I) gnarnnt.ces tltat. 

t hC' opcrator x R(,\o) : ¡.¡ -+ /1 is compact . ( 1.2.2) 

l 'mll'r th<''l' assumpt.ions w1• lt avc t.hc followiu µ; 

T heor e m 1.2.1. '/'he ow•rnto1·· 1wl11f'd j f111d1<m 

flf/1111h tJ lllCroU/0111/¡ir COl/./,Ú11tUlÍ01l to C lj 11 ~ ;j l!i (}(/d. rmd f,(J l/lf' /( .¡('111.fLIUL 

~1uf11n ,\ 1f u 1.-; f'IW fl . Mmwmer , lhr t·nrlJir·il u t .~ 111 lh e /,,mmml. t•:qmu.~ion rJI 
11Jrh pnlr tuY o/ firu lc nm k. 

fl1i:... tht•orl•m fo llows fro111 t. bc Pn•d liol111 1 lll'ory a 11d t hf' íollowi ng rc pr<'!i t:11 t.a· 
11011 (for cxam pl r , srr ¡so]) : 

( 1.2.l) 
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K (.1) = (11 , , L>]ilo(>.)11 - [x1, i>]ilo(>.o)T/) A + P.' - >.~)x2 R., (,lo) , 

K1(>.) = (I - xil (xRo(>.)11 - x RoP.0)11) A + R,P.o). 

llrn• >.0 E . lm>.o < O, is fixcd , 11,x1 E C0 (R 11 }. j = 1. 2, Xi = 1 for lxl ::=:; 

f>tl, '\'.:! = J on suppx1 , x = 1 o n s11ppx2, 'l = O 0 11 supp \'1 and 11 == 1 o n 
supp\(1- \J). A is a. boundcd opcrator independent of >.. I3y T hcorc111 1.1.1 , 
LiH' Opí'rator·valul'.'d funct io ns [x1, .6.]Ro(A)r¡ and xRo(..\)17 a rC' a ualytic o n C if 
" is odcl. and on 1\ if n is cvcn, with wlluC'S in t.he compact o pC'r a.t.ors o n H . 

llene<-•. so are K(.>.) a 11d 1<1(>.) . On t lic othcr ha nd , s incc K (>.0 ) = O, 1 - K(>.) 
i:-; invrrtihlC' at ,.\ = >.o. Tltercforc1 ( l - f((,\))-1 forms a me ro morphic: fa111 ily 011 
C if u is odd. and o n A if n is cvcu, with finit.c rank cocffic icnts in thc La urcnt 
<'Xpans io n at ('ach polc1 aud by {1.2.3) so is t.ruc for R:\(.\). 

Th<' rf'5011a11c('~<; associatcd to t.hc opcrator P <i re d efinrd as bcing t.lic polcs 
of thc mcromorphic co11t.immtio11 of n\ (...\) and t.hcy do no t dcpend o n t hc choice 

of thr cutoff func l ion x provick·d x = l 011 t he suppo rl. of 1 he pc rtmbat io n. To 
(•ach n~onanct> ,.\ ::/: O we associ1tl.e a 11111l tipl idl.y as follows: 

n111lt(>.) := rnnk f zR\ (z)dz, 
1(,\) 

wh('rt' 1'f>•) = C= = ,.\ +e(,( E e, ICI = 1 }, e> o bri11g :-ud1 U1;\I, Llu•r(' are 110 
otht'r resonanc<'S in Lhí' i11t.r rior o f -y(,\). Oruotr hy n tití' sl't o f ali rc•so111uicP:-: 
N'IWilll'(i aC'C'Ording to 1 ln·ir 1mdt.ipliC'i1.it•s. C lcarly, n is a clisc-rf'1.(' :o;rt iu e ií H is 
odcl. and in A if r1 is (•v1•11. 

Tht· r<'SOnanccs c:a11 he ;dso ddincd ( for cxa111 plí'. sN· {2GJ) <L'i lwi n~ t he set. of 
ali 1·0111pl<'x numbC'rs ,.\ for wliiC'li t ite 1 lr•l111holtz cq11atio11 ha_.. a 110111.r ivial solnt. io n 

11 E 111~,..(U): 

{ 
(l>,, + >.2)u = O in O. 

11 = o 0 11 r. 
11 - ,.\ - 011 t ¡!;oi11g. 

( !.V I) 

Jh .. n• M>.-outgoin¡.( 1nca11s t.ltat n s;1t.is fit•s tlw Sm111111•rfrld radiati1111 l'0111\i1io 11 at 
111li11it~·. thal is. 

t~(rO};r !'i 1
f' ' ~"(w(O)+o(l)). Dr11+1Au=o(l)u. r -4 +'X>, 

1111ifo1111ly tn O E S" 1 wil.11 SOllH' f111wtio11 111 E C"-( S" 1 ). or wlm.t. is 1'q11ivalc11I., 
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hit :-111111· ''" ~ 1 a11d a nn11pac1 ly s nppor11·d ( i11 a nun p;u·i i11df'Jll'nd<•11t. of ..\) 

111 111°1 IOll I ' 

~olt• 1h;tl onf' rnn dl'fi111• in th(' s;u 111• way 1h1• rN011<uu·c·s assor iat.l'd t.n thc 
'\1•11 111;11111 11·11 lin 1tio11 o f - 6.,1 ns w<•ll as 10 t lw Sd1rüdi11J!,<'r npf' rnto r - ó. + V(:c) 
011 ll'1 wah a po11•11t ia l 1 ·E L~111 11 {R" ) . \ Jorrovr r. a ll llu.· rrsult.s ro11<'(' rni11g t.hc 
1) 11 idili·t prohlr111 d isn 1sscd in Secl ion 1 an· val id for th1• Nt•11111a1111 problcm as 

\\1 •1l. 

1.3 harp upper bounds on the number o f t.he resonances 

.\11 i111pmt a 111 qua 11ti ty wliit li g;iVl's a valuahlr i11 íon11atio11 0 11 t.hl' dis l.rib11t. io11 
uf tht• r .Ollillll'f'S 0 11 e (rrsp. i\ ) is llLf'ir co1111t i 11~ Íllllt' l ion. T lic rnost. natural 
rn1111ti11~ fu1wt.io11s are t.ht• followi11¡;: 

N(r) := H-' En e e : 1-'I s r} ií " is odd , 

,V(r·.u) := H-' En e /1 : 1-'I s r·. l ar~AI s ,,¡ ií " is evc11, 

wl11•1r r . r1 ~ 1. l t. t.urns 0 11 t t hat. t.hr l1rl1avi1111 r i11 r 11f 1ht"!-ir 1·o n11t.i11g f1111cl.ions is 
d nst•ly n·lat l·d with thr behavio11r o f 1111' rn11 111i11g fo 11t·t io11of1.l1c cigcnva\11cs of 
t lu· so-c·a llrd rl'Ít' IT nct• 01w mt or , P, o h1 ai11('rl hy rl'Stric·ting Pin a 11c ig libonrhood 
nf tlu• ~npporl of t hr p<'rtmh1it.ion. l\.JorC' prrr isC'ly. P is t lw Diriddct. ~cll~adjoint. 
11•ali1atio11 nf ~11 011 tht• Hilhl•rt. span• ii = l 1(fi:r(.r )2rl:r), whcre ñ := {x E 

n : lr l 'S Po }. 11dr r ( 1.2. I ), p is of 1·0111pal'l rrsolvr 11t aud llf' llCC t.Jw spect.n1111 
nf ¡. n m .... i..., ls of ~ · ig1 ·11 v:1l1ws 011ly. 01•11olt• thr ...... , uf l l1rsr t•i¡:p1va l11c•s1 rc p<'atcd 
111Ttmltn~ to 111111! iplici1 y, by ·R_ e ¡o, +oo). a 111I i11t nu lm·•· 1 lw c·111111t. i11g f1 11u; t.io11 

Ñ(r ) := U{z E ii. : z S r·') . 

S11pp11 ...... 1• that 1\ ' ( r) sat.i:dics thl• ho u11d 

1V(r) S<P(r ). 1· > l. ( 1.:!.J ) 

wlU'll ' .,.;(1·) (''( J. +oo) i:-> a 11 i 111Tt>:ts i 11~ f111wt in11 :-11d1 t ha t i.p('I') ~ f..'r" wil.h 
so1111• rnnst:rnt {' > O. C lc•a rly. if P is l'll ip l ir. ( J .:.S. I ) ¡..., fulli l\l•d with i.p(r) = C'r" , 
('1 "> O. ~Ion"' J;l'nr rnlly. under ( 1.2. l ) wt.• ltavr (J.:.S. I ) wil h <p(r·) = C"r"I' , C'1 > O. 
lt is wort h notifing t. lia.t it mig:ht. happr nd 1 ha1 fnr hy¡awllipt.ic opern.t.ors sa tis
lriu~ ( l .2 1) thC' ho11ml ( l .J . l ) holds will1 a f1111r lio 11 ¡p(r·) « r 11l t. . Examplcs of 

s1wh opt•rato rs n rn lw fonnd in (110J. [·11 J. !f19J. 

Th orem 1.3. l. U11 dn lh l' o,.¡.-.111n¡1tim1 ( 1. l. 1 ). lhnr t'.nsl .~· (t t·o·11 .~tnnl C > O 
.om lluil lhc fnllou1111.f1 bo 11.11.ds lwld: 

N(r ) <:; C 'I'( • ), (1.3.2) 
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N( r a) S Cn.(<p(r) + (loga)"). 

fo ¡mrtieular. if P is dlipfic . we ha11e 

N(r) S Cr". 

N(r a) S Ca(r" + (Joga)"). 

(U .3) 

( 1.3.4) 

(1.3.5) 

Sharp bou nds on t.he num\Jer of t hc resonanccs have been first obtained by 
Mclrose {34), where he proved ( 1.3.4) in t he case when 6 9 = !:::... Then Zworski 
[9 1 J proved ( 1.3.4) in the case of thc SchrOd ingcr operator - 6. + V(x) 0 11 R 11 wi th 
a compact ly suppor t.ed potential. Lalcr on t he bound (1.3.4) was proved in [79] 
in t hc case when O = 0 and 6.9 is elliptic. In lhe grealer gcncrality, the bound 
( 1.3.2) was fi rs t proved by Sjós tra ncl- Zworski [63] by us ing thc so-callcd complex 
scaling mclhod. Another proof of (1.3 .2) based on t he approach originating from 
Melroses works [33] , [34] is prcsentcd in [80]. l n [82] , [83] t hi s app roach W<L< 

adaptcd lo t hc case of even dimensions in a rder Lo provc (I.3.3). Note that ií 
lol < ¡} t he bound ( l.3.3) can be also obta ined by t hc complex scaling mcthod 
dcvcloPcd by SjOst. ra.nd-Zworski [63]. 

l\l clrooc's mct hod is based on the representa.tion ( J.2.3) and the observation 
t ha t , under ( l.2. 1), there cx ists an integer p ~ 1 so t hat thc opera.tor I<(>.)'' is 
trace dass. so t hc fo llowing dctcrmiua ut is wcll dcfi ncd: 

h.(,\) := del ( l - f( (,\)P). 

Thcn t hc fo llowing proposil ion a llow:; to co11cl11dc that t hc polc~ oí R\'"(>.) (that 
is , thc resona.nccs) are itmong t.hc zcros oí h{.-\) , ('01111ti11g t. ILc 11111ltiplicity (for 
cxamplc, scc t hc appcndi x of [82]). 

Propos it io n 1.3.2. /,,e /. 8 e C l1c cm oven 11cigh bourh ooti oj O (1:11(/ /e t. X::{ z) 
be analytrc rn - willi 11nl11 ei; in /.he. l1W'<' r-lass opcrnt on; o n. o /filbcrf . . ~·¡m cr H . 
Suv1>ose tliat there c:r.ists a /1mtlio11. / holm11 0171hic iu 0 1 / {O)# O, sud1 lha.t 

det(l - IC(z )) = z1J(z). 

Tlun Jor ct1ery B(z ), C (z ) E l{ H, H ). lw /0111 0171/i ir in e. we hm1e 

rank i /J( z )( 1 - IC(z )) 1 C(z)dz S 1, ( 1.3.G) 

u1/I( n "}' u o clrc-/e cl•11/.<'1·rrl o./ :: = O nf a suj finnilly .~mall mdiu.o;. 
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11111 ... tlu• prohlr111 of oht,ni11i11g 11pprr ho1111ds on the 1111111bf'r oí t.hc rcso11a11ccs 
I" 11•d111 l'il ICJ 1 ht' proJ,\('111 OÍ Ohtai11i11g uppC'r bo uuds 0 11 i.hC' 111111d)('!' OÍ i.Jic í:Cl'OS 

111 i•ntin• funr lions (rC'sp. í1111ctious holo111orphit.: 011 J\ ). In t.hc firs t C'asc tliis can 

Ju• dom• hy 11~i 11g t hC' wcll known .Jc nsl'n 's incc¡uali ty. while in l.hc sccoml case o nc 

1.,111 11~· thr clilssical CHrlcmau throrl'm. T h is latte r thOOr('111 also a.lows to gct 
11 ppt•r hounds o n t hc 1111111bl'r o í t hc rl'sonanccs o utsidc a conic nc ig hbo nrhood oí 

1 lw rt>:\l axis which docs not dcpcml 011 tite bd1aviour o í (r ). More prcciscly, wc 

lnw!' thr íollowing (sor [SIJ, [4G[ , [47]) 

Theore m 1.3.3. Lct '//, ~ 3 be (J(hJ. Thcn ll1ef'f.' exrst.s a consl.<mt C > O so 

tlwt 
"'"' hu ),,) e _11 - l 
L., III' $ ' . 

.\J E R :l.\J l:S r J 

(J.3.7) 

fo ¡xirl1et1lor, \:/ó > O 3Có > O so tlwt 

(1.3.8) 

Th<' bound ( 1.3. ) co111bim•d with th<' upp<'r bounds on t.hc m1rnhcr o f thc 

11•smmun..--s in s nmll conic nciµ;ltbonrltoods of lilC' r<'al axis obtaincd hy SjOstrand· 
7.w111sk1 IG·IJ l<'ad l.o a. 111orc pn'cisc uppcr bound on lhe co1111t.i11¡; f1111cl.io11 N(r) 
111 tllt' r n.-;(' whcn thr íunct io n l{'(r) dominalcs r". 

Theorem 1.3.4. Uwll'r fh r co11ditiou ( /. .'J. / J. f or O < O « l 1 'Wt' Jume 

l{A e n: O< a rg ,\ $ O; 1-'I $ r} $ <¡>(r)( I +<(O))+ Oo(r·") , ( 1.3.9) 

11•hnr ·(O)~ O cis O -+ O rloc.'i 11.of tle¡Jcnd on r. fo JXH"l1ruhff, ifn ~ J is orld tnl.(/ 

•f ( I 1 1) J.'i fulfilled wilh n /1mditm cp(1·) .'wlJsfymq 

//¡,.,¡ 

r" 
lim -= O. 

r• .. "-icp(rj 

N(r) $ (2+u( 1 )).p(r) 

L .'-1 Poi son formu lae for resonances 

(1.:t.111) 

l.l't 8 0 bt' a ball co11t.<1i11ing 1 hl' obsLadt• O ami clcno1(' by xo il.s cl1anu:l.crisl.ic 
fumunu. Dl'finC' 1.hl' dis t.rihution u(I) ª·" ínllows 

(u.q,) -2lr j </>(!)(ro> (1JP) - ( 1 - \ o)ro, (1JP.) (1 - \ ol) 1ll 
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+ 21r / •/J(l )\ 11 cos(1 . .JPu) \odl. </JE o (R ), 

\\ln·u• tht' hrM tran· is t.HkC'n o n thC' 1-lilhcrt. spacc /-/. whilt" Lhf' SC'ro11d o nc is 
1.1!.;1•11 un H0 . \\'h<'n O = \1) wc takC' xo = O. It is noL hard to sl'<' t. lmt. u(t) 
¡!'> an t'\'C'n d istrihutio n br lo nging; to t.hc Schwartz class S'(R ). T h rcforc 1 thc 
F'ourwr transfonu U(..\) o f u{l) ¡,.., again a dist.ribution bf'lo ng ing to S'(R ). In facL, 
íl( .\ ) ¡.., n po lyno mially boundcd C 00 functio n which is not hing else b11t. t hc first 
ch-rimtivr. _ .. ' (>.). of ihr scat.tf'ri ng phasc, s(A.). which in tu rn can be dcfincd in 
11'1111" of tht> scaltc:-ring: uiatrix , 5'(..\) , as fo llows 

.• (>,) = (27ri} 1 lug dcL S(,\), s(O) =O, s(,\) = -s(-,\). 

ThrrC' is a do.-.c rda t io ns!t ip bcLwct'n lL{I) and t he rcsona nccs o f P, which i:; 
rxprrss~I by thC' Poisson fornm lac (which is an a na logu o f t.hc Poisson form11lac 
for rigl'nw1lucs). To s impli fy tlic cxpositio n o f t hc Po isson for111u lac we wi ll mnkc 
t lll' following assumpt io11: 

il ~ R, (-í,\)llc¡ 11 ¡ < + a.< ,\ o,,\> o. ( 1.4. 1) 

This JL'\.S11111plion guan111!ccs t!mt O is not. nc ith('r an cigc1walut' no r a r l'SOIUlllCC 

o í P. In fo.el. (l..t.l) is a lwnys fulfi llcd in thc sC'ILing WC' discuss prov idrd t luu 
tlu,• opt•rntor .J.g is c lli pt.ic, t.h:ü is, whcn g(T,€) 2: '1€12 > O, V(T,€) E 1"0 (íor 
C'Xamplr. :-;(.'(" Apprudix 0 .2 of [3]). 

Theor e m J.4 .J. 'l'IH· follo wi.119 1dt•11fil1c . ., holrl i11 .'>eww o/ disf,,.il11J/1Q11,o¡ for 
1 > 11. 

·11(1) = ¿::: f'' 1"J. iJ n i ... O<Jd. 

,\JER 

( 1.4.2) 

u(t ) =2 ¿ c'1'' J +2 loNJ ifJ(..\)íl:(..\)c-os(t..\)d..\+up,,, (I), if 11 '"' e11rr1 1 

.\ J\'. O• <11r,:.\J p O 

( IA.J ) 
11·/11 n O < p < j, t/J E C¡f(R), 'lj1 = 1 m a 11t'ighbaurhood o/ O. ond tiµ.~1 E 
C (O.+ -..... ) ~atr.•;fit -'i 

i)~"'"' (I. ) = 0(1- N). lfk,N, 1 » l. 

Tht' Po..,ion formuliu• ( 1.4.2) was fi rsl obtainC'd hy Oardos-C11illo t- l1alstou {lj 
íor 1 lnr,.;<' <'nough, and tl1t·n cxl<'ndt•d by Mf'l ros<' {32J (S("l' also l66J) for evrry 
1 '> O. u~inF; thr La.x- P !ti lt ips t lieory (!-i('C' l26J). ¡\ !-.i111plC'r proof luL'i hl'<'n lalt•r 
fomul h~· Zwo~ki !93] lmst'd 011 a pn•vious work hy . uillopé--Zwor~ki l!J]. ll is 



pt•u•I ;iw1fl.., thl• us(' oí t h(• Lax· Phi\lips llwory a nd allows to l rl'HL 111on· general 

.. 1111;1111111 ... ;i:-. wf'll a.'\ l l1c• ra.-:f' o í C'V<'11 cli111í'11sio11 . Tlw idl'nl ity ( l .·l.J) Clll1 be 
1 HIL"'llh-n'<I a. ... a n analogm· oí t l11• Pois:-;on fon11ulm.• íor ('\'('11 dimensional spaccs 
.1 1111 w;is prm'('(I by Zworsk i [tM J. Ole that a lornl s<>mi·da. ..... <;intl tn1cc formulac 
111,olvini; t.hl' n-som111cí's, far a vrry largc drL'iS o í prrturbalions, lm .... bccn obt.aincd 

1i,, Sjllstrand 160]. T his íornu1lac1 howC'vcr, el ~ uot. imply (1. 1.J). 
l.1·t E') = iJ/2, 3/2J + i[O, 1/2J. lt íollows ricsily from (\..1.2) anti ( 1.4.3) t hal 

fui 1•wry 4i E CO"(O, + ), 

¡.;(,\) = (1.4.4) 

Nntl' thnl {1. 1.1) n lso ío llows írnm SjOstrnud's loc<il 1racC" fonnulac (!GOJ) . Tbis 
nlt·utity 1s \'t•ry USl' Ílll fo r i; t.11dy i11i; t hc r('\nl ion~hip h<'lwf'C'n t.lic nom~<'l'O s ing n· 
l11rilit•s oí u(t) ami l h<• rí's0111rncrs. 

C:ivt•n any 'Y> O dr11ot.e by 11.1 (1) t.hc clistribution ddim.'<I hy t hc s 11111 

u.., (t)== L t·''l.'· 
..\1 ER.., 

wlu·rl' ;;;: {>.E 'R,: O < arg..\ < 11'/2, 1111 ,\ :5 1 logP•I} As a c·o11scq 11c11cc of 
1 lu' ahow throrC"m wc· lmvc t.hc fo llowing (sí'C ¡g IJ) 

T h corcm 1.4 .2. /.,('! n ~ :J . Thf'ri for '-'''tTY mltgrr k ~ O , we httvt' 11.(I.) -
u,( t ) E C'(t,, + ). I; = (11 + k)f-r. anti for 1 > '" 

la'( ( ) ( ))1 < { ,r º'' •! 11 '·' "''"· 
t ut - u .., 1 - CAi u+2 · l i/r11 ... 11wn. ( 1.4.ó) 

Nou• thm tlu.• po ly 110 111 ial <h•('ay in Lhf• t'\'t' ll di111r11sio11al l'ilfü' 1·0111f'S from tite 
1·011lrih11tion uf thl' iutqt,ra l i11 t.hl' ll ll oí (1.1.:l ). To rnmpuh• tliis 1·011Lrib11tio11 
0111• 111wl~ to know t h1• !Jt'liaviour oí íi(>.) a." ..\ -!- O. thnt is. t 11<' lwliaviour of t lic 
srntlf•riug malrix (,\) at. z(•ro. ' i111·1· (>.) rnu he rxprc:..~'(\ i11 l.l'rnis o í /l~ (>.), 

0111• Ul"l'fb to k now tlw bl•haviour oí R \ (>.) a l ;t"ro. Tlit• íollciwiug propositiou 
µ; i w~ tlu• lradmg ~i ng11larit.y o f U\ (>.) al ,\ O (:-wt• l 6)): 

Propos ition 1.4.3. Ld ( 1.4 . i ) br ft•lfillu l IJ u >;Ji ... mld, w1• lw1w 

(1.4,ij) 

u•h1,., tri(..\) I\ arwlytu · (Jf ..\ O. mu/ r.. n 1/ 11 ,. .~, 1<111k f'1 < l . 
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lf u !. , .. 11·r11. 11'1' h01w 

,,./1111 r.mk#\.i n 
.F,(.I) O. 

1.5 Lowe r bouncls on t he numbe r o f the resonances 

il follow~ írom Throrc111 1.4.2 l hat ií l hc distrib11tio11 u(t) docs uoL bclo ng to 
(' (O.+ ). thf'rf' rx isl s a 'Y > O so that th(' set. '!?,., contains infi11it.(•ly ma ny 
n•sonann>s, that L'i. 1 hC' nonzr ro s ing ula ritics oí u(t) produce inllnilr ly 1111111y rcs
onanrt>s 111 a logarilhrnic ncig ltbom lioocl oí thc rcfll <Lxis. So, it is 11atura l to 
l'XJl('fl thnt thr knowC'lrdgc of snch a si11g11larity would yicld a lowrr bound for 
tlu· c·ou11t111g functio11 

N,(,·) := U{,\ E 1<-,: /.1/ :S ,-} . 

ludt't'<I. ~ud1 lowrr bonmls wcrc ob taincd by SjOs1 ra 11d-Zwor'l)ki j65J: 

T hcor m 1.5. J . 5,q1¡10.~e l.hat tltcl'e ei:uts ad > O anda funcl iou </Id E 
C0 (O.+ ). 4>d = 1 m " 11 r ir1húo111·hood o/ d , sur/1 llrnt 

¡,;;;(,\) ;?: l•( I - o(l)).1', ,\ » L ¡, > O. 

f h1 u tl1nr <'.risl.s a '}' > () MJ llw.I if k ~ O wP lunw 

N (,·) > l•( l - o( l )),.k+1 •·» L 
1 - 2rr(k + 1) ' 

u-hd1 1/ k <O. thn1 't/15 > O. 31'o(<5) > 1 so lltnt 

N1 (,-j ;?: r 1-•, r ;?: ro(ó) . 

( 1.5. 1) 

(1.5.2) 

(1.5.3) 

.\llll'l"Ol'tr. 1/ ( / 5. 1) holrl.'i /or íl fl<'fJ1t<'11cr d1 + ( urufonuly m rlJ }. lhrn lh e 
11hoi 1 lmar bound.111 holtl /01· ('llt ' 1'!J 'Y > O. 

Ld n(T) C E := {(r,{) E T'n : /{I, = 1) b<· thr union of ali 1><'r ioclir 
t r.tJl"l loílh wilh 1wri0tl r #= o a nd lrt dO br thf' L1otl\lill(• lllC'il. .. Hrl' U ll E. Us
in~ 1111' nl)Qvt• throrrm Popov !!JO] prov<'d t hr ínllowrng s harp l()wf'r ho1111d 011 

1h1· m1111ht•r o í lh" r1•srnir111{'Cs (whid 1 ~1'11(•rali1.1•s a pn•\iious rNt11 lt ohlain('(I hy 
SJO"<lr;\ml-Zwur..ki 165}): 
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Thl'orcm 1.5.2. SufJJIOl'il' lh ot 1J(l I( /Q)) > 11 /or 'º"" /ij > O. rrlHm for 

11 1 111 ·1 IJ, U't fu1111 

•'1(11 (/'o )) 
N,(•·) ~ ,, (2w)" ( 1 - o( J))r". r :a> l. ( 1.5.'1) 

U11dt'r tht• ~:une as~u111pt io11s as in lhe ahO\'P t hl'Orl·m. PC'tkov-Zworski [47J 

p111wcl th4• C'Xi'>lt•nc~· of ;u·c·1111mlat io11 of rt•sonanr~ al a ~lt1f' 1u.:r of rC'n l numbcrs 

{si1111lm to thr dnsh ' rin¡.; propt.' r l it•s o f Lh1• riv;t.•nvahtt~). As a consrq 11c nn·1 thcy 

ohtauu•cl n lowt>r hnnnd of Ut<' <·01111! ing Ílln<·tion of th<' ~lllllH'C'S in 1 hC' stri p 
1111 ,\ S: . V , O. of 1 ht· íon11 C'r" ( 1 o. ( 1}) with a t-011. tan1 C > 0 ind<'pr ndcnt 
of , wlurh howrvrr is s 111all<'1' tlian Lhf' t'OmHanl tn (1.5..t). In pa.rt.icular, Llicrc 
rxist:-. an 111fi11iH· SN¡uC'nt'l' o f t'l'S011am·l·s l'J E R.. !"uch t hat 1111¡11 O. 

lt t'> 1nuch 111on• ro rnpl it·at.rd to dC'riv<' low<'r hunnd.., o n thc· 1111111bc r o f thl' 
11'"i01HU1fl'!" fro m 1 hr singularity o f 11 (l ) a l ZNO. O nr of th<" rt•:t.'t<Jus fo r t li is is t l1at 
tlw Poi..,~>11 fonnula(' is 110! va lid al 1 = O. Nrvf'rthdr~s. somr i11for111a t ion about 
tlll' ' ""ona n C'<'s ha ... brr11 rrn•11t ly obt.ai11rd in 1 hl•1 ·;L....,~ uf t lu.• Sd 1rOrli 11¡.;1•r opC'ral,or 
us111~ tht• low<>r s ingulnrit.ies of 11.(1) al / = O. 

Th orcm J .5.3. 
U + \ '(r) 0 11 R '1 , V 

'1'111· n' . .;01w11crs a.'i.~O<'rnln/ In lhc r hrOdinf}r r n¡1ero./or 
G'¡)'(R "). 11 o t idcnl1rally ; 1 m. M1lr-1tfy 

( 1.5.5) 

(( lo~l -' ll' 1 (ar~ ,\)' ) ' 1 +-... " > 1 evr·"· ( 1.5.G) 
\ · R 

/11 /H1tltr11lor. 

. ~{A R : j 1tr~-'I <:; log r·, ,. ' <:; 1-'I <:; rl 
1~11 ~ :~.p - - lo¡.; 1·( \og loµ, T') + . V¡1 > 1, " ? 1 t•w11. 

(1.&.7) 
T ht· pro¡l('rly ( J.;1.5) is pll•V<'d liy C' lirist ia11 .. 1•11 IO). wl11!.• ( l.[di) a nti {l .&.7) 

tm • ¡m.1vt'll by S;í l);url'lo [[iG]. T lu• rx is tt•1w1• of 111finitl'ly 1111111y n·sow nlt'l'S for 
lhP Sd1rorlm~1·r 0 1w ralo1 witli a 110 11id<"nl i1·a ly 1rro nl1UJ><1d ly snpporh•d s111ooth 
p11t1·nli.ll W<l:\ fi~t r ... 111hlislic'd liy t\ lt•lros1' !:Ji' m tlw ra ... t ' o f 11 :J. Us i11g ti. Id· 
10s1··:- ar~umi·nt Sil l3:1n'1'111-Zwurski [:JN} 1·x11•11cl1·d tliis r~~uh lo :rny 11 > 0 odd 

1111d lo su¡wr-rxpour uli:d!y d1Tayi11~ po 1t•111 1;ils In .ii } lhPy ¡nnwd 111ialoµ,0 11s 
11•suhs for m<'Lrir pr ri 11 rh:11 io11s i11 R 1 

For '•Ull1l' ¡>Nl11rlmlim1s in odd d11 111•11:-i1111al "llan..., it is ¡lllssil1lt• lo o l11 a i11 
low1•r bouncf.., nn tht• 1·01111ting- fu1 wli1111 nf llH' rt"'llll.utn..., )yin)!, 011 tlw i111a¡.;iw11 y 
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N1(1·) := U(,\ E 'Fl: lle,\ = O. lm ,\ $ r}. 

Theorem 1.5 A. Lel H ~ J úe orld. 1'hcu for lh e resonnnce,<,· in tl1 c ob-
8tark vnlfrnug (111/11rh r·o·1Tespo11.ds lo ó.9 = ó.) or f or /hose a,ssociate<I l.o lhe 
Srhod111!¡tr O/K'ro tor - ó.+ \l(:c)i \/E C0 (R "} bcrng a nonident.ictilly zero1 renl
t'lllur1/ fu11rhon uiliich docs uol chanyt~ lite sigue (tlw l is, eitlrnr \/(x ) ~ O , V.r. E 
R'1 • or \ "(.r) ~O. V.x E R 11 ) , the follow ing lower bomul holds: 

(1.5. ) 

In thc t.·asc o í obs tnclc scat.t.erin¡; t.his t.hcorem was provee! by Lu.x-Phi lli ps [27]. 

Thcy nlso ~howcd t.hal. if t.hc obs!.aclc is star-shapcd. t here i.s an uppcr bound of 
t hc samc order. tlm l is, N1(1·) = O(r 11 - 1). In t.hc case of pot.ent.inl sca~ tcring 
( 1.5. ) i• provcd by Vas y [78[. 

1.6 Re lations hip between quasimod es a nd reso nan ces 

Pinl' r lowC'r bounds 0 11 t. li e 1111111bcr a r t.lt c l'f'.S011ancc.s closc to t hc rC'éll itxis Cl \11 be 

obtnim'<I 111 the cases wh('ll o nc can cous trnct. q 11 <1s i111odes. Such a const ru cLiou 
is nsnally p~ iblt' wben t.herc is a ~ t ro ng; trnp piug, íor cxamplc rllipt.ic pcriodic 
trnjl'f"torit.~. 

Suppc>!'C' 1ha1 Lhcrr f'xi ~ t ;u1 infinitc s 1~q11cncc oí rra l numbcrs {J.:1 } , k1 --t + , 
illld íum·tiOIL" UJ E /J(P). s1 1pp 11.; e /{(/\"br inµ; il rn m¡>nct indf'pc11d c11! of j)i 
:-o 1lmt 

wh~~n· &,) dl~m.>I~ LhC' l(ronctkl'r sy 11 d1ol a nd ,:. E C( 1. + ), P(I) = ou-0(!), 
t 1 Th<'n wl' havr t.ltc followi ng 

Thcor m l .6.1. Urid1•1· tlw n/Jo ¡w r1s1mmtJli01is. then: e.rr.'1 1~'1 rm i 11fi11i l.e St'· 

111u11ff {111} E R. .mrh llwf. \11111.J :5 F' (l ¡1JI) 1111 th 11fimrt1011 !" E ( 1,+ ), 
V(/ ) O(t ). ,\/nrro11(T, l/u> Jollo111i11!J lomrr lurn rul holtbf 

\ 'r(r):= ~{,\E'R.: iarg.11 < n/2, l1n ,\ $ F (l.11),J,\I $ r} 

~ N""""(r - r-') -Od i ), r » 1. Vk~ 1, ( i.G.2) 
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1'111· ím t tlmt tht• t•x is ll'IH'I' o f t¡uasitnmh's i111pli1•s 1•xi.,,tt•11n• of rt•sona nccs d osc 

ro 1111' n·al a~is WlL'i first ohsrrved hy SLl'fancl\'- \ 'ocli.•\• (73]. wh{·n · t ite lin;t, par t, 
of t ht• ahu\'t' tltrorrrn was prowcl in tl w tasc- o f odd dimr11sio11;d spncrs. Thi:-¡ 
h11s 11111·11 l.ltN t•x trnclrd to ('Vt'n di111r11sio 11a l span•s ami nonco111 p1Kl.ly supportcd 
p1·11 111foHiu11s hy Tnng-Zworsk i [71]. Th(· ho1111d (Ui.2) hn.' bC'<'n provcd by Stc
fanov [GSJ. l k a lso prowd iu [G!J j l hat tiH' rxistr nrC' o f infiuitly 111;\ny rcsonanccs 

(11J} e R. with 1111 11) = 0(111)1 ") i111plir!-i 1h1· (•x istrnn' or qua ... imoclrs (u.1 , k1 ) 

satisfyi11g {l.G.I). 
As a c·onsC'<¡11C'11CC' of ( 1.G.2) Cll ll' g1•rs a sh111p lowrr hound on N1.·(r) if Lhcrc 

rxists au C'llipt ic ¡wriod ic h rokt•11 rny. Snppo!-t' t hat ~., = J 11 ncl Je t "I be a 

pt•riodi(· brok<'n ray in n wit h vrr1 icrs PJ E !'. J =O. l. . .Jo· Ornotc by 'P thc 
Poinrarl> mnp assol'ia tr d 1.0 "I· T hr pNiodir brok<'n ray 1 is sa id lo he d li p tic if 
nll t• igt'U\'ahu.·~ oí D'P(rJo) lit' 0 11 t lic nnit ('C'tTI<' anti an• cliffl'rCnt íro 111 ± 1. Lct 
,•0 1, fin . O loJI < 1T 1 j = 1, ... , n 1, hl' tln~~ <'ig<'nva lucs. Wr 111akc t lLc 
fo\lnwin~ n. .. :rnmpl inns: 

Tlw Puiurnr{• 11mp P is 5~rlt• 11 1r 11tnry. that is. 111101+ ... + 111,, 1n 11 1 f: O 

liu-all mll'grrsfll ¡, ... , 11111 1 s11d 1 llmt 1 $ lm1J . + 1111., il $ ó. ( l .G.3) 

Thr Dirk lioff 11o n u;i\ for111 of 'Pis 11011Kf'nC"ra!I•. ( 1.ti.<1) 

lJ11d1•r tlu~C" as .. "illlllpl ions Pnpov l·19j (st'C' also ( lj} cuu:-.truc:t«"tl q1111s i111od1•s (11J, A:J) 
s11t 1-.fyi11g ( 1.6.1) who:H' C"Ouu1 ing fnnd ion sat isfil'!' tlw a.,~·111pto! i1·s 

( ) 11ws(C1--) 11 

N,1,w"' r = 11 ( 211')" ( l + n( 1 ))r . ( l .G.fi) 

wlu•rt' C: 1-.' is n Cantor si'!. wi1 li 11o nz1'rn 11u-asnu· ;i ...... Of i:H('fl wi1 Ji 1 lil' i11v11 ri:111t tori 
ni t lll' PrnnC"a.n' map 1'. C'n11d1i 11 ing ( l .ü .2) ami ( 1 fi .~1) l(•ads to 1.lw fo llowi 11g 

T h or rn 1.6.2. S1qi¡in.,r• //mi /lu.,-1 1r1.1,f_~ "" dl1¡11Tr- 1wnodi1· lirokr 11 rn11 
.rnl1.~f!fm9 lh< abo1•t· 1·0111/tl irms. 'l'h1•11 lh1 n 1 Il-'h 11 /11m twr1 F{I) 0(1 "') .rnr·h 
tlw/ Ou rounlm!J flmrlum N¡.· o/ llw n ·sru11u1r"1 ... ,n/i,/11' 1111 lr111wr /io111HÍ 

V ( ) nws(C¡) 
1 , .. ,. ;:::: 11(2 rr)" ( 1 o(l))•". ( 1.G.li) 

lt i:-. 11nfü• possihll' ( lmt if t lie hünnd:u y I' is anal.nu- at fJJ, J O, ... , Jo. 011<' 

coultl rnthlflH"I 11w1.si11101h·s sa.ti~fyi11t, (1 h.l) wi1h /'(/) 1' <it, r·1 > O, ami 
h\'lln' Tlu.'On·m l.l.i.2 would lto ld witli F(I) 1 "''. ( J ' O, i11 t h is ni . .,f'. 111 
wlmt fnllow' 111 th1!- s1·rtio11 \\'(' will 1·011.,.idi•r il ll t''C:\lll llll' nf 11wt ric· pf·r111rl111t io11s 
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for wl11d1 w l'.' hnvC' such a l ow<~r bou nd on Lhe number of t he resonnnces in an 
c·x p11 11r111 in lly :-. ma ll ncighbo urhood or thc rea l ax is. 

' uppo.."C tha t t,hf'rc exisl O < fJ1 < fJ'l < Po such Lhal O C {lxl S: p 1}, and in 
p1 < III < P2 Lhc opcrnt.or Ó.y is of Lite fo nn c(j:r.l)2 ~ wiLh a posiLivc fnnction 

c(r) E C {p1,f'2 ). Set. J{r) = ~ nnd :rnpposc t.hat. Lherc cx ist.s ro E (p1,1>2) 
s11d1 th;u 

¡'(1·0) = O, /"(ro) > O, (1.6.7) 

wh re !' and / " denot.e t. li e fi rst and the secoud dcr i\lalive, respcdively. Wc a lso 
:rnpposc tha t c(r) is ana,lytic a.t: r = r0 . 

Theore m 1.6.3. Un<le1· 1.he abo'l)e a.~1itm1plior1s , there exist consl.anl8 C,{3 > O 
so tlrnt 

N,..(1·) ;:: Gr" , r » 1, (1.6.8) 

w1lh a /unchon P( t ) = e- fil. 

Nol thaL the exist.cncc of in fini~e l y nrnny r~onances convcrging to t.he re1tl 
axis cxponcnlinlly fos t fo r a cla.ss of op rators of t he form c(lxl}26. 011 R 11 was 
oblninccl by Ralston [54] . H.a..Js!;on 's meLhod however <loes nol allow Lo gel lowcr 
bouucls 0 11 the clcnsit.y of t.hcse resonam:es. 

Thl:' abO\'C thcorc-111 C!lin be rlcrived from thc standard quas imode consLrucLion 
for thc scmiclassica l Srhród i11 gcr opcrator wiLh a posilivc potential having n stnblc 
slnrionary point. in t.hr follow i11 g wa.y. T hc opcra.tor Q = -c(lxl)26. cnn be writtcn 
in thc polar coordiuat.cs (r,O) E R + x S" - 1 as fo llows: 

Q = -c(r)'ia; - ~c(r)2 élr - c( '22 .ó.sn-1 , 
.,. r-

wlll'rr ~ ,._, denot es Lhc L1.liplacc- Bdtrami opcrnt.or on 5 11- 1. Let. w1, l>e an 

cigt•níuuction of - .6. .. - 1 wit.h a.n cig;cnva lnc ¡./l, I' > O. Then Q(u(r)w11 ) 

(Q1,11)w1, . whrre 

lnt rodu("C a. nrw varia.ble t.= /.(r) dcfi11ccl by 

r "" l = ),.0 c(a)' 

In l hr nrw roord ina tcs Lhc opcrn.Lor Q1, takcs t hc form 

Q,, =-a¡ + p(1¡a, + ,,',,¡1¡. 



l fr.'io111111r'f'.'i i11 f /ir E11didC';111 Sm u rrmµ, 

\\h1•11•q(t) ~ i;alii;firs 

q(O) > O. r/(O) ; O. q"(O) >O. (i.G.D) 

1111d p(t) and q(t) ore> a11alytic- at 1 = O. Us ing lllC' n:sults of l lclffcr-Sjüstrand 
{l:;]. P6J onc cnn sc1· tJmt for ev<'ry int('grr k ~ O. thl•re cxi:-;ts a C fu nction vk,¡i 

s11 pporU.'fl in n nf'ighhourhood o í I == O s11d1 that 

ll (Q,, - 1{1,)11k,11ll 1.~ (R) + l(vk ,¡n vi.•.11)1,i(R ) - iS.t ~-·I $ c - /Joi• 1 

wl11•n• 11f.,, = q(0)2112 + ~(2k+ 1)11 + 0( 1) ami /Jo> O is a co11s ta11t i11dcpcn
d1•11t. of k anrl I'· ThC'n t. lic f111 1ct io11s uk.i• ;; 11k .,,u11, ~ti:,fy (1.6. 1) witl1 k1 == t/1.:,,,, 

provich•d k = O(p), a nd a r1111ctio11 P(t) = r-tJ11• /31 > O. Co11nti11g ¡1. witb thc 
11111\tiplinty (whid1 is ....., C11 11." -2, /L » \). it is casy to M'(" tha t 
~{(A:,¡1) J,; is a n i11iC'g1·1-. 

OS k $ ¡1, ¡1 E s¡i(•r,¡::;:;:;;-;, 11{1, S ,.~}?: C'r", r » l 1 C 1 > O, 

whidt implif':oi ( 1.6. ) i11 v i1•w of thc houncl ( l.G.2 ). 

l.7 As mptotics of the numb r of the resonances 

335 

In l'tmtra.'>t 10 lhC' cou11ti11µ: f1111d. io11 o í thc t~ig('nvnhu-s. 1ht>rt' are· wry f1·w 1•x;1111-
pks of p<'rlurbfttions íor wliid1 t lic couuting Íll1u·tio11 uí llU' rrso11a11n•s i:-; k11ow11 
10 hmf· an .a!->ympt.o tir lil'li1winur . T lw mosl lypir <'I ouc> is 1ltf' 1-:1.S<' o í dq.;1·11c•ra.l.1' 
p1·11 mhauon-:. 1 liat is, wli(•n t. liC' nmnt ing Íllnt'I iu11 .V(r·) ;ul111its as,v r11ptotirs of 
t 111' ÍU! 111 

N(r) =\O(r )( I +o( ! )) ( 1.7. 1) 

wilh ;, .,.m1>oth 111n1•11.si 11 J.!, 1'1111C·t io11 'P snti~fyiu¡.: 

( 1.7.l) 

Xiuttr h ·. W C' h<tv(' 1111• following i11 q11 ov1•111<·111 nf llwu1r111 J_;j l. 

Thcor m 1.7.l. lh 1d1'1' 1111 · uM11111plw 11., ( 1 7. 1) "'"' (1.1.:J). forO ...._ O « l. 

l{A E 11. : O , ,,,.~A :,; l!.l.\I '< r} >'(1)(!' o(i)). ( 1.7.:1) 

fri 11orl1r11lar. r/ n "> :1 ,.., m!tl. 

tV(1·) 2~·(1·)( ! +"( ! )). ( 1.7. 1) 
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1"111' .L .. )"lllplolir:- ( 1.7.:J) a n · proved by Sjosnaucl ¡61 ]. Thr asy mptot.1<;s ( 1.7.4) 
fulluw from (l.7.J) t·omh innrd wit.h (l.:t.~) and thc fart t.hat. in thr odd dirnen~ 
.. mn•\I nL'i(' th<' n-:;.01w. ncei- a rC' syuu n(•Lric with re.pt~t. LO ll1C' itnngi nn.ry axis . 
, ·ua• thM {l.i ·1) lrn.-. bt '<' ll prl•v io11s ly provC'C I in [ ·I} undcr a slighlly strong r 

a.ssumplion tlmu (1.7.2) liy us ing t,hC' Po isson fo rmul a<' ( 1..1 .2} a nd thc bound 

(1.3 7) 
lt 1s mudt mor<' t·om pl ica!C'cl to gc t asy mpto tits oí thc numbcr oí t. h rcso

nnnrt~ for clliptic pc·r turU1it io us. Surh asyrnptotics a r known in thc case of t.hc 
Sd1ródingrr opt•ra tor wit h rndial pOl.<' ntia ls. 

Theorem J.7 .2. /.,e t V( :1;) be o re<1l-1.1a lucd Ju11ct lo11 o/ lil e form \f (:r) =
q(l.rlJ . u·hrrr q E C' !O,"], r¡ (a) f. O, q(t) = O f ar t > a. lf" <". 1 is odd, 
01r co1rntmg /11ncl1on o/ /h e 1·c8011fl11res <1.'i1ux:ia tcd to thc cliriidmg r 011 rotor 
~ + \ "(.r) 011 R " .Mfl.'1fi e..-; 

N(r) = ,,,, '',"'( ! + o(!)) , (1.7 .5) 

Tlu:o- thoon•m is C'stab li s lwd by Zwors ki l89J1 j!JOJ. ll is wort h not.icing tlml 
Zworski"s prooí aJlows to geL t.hC' :;;u11 C' ty ¡H' oí a ..... y111ptol ic:s in t hc e-ase o f scu LLC'ring 
hy a sphl~rt • o f radi us u in ocld dimt•11s io 11al spaecs. 

1. Oecay o f t he loca l e ne rgy a nd di tribution o í t he resona n es 
n a r the r a l axi 

Thrnu~hcml thi~ :->l'<"lion w1• w ill s 11 p post• that. tht" opl'rator !l9 ii; ('llipt.ic-. Lt•I 
u(t.r) h<' tht• :o.olution to tli r wavr rq11atio11 

Cºi 
.Ó.11)11 (/ 1.r) o i11íl x R . 

,.(I , .. ·) o 0 11 r x R . 
( 1. .1) 

"(O .. r) /1(.r). 
ü1u(O, ,,·) h(.r). 

nu- i·m fll'" oí u(t. r) in Hu11 : n n {jJ·I ~ /?0 }. R0 > Po· is g1v<'n hy 

l-'H (u) ~ [ ( t y,,(.r)él,,ui1,,ii + r(.c) 1 c}1ul') IÍJ'. 
01111 '·1 1 

G1\1·11 :\ m > O. ~...i 

,._lu 
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' '(1 2 2 ) /cH"(u) < q.,., 110)/1.,, (1) l 'V,/dlu ... cn¡ + llhllu~cn , (1.8.2) 

fo1 nll íuuct1011s (f1 ,h.) such t.hat 'Vz fi E //"'(!!), h. E // m(íl), s11pp/J C 
Utto· In utlll'r words, J'm (t) nH'a.'iurrs thc ratr oí clrcay of th loen! cncrgy oí t hc 
sul11 tions to ( l. . 1) as I -> + . lt turns out that. thcrc is a closc rclationship 
h!'twt•t>n thr bchaviour oí p,,,(t)i l.» 1, a ncl thc beha,·iour oí the norrn oí /l" (>.), 
l.\I - > + , on th<' rrnl a.x is. Supposc Llmt. 

( 1.8.3) 

whrrr (.' > O is indr1>r11clc11t. of ,\ and M (1) E C (R ). Thc bcst possiblc bound 
iu (1. .3) ~ that. onc wc liavc for t hc frr<' rrsolwnt (S('(' (1. 1.4)'1 t.hat is, whcn 
¡\J l. So. WC' may :rnpposc lhat ¡\/ ?: l. Using thr rl'pf("S('nf;tl.ion (1.2.J) it is 
not hard to provc {for rxnmplc, scc [861) thc following 

Proposi tion .l.8.1. U11rl('1· tite assumptrori (1 .'/), tl1trr e.r.isl.s o coru;l.<ml 
C'1 >O .o lhat R,(A) ntc11d.~ holomo171lucally to th,. rrgron 1111 >. 5 G'1/ M(J>.I), 
1111d ~nlufir.r• tht'n: tl1 r IJOml.(l ( t.8 .. 'J) wrlh fJ<J1t.~1bly a m·w ron.i;to'1/, > O. 

St11lJ}()'-(' thnt t hf' fu11ct io11 M (t), t ?!: 1, is i11rrN1...ang ancl dcnotr by /(t) its 
11iv"'"" 1hn1 is. Al(/(1)) ~ l . We s11ppose 111111 /(1) . OJt''), ko > O, a11d 
tlu11 for t•wry COll!'.'>tanl (' o t hC'l'C' C'xists a constani e C(C) > o such that 
/{C't) 'S CJCt), Vt » l. Using thc 11l>0vC' p ropositiu11 01u• rnu prOVl' (íor rxa111pk•, 
:.t't' St•rtum J of 151]) tlu· followin~ 

Theor m 1.8.2. Fm· c1n·r-y 111 ~ 0 lht ,.,. fr1 ... 1.~ 11 (',,. > 0 ,;¡o 11/fll 

¡1.,.(I) _C.,. (/(1/ lo~I) "'+ 0 1 "}. 1, ( 1.811) 

w/un ln 0 tfn t.'i odt/, C11 1 i/11f,\1·1•1n 

lt turn ... ou t thal i11 llu• :1il111ll io11 wt• di ... c·u·,.·• tlu• 11orm oí 1!11· t•1 11 o ff 1t•sulv1·11t 

• .., 1dwa~·.., 1·x¡mnc>111inlly houndl'rl 011 llu· H•al ;Lx1.., 

Thcorem 1.8.3 . 'f'hcn• 1'.rt.'i l r·r111.'ilu11h (', ')' > O 'º llwt 

(1.8.ó) 

¡1.,.(1) <: C.,.(logl} "' 1 > 1 (1.8.G) 
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tlr nrh-. (1. .6) follows front combining (l. .5) and {l.8.4). Nole nlso thnL il 
íollow:-. fr~m ( l. .5) and Proposil.ion 1.8.1 tlittl therc are no resona n es in n r 'gi n 
oí 1hr íor111 Jm..\ ~ C1e-'Yl..\t. ¡>.¡ ~ C2, for somc cons tants C1 1 C2 > O. T h nbo,•c 
thrort'ln is pro,•cd by Ourq [3] us ing thc Carlema n csLimnL prcviously obtnined 
hy Lcln•im·Robbiano !JO), [31]. Anol hcr proof oí Burq 1s resu ll is pr sentecl in 
l ' 7J. Thc mcLhod of 187] has becu cx t.cnded in ! SJ t.o prove a n annlogue of 
{l. '.5) for a d as" of mcl.r ics which d iffr. r from Lhc Euclidean one by functions of 
ordN O(e-Clzl''). l.rl » 1, wltcre e > o nnd p > 2. 

Clcarly, the estima.Les {l.8.4) and {l.8.6) a re trivia l if m = O. lt turns out 
Lhnt to br able to derive some i11 for111atio11 abouL vo(I,) from ( 1.8.3) , onc necds 10 
hm1c this hutcr bound wi t.h Al/ = l. More prcc isely, w bave t.he following 

T h eor e m 1.8.4. The f ollowiny thrnc sl<itcmenls are equivalenl: 

lim pu(/) = 0. 
1.- H · 

{ Ce-P• 
110(1.) ::; Ce" ,' 

wllh .'fom e> conslanl.'! C ,{J > O. 

n odd, 
n e11en1 

( l. . ;¡ 

(1.8. ) 

( l. .9) 

Nolt' thal lhc implirnlion {l.8.7)=> ( 1.8.9) wa.s first. provcd by Mor:i.wct.z l112J 
(st't' n l:.o (25). 1·13)) in t.Jw casl~ of odd dinll'nsion using thr La. . ..,.·Phillips t hrory. 
In tht• rn .. '(' of ('\'<'n cli1uc nsio 11 t.his i111 plicat.i n is proved by l<awru;hi ta l23j. In 
1 6) n proof of t h<' nhovc t.hcorcm is prcsrnt.cd bnscd on Proposit.ion l. .1 ;111d Lhc 
following 

Proposit.ion 1.8.5. '11p7io11C tlwl. Rd..\) ru/mil.s analytic conlinuol.10r1s in the 
IT!lfnn_, (.\e e : o$ lm ..\ $ C1' ± llt•.>. > O} , '1 > o. ~uch llurt 

( 1.8.10) 

u•1llt -~º"'" qm.donl.'I C2, C;¡ > O mu/ I~ > O. Tlw11 tl1cre r.rrsl cm1slanl~~ '1 {J > O 
·"º that -

11k(I.) _< { '<· tJ1. u odd, ( 11 ) 
CI ". " CU<ll . l. . 



h t•stm1111ccs iu t.he E11clidcn 11 Scauering 

t .9 Prop r t ies o f t h e scattering p hase 

T hl· sC'nt.tcring phnsc, s (A) , cnn be considcrcd as an an a loguc of t.lie count iug 
f1111ction oí Lh cigcnvnlues of t,hc Lapalce-Bclt.nu11i opera t.or on com,pact ma.n
ifol Is. So. it. ii; naLurul to cx.peot t.haL .:;( .-\ ) has an asympLoLic be ha.v iour as 
,\ - > + In cont.rast. Lo t.hc counLing funct.ion oí t he cigcnvaluc¡.;, howevcr, ob
tnining m;ymptot.ics fo r s (..\) is much more complicated becouse in general s(A) 
is 110L nn im;rcu~ing func Lion and he ncc it. is no t possiblc Lo app\y Tauberia n 
nrg u111c11Ls to it.. cv rthc lcsR, ~rnch asymptotics have becn preved in t.he mosL 
i111NcsLing cases. Let. us c:onsidcr first. Lhc case whcn tl.9 is ellipt.ic. Wc luwe the 
íollowiug 

T heorem 1.9.1. The followúi.!J as11mv t.ot ics liold 

(1.9.1) 

mhcrn 

no = T., Vol(O ) + r., fo ( (dcL(c(x)'g,, (.r)))-112 - 1) rfa: 

r,, = (211r "Vol((:c E R ": l.rl ~ I}). 

In Lhis gcnern\it y, ( 1.9. l ) has bccn firs l preved by Mclrosc (36] i11 Lhc OlS<l of 
odd dim nsional spacC!-l using t hc Poisson formulae ( IA.2) nm l tlie s lmrp nppcr 
hound (l .3A) . His mr t.hod consis t.s of decomposing thc scnl tcr ing phasc ns a. s11111 

of 1u1 iucrcru;.ing íu11ct.io 11 ;~11d n symhol of ordcr n , ami thcn 11 pplying a Tuubc ria n 
111'J!.11111c 11l to Lhc mo11o t.01n• pa.rt.. a srrms t.hnL this n1>proud1 works in l.lw ens c o í 
l'V<'ll diml'nsiona l spuf'cs as wdl 11sini;; ( 1.4.J ) insleacl oí {l .·1.2) an1I ( 1.:1.5) i11sLend 

of ( 1.3..t). Mc lrosC''s 1~ppronrh is ba. .... cd 011 thc íollowing re.'lult, o í lvr ii 121] (scc 
nlso [35}) roncerning til1c si1 1 µ,-nh~ri t.y t) f u(t) at t =O: 

T heore m 1.9.2. Tlum! 1·ú.~ fs tm Eo >O .•m tlwt tf 1/1 E C0 (R }. t/1(1.) = 1 Jor 

¡1,¡ $<o, ef>( I) = O /or ll·I ;::: 2<u, l.hc11 

;¡;;;_(,\} - L n1A'1 i i. (1.9.2) 
J o 

l f wc 3.."-"11111C' Llrnt. Llic se·! o í tht• d o."\f'd trnn~Hrs..-.lly r<'flrl'1.rd g1'od esics 1111."\ 
mrasurc 7.<'ro. thc-u wr hav(' ( J.9. 1) wilh a Sf'('nml tnm of lhC' fonn o 1,\" 1 1111d n 
1·111111\tndrr o(.\n 1) (s<•t• [2 l j). 
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Hol>t>rl ¡:>5) found 111101.l1cr prnof of T l1C'Orí'111 1.9. 1 which <loes noL xploiL Lhe 
Poi:-...-.on fonnnlaC" nnd t l1f' l'C'So11H11Cf's, nml which works cc¡ually w('ll in b th cai ~ 
o í oclcl ami C\'l' ll dim<>11s io11s. NoLc t,li:\I. Lh is t hoorrm also foil ws írom Lhc quite 

~l'lll'rnl rcsults o b1aincd by C liris t.ia nsc11 ID]. 
111 thl' cast" of dt"ge11cnüc per tmbat.ions i.he scattrring phmo bc ha.vcs very 

nmch likc- lhc rount ing fu ndion o f t.hc rcso11a nrcs. 

T heorem 1.9.3. Unric1· the ass1m1.p lir111."I ( 1.7. J) nnd ( 1.7.2), as,\ + , 

s(,\) = cp(,\)( i + o{ I)). {1.9.3) 

Lt•t q, be ns in Thcon•111 l.!J.2 a nd d r f"i nc t.lic fnnct ion . .,6 so Lhat. s~(,\) = .p;;(,\)1 

·' Q(O) = O. lt is not hard Lo scc t.lia.L um lcr t lic assmnpt ioas ( 1.7. 1) and ( 1.7.2), w 

huvc .. .,(,\) = p )(l + o( I )) 11nrl ·•~(,\) = o(l)cp(,\). T hcr forc, t hc asymptotics 
( 1.9.:J) r nn be pro,,cd by 11s i11g Mdrosc1s 1\ppronch (scc f ·IJ for more el tails). 
Anothcr prooí is g ivcn by C lirist iHnsf'n [9]. 

In cont rnst to thC' sr11Lt.~r i 11¡,:; pliasc, ils fi rs l <lcr ivat i\'e .,'(,\) has a 111uch morC' 
rnmplicntcd bclmvi ur :111d i:-; 11111ch more sens ible LO lhe distribut.ion o f l,hc rcs
onann.-s nra.r thc ren l axi!i. 

T l1 o re m 1 .9.4. S11v¡io.•w 1.hal. the1·c e.Lisis a rion-decreasrng vositi11t> cor1t.ir1-
uo11.s Juud 1on ÍÍ(t) saf.isfyiny ÑÍ(I. + d) $ CÑÍ(t ) for O < 6 $ 1, and sucli tlwt 

tlu:n· are no 1Tso11<mre . .; in 1.hr regiou {Im ,\ $ C1Af(IAl) - 1 } . T l1 r11. 

ls'(,1)1 $ C'ul,\l"- 11U(l,\I). ,\ E R . (1.9.<I) 

In 11arl 1r11lur. s'(,\) = 0(<'1ul·' I), ¡ 0 > O. 

T lus throrr m is provcd l)y Pct.kov-Zworsk i 1·17] . The expon nt.ial ho und oí 
... '(.\) follow.s fro m ( l.9.'1) co111bi111wd wil h Proposition l. . 1 and Throrclll 1.8.3. 

2 ontrapping p erturbatio ns 

2. 1 Distribution o r t he resona nces and u n iform d cay or the lo ·al 
ncrgy 

Th<' o¡wrnrnr f> will b1• !'litid tn he a 11011lrappi11g pcrturbnt iuu if t he kernel 

l'{t . .r.u) of 1hr o prrntor ros (1Jr) saLisfi~ thc gc-11C"r.i.li1 .. ed l111yghr 11s p r inci

plt· 

V\ E C'o ( R º). 3To > O, so Llu\t \(J-)U(l . .r. y)\(11) E C (jTo,+ ) x x ñ). 
(2. 1.1 ) 
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\ 1 rn111111,. to tl11• n•stilts of ti. l<•lroi;<•· 'JOst rand !38J. l:J91 ou llH' propngnt.io n o f Lh<• 
( · ' s ttu!;ul.mtu-s. 111 tlu• i;it.11aLio11 Wt' disn1ss tht• ahow «mditio 11 is fulfi llccl i f 
p\·1•1y ~··m·r;tl11t-c l hich111·11C'Lf'rist.i(' {tht• ddi11itio11 ht.•m~ (IUilt• lt-rhniríl l, wc rcícr 
10 ¡:n~J. ¡:t9J for lhr drtai ls) IC'avC's cvcry rnmpact. 111 n finih· li111l'. lu 01.hcr word~, 
tlu• ~1·m·rah1NI lluyghr us prinriplc is fulfi\IC'd whrn tht·n:- A.N.' no lrapprcl ray8. 
¡\ t\'p1r.1l uamplc of n 11ontrnppi11¡.; pcrt.urbnt.iou b 1hc- sraltrriug by a st.riclly 
11111\·1·). oh:-.tarlr, thnt. is, whr11 ó.9 E ó. and is strirtl~· rot1\'1'X. 

ThC'or m 2. J.1. Suppose (2. 1. 1} f ulfillcd. Thrn VN > 0,3CN > O so Uwt 
º "",,,,.no fl'-~Ontlrl ('(.'.'i UI thc region 1111 ,\ '5 Nlog ,,\I - e,,. /llorf'OVl' l'1 Otrn• 
1 f l ,\/lf IJ t"ntldant C 0 SO /lwf 

AE R (2. 1.2) 

l ' 11 rnn~rqut nn·, 

{ Ce d• 
/lo( l) :S C t ".· 

"O<ld. 
(2. 1.J ) 

n tt•fu. 

w1tJ1 !WUU' 1onst anl .'I CJI > O. 

111 thi" ~"'nt•rnhty, tlu· n.how thron·m is pron'<I hy \'ainbNg l7G], [77] (sl'l' :dso 
l2Mj) ll lurns out tha l i11 so111e r asc:s of nontntppiui.; pnlnrlmtio11s unr rnn hove 
o lwtlt'r Írt-'(' of rC'l-iOl\:111f'l•s rt•µ; ion Lhnn t hnt nrw Atn·n hy i 111' 11how t lit•on•111 , 

S11pJm"''' th.it .ó.4 6 ami t.11111 t hc boumlnry r is .1.nalytic. T hl'n 1H'('CJn li11v; 
111 l.1•lw.u1· .. rl-s1th l29J 0 11 t lil' propn~at ion of 1111• .111.1lytir .. i 11~11 la ril irs, Wl' liaw 
011 au.1l~m· of (2. 1 I} with ( '" n·plnrrtl hy thr c;,.,·n·~· d.L.-,.s l. 1, prov itbl tl llll 
1'\W)' );,•·m•r.1lilt'fl bid1111 nc1t·1·is t ir h•;w<'s t'\'t'IJ nm1p.tn in it fi uitr li1111•. 111 1.liis 
rn.M' 1l.m:l°'""Lt'lwa11- n 1111d1 [2] prowd t lw ínllow111h 

Th o rc m 2 . 1.2. 1/ O 1.~ 11 uo11tr'fll'Pm.1¡ ohdarl1 ll'Jtl1 <rnolylH' lm1m dm·y l', 
,1 ~ lhrn tl1t·r" 1·r1.~t 1m.~il 111f 1'f11utm1t ... ('1 111111C 0 1 .\11r h /1111 / ll1rr1' llll' "" 

11'fn11011' m lh1· 11!/IOll 1111 ,\ ..._ 'd \11 ' ('¡ 

\ 1101her prooí of 1 ltis l llt'ntl'lll. h1L..,4'd un Ldu ·"•' .. rt·:-.1111 [2!JJ 11 11d Vai nl>c·q~·~ 

11 11·1!1,¡.cl [lb, 177J. is pH'St'11l1·1I in [·1 J. No11• th.tl, 1í 1lw uhs11wk i:-; sl1ir1l.v t·o11-
lht OfJlllll<l) vahu• OÍ Llll' COllSlanl ('¡ f<lll lw e aln1l;11t•d <'X p lwi l ly Íll \ 1•m1:-< 

ul' tlw fir-l 11·ro of t hr Airy fu 11«tto n aud tht• ~l'f'Unrl funda1111•11l11 \ fori11 of ¡~ (M'<' 
f'.!j) h litro out lhat for l'l l r iC'lJy C'Oll\'t':it oli:--tadt 0111' 1·,111 ~t·t 11 si111dar f1t•1• OÍ 

11':-.011mct rt'\.':lllll w1t l1t111L 11.>.:s11 111i11J.?; ;u1al\·111il,. oí th1· ho1111dn1y. T ht• Í11llowi11K 
ri· ... 11h 1! 11hh:-.ht'l'I hy l l11r¡.:/-L(•lwa11 1 IJ ll"lm' tlu· rnmpli·)( ~rali11¡.!; 11 p lo tlu• 
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bo111ul.\f't' f 111~1ead OÍ t. ltc propag11Lio 11 of Lhc nnalyt.ic singula rit.i ·· (scc a lso (67}): 

T hcorem 2.1. 3. 1/ O is n s/.rictiy co1we:r obslacle with C bo 1mtlnry r , 
~IJ E ~- lhCU tltef'f! e.ÚSt 1!0SÜiVe C01lSlfmtS e: GPJ d c1 SUCli lllfl/, t/l{We (I T'C 11 0 

l'f'iOUIJHrt','i Uf lh.C l"Cf/i011 Jm).. :5 C\IJ..jl /:l _c2. 

Thc ronstanl e; C/111 be carlc11lated exp lici t.l y. too, and in fact wc ha.ve e; :5 C1. 
111 ot.hcr words. t.he rnore regu lar the bo1111clary is, l.he largcr fr of rcsononc 
rrgion wc ha,·c. 

2.2 As mp totic expansion of the scatter ing phase 

IL follows from Theorern 2. 1.l and { 1.9.4) l. hal. for nontrapping pcrturbat. ious Lhc 
íirst dC'ri,inli\•C of t hc scat. teri11g pl 1a.sc saLis fi · t.l1c bouud s '(,\) = 0(>. 11 - 1). In 

focL. much more is !. m e. 

T heorem 2.2.1. U1uler t.he uss·1m1¡Jtio1i (2. 1.1), lhe f olfowing asymvt.nlic.'1 
Jiold: 

00 

,,'(>-) - I>·, ,\"_,_,, (2.2. 1) 

whcre o1 are lite sa mc as in 1'he01·e.m 1.9.2. 

Thb thcorcm is cst.abli i; hcd by Pctkov- Popov !415J. lca.rly, t.o provc (2.2. 1) it. 
suílk~ to :-how thO\t. 1111dcr thc comlit ion (2. 1.l) , 

,,'(,\) = ;¡;;;(;) + O(r ). (2.2.2) 

W ht•n u ~ 3. (2.2.2) ra 11 be der ivad f'rom Lhc frc of rcsonanc · rcgion cst.nbl ishccl 
111 Thcort.m1 2.1. l (;0111lii1111 cd wi t lt T licorcm 1.4.2. lnd('('(J , hy T licor 111 2. 1.I 
llH' si.•t 'R.., ronta ins fi 11itcly rn 1111y rcsonanccs far any 1"· henc u.,. E C (R ), 
ét,-u.,(t) - O(t· "ª'}, 1·0 > O, Vk 2:: O. T 1111s, by T hcor('lll 1.4 .2 ouc condnd c.o; t hnt 
(1 - l/>)u E C (R ) 11 11cl Df'(( I - ,¡,)u) E L 1(R ) íor cvcry in<egcr k > Q, 11 11 , 

,\'t(l~u(,\) = O{l) Íór cvcry iut,l'g:cr k 2:: O, whid1 implie:s (2.2.2).-

3 a t ring by severa! t rict ly con ex bod ie 

3.1 Dis tr ibution of th e r sonan c s for two sLri t i co nve.x bocli s 

In lhi.s SC..'f'lion wc wi ll cl isc11sH Lhe Dirirl1kL proh lcm in Lhc case whcn 6.9 E 6 

ami = 01 U 02, w li cro 0 1 1tnd 0 2 are st rirtly con,·c.x boun cl cd donmins in 
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R" w1th ·:tlllOOLh b unclarics r1 nnd 1"2, r1 n r 2: . LCL rl > 0 denote Lhc 
i11 .. 1a11n • bNween r, nnd r 1, A. tld lcL (IJ E r J, J = l. 2 lX' the uniquc points snch 
l!ihl dist (o 1. a 1 ) = d. Th 11 1.he ray co1111cct i11g c11 and 0 2 is Lhc only pcriodic 
(oncl lu:ucc trnppcd ) rny in n = R 11 \ O, so Lh generaJl1.ed ll uyghern~ principie 
(2. 1 1) is ne,•cr íulfillrd in Lllis case. T hat is way one s houlcl cxpcct a cliffc reut 
di¡¡tribuuon of t hc r s nances ncar Lhe real axis. 

Ocnotr by P thr Poiucaré mnp a.ssociated l O t hc peri die ray [(t¡ 1 (i2] . IL 
foil w~ from t.hc strir Lly e nvcxity t.hnt P is a hyperbolic ray, LlutL is 1 tite cigc11-
vnluC's of D'P(c.i¡) . which are real-va luecl in this case. are d iffercnt fro111 l. Lct 
c111 1 J = l. ... ," - 1, b th · ig nvalucs biggcr tha u l , i . . J.t1 > O. Denote 
:} = ~I +a;. J = 1, 2 .... T hc following re:sult i due to lkawa. [t 7], [18J: 

Th o r m 3.l.1. Tli cre exi.~t pos1twe co11stanL5 C1,C1 ami Jo such Uw t the 
or1 l11 rrsonor1~s. {-\1 } 1 ¡,, {1111 ..\ :5 C1, R ). 2: C1}. an: oj 111 11.l/,iv l i ci ty one rmd 
antu/y thc CI/XlflSIOTI 

A1 =z1 + L rA;-k, 1=Jo.Jo+ l , ... 
k= t 

(3. l.1 ) 

In ¡xu ticulnr, thc abovc thc r m implics tha t in the ca.se of lwo sl ricLly couvcx 
bndi~ thflrC' <.'x ists a st.rip oí Lhc íorm 

1'1 + ... + J' 11- l 
hu ,\ S ,Id - <, R ,\ ~ C >O, \fO < < « 1, 

frt't' of n\ nn11rcs. ' rJ1c nbove l heorc1n is cxLcndOO by G~mrd [11 J wl10 dC'scrib el 
nll rl'SOmmccs bclow s 111c logtiriLl11 11ic curv . To ~tnt<" Gfrnrd 's rcsnlL, int.roclucc 
tht• l> udo-rcsonnnccs (which WC'rc first introducC'd in (lJ) 

/JJÜ I + ... + l'n- JC'tn. 1 if {J.O) E N X N 1• - I. 
ZJ.n = 4r/ 1 + ;¡J· 

To rach z,.0 • a.\socint.r 1i mnlt ipliC"iLy mult(z1.0 ) whirh is LliC' m1111br r or a ll (JE 
N 11 1 sur h 1 hnt 

¡1¡{i1 + .. + ¡1,. ¡fin ¡ = ¡qn¡ + + l'n Jl'l'u l · 

Tht• folknt.•ing rt'Sult is cl ue to ' ·rnrd p l}: 

T heore m 3.1.2. /•()1" {'IJCry e» 1 tl1 rrr ('.zút..1 a C1:;:;;; '1(C') >o so that iu 
n nt19hbourhood oj cacl1 z1,0 E { 1111 ),. _ C. Re,\ 2: C1} t/1crc is a 1-es01HmCt' >.1,0 
fl/mu/h pl.tC'tl J! lllUJ t (z1,n), cmd t/te~e Cln! (11/ IY'SOTIOHC't"S m {J1n ,.\ :5 C , ílc ),. ~ 1}. 

Ct•r;vd al!'.O obtoi 11 d 011 nsymptotic f'X pansiou of >.1,0 - zJ,n as n frnetionnl 
PU" ·r ·n M 111 z1.~ . 
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3.2 Di Lr ib u t io n of the reso na n ces for m an y s trictly convex bod
ie 

Lr1 O= uf=- 10 1 , .1 ~ J, where ea.oh V; is n strict.ly conv x bounded doma in in 
R " w1th CQr,::.-smoot.h boundary. T he obstaclc O is a lrnp ping one wilh in fi niL ly 
11u111y pcrioclic rnys in n = R 11 \ 0 1 which makes the s1.udy of t.h resona.nces 
~<"11crn tcd by lhese t. rnpped rays much more complicnted ompnred wit. h l h cnsc 
.1 .:::: 2. Ne\"Criheless, t.here a.re sorne results in Lhis dircct.ion cssent.ia ll y duc LO 
lkown. onsider the Dirichlet problem in n, 6 9 :: .ó.. and s upposc that n. = 3. 
Lct 1 be a periodic rn.y in n. Denote by d.., th lcngth of "( and Jet P-r1fJ; be 
Llw igc11vnlucs of t.hc linear Poincaré map P1 = DP.., (as ab0\1e P., clenot s lh 
P incaré map associat d to 7) 8Ucli t lmt l/i,1 .1/i;I < l. S t. A1 = l/11/i;I' ' '· Wu 
mnkc the fol1owing assumptions : 

T hc con\ICX hull of e\lery t.wo conuected componenls of O does not havc cominon 
p ints 

wit.h nny other connect.ed componcnt of O. 

T hcre exis ts a constant. a> O such that 

L >.,.ct,.eºd., < + , 

whcrc 1he surn is t,aken over ali primi t. ive periodic rays "')' in íl . 

lknwa '19) pro\1 d t. he following 

(3.2. 1) 

(3.2.2) 

Theore m 3.2. 1. U11.der /.he as.mm.ptio11 s (3.2. 1} ond (3.f.2), there e:rists a 
<:"on. tant ro > O so tlwt. lhern <l1'e iio resonan ces in lm >. $ e.o. Moreo11e,., tlw 
follou•mg ~sl1male holds 

(3.2.J) 

h M><"tn:s lha1 Jknwn 's proof works nh10 in t.he erute of Neumnn n boundu.ry 
conditions. h is a lso nnt.urnl to ex p et. t. hot a n analogue of thc above t. hoorem 
sttll hold~ íor a.ny ~pace d imt! nl'.l ion n 2:: 2 (wit.h bound O(t - ") in (J.2.3) if n is 
C\"t•n) . 

The dass of obstacles sM isfy i11g tl1 assumptions (3.2.1) and (3.2.2) prm•ide.s 
quitl' rich r:xnmples of 1.rnpp i11 g obstHcles for which therc are no infinit.c ly many 
rl~mmt~ lending to t.hc real a..'< is. IL is nnt.urnl to ask, bowe' ' r, if far t hiR clnss 
a f Lrnpping obs1aclt!S t.hcrc is u st ri p contnin ing infinitcly many reso na nces (whi h 
1s llll' ca..-te if J = 2). IL Lurns out t. lmt t h nnsw r iR yes for thc N uman n probl •111 1 
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"luh· 1111h<• ca.~· a( 1 inrhlct bo1111clnr.v rn11ditio11s tht• prohlem is of a quilc grcat 
rumplcx1t~ .111d 10 111y bC'sL knowlC'dgr iL 1s still open. Thl• following t. licorcm is 
1lm· tu lkawn l20J: 

T hcor 111 3.2.2. Uridf'r tite (l.'i.'ilHllJJ l lOll (3.2. 1). lhU"t' erist.s (1 <'011.'>l cmt. e> o 
w tlwt thcrr arr infirutcly 111<my Nt•urnam1 ll'sonancn m lm>.. ~ C. 

Prtkov [·tiJ ubtni 11C'd a lowc.:r bound of thC' form O;:(r 1- 6), V6 > O, for the 
rm111t111g funcLion oí LhC's(' rcso11nnce!' 11ndcr wN\kt'r a. ... ~u1nplio11s 1.lu1r1 (3.2.1). 
tka"'A pro,·<'i'.1 Lhr abovc t.hC'orcn1 whf'n t.hc :;pncl' chmCTl..'tion 11 ;::: J is odd using 
tht• Poi .... -.on formulac (1.4.2) (not that. i11 lhc Cas<' of r''<'n spacc climc11s ion thc 
prooí g0t.-s iu the sn n1c wny 11si11g ( 1.4.3) inslcad oí (1 12)) and t.h<· ob!-1 rvati 11 
th t 111 the rl\M' o í Nrunrn.nn bonncla.ry conditions thC' IC'adrng si11g11lftr pa.rt. of t.lt 
1lisLnhuuo11 u(t) is oí t.hc fo rm (scc ji 2J): 

2.:);idcL(/d - /',)I 112 tl(I - ti ), 

wht'rr r, denotes Llw pri111itivr pcriocl of "( , and thr Mlm i~ takt•n ovcr a.ti p •riodic 
rny:i lll n. llcuc:c no cn 11cr\11.t.io11 of i;iugulnriti~ is l)Q:<..'iÍbl<· in this Cll.SC. In t.hc 
t'l\.'lt' oí OirirhlC't bo1111d11ry ro11dit.io11.s Lhr lcad1ng singular pMI. of t.hl' dist.ribution 
u(l) is oí tlw form 

wh1·r1• k. dt:nOU'..S thc I n~\ v indrx 11í 'Y· Thm, 10 this ca.~ tlLC' si11gul11rit. ic.s mn.y 
rn11n•I. anti 111 1>nrlirulnr lka.wn's urgumcnl docs nol work a n y 11101·t•. 

4 T h uman n problcm in linear la t icity 

ll.J F'Te o f re ona nccs r g ions 

111 th1" """ t1011 ""'"t.' nrl' going to d iscuss tll(' n•somuin..., fo1 " d11.-.s of 111nt.rix· vn lm•d 
s1·ronfl ord1·r chfft•rr111.in l Opt•rntors. l ... l O e R". u 21 llC' 11 rn111pnrL do11111in 
W1lh r .. mooth ho11 nd1lry r ll!ld eonn('("lt"(l c-omph·nu·ut n n11 \o. Oc_111otr 
hy ~, tlu· rl·L'lirity opt'l'lll.Or, whkh is n u x n 111Rlnx· \1lh1t"<I d ifrí·n•111inl OplH'lttor 
til'finrd h'.'· 

Órll 1106.1, +(.\o+ 11o)grarl(d1,· 11), 

wht•n• u 1 (u 1, ,u11 ). lkn• ,\0 rmd ¡10 ;•rt' llw ( .. '\m~· CTI1ttil1111ls which nrr ~11¡l

pr1Pwd lo 11~fy 

110 > O, u .\o + 2110 > O (•1.1.1 ) 
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Tln• opt•r +~ror ~ ... describes t.hc propagalion of Lwo wav~ mO\•ing with spccds 
r 1 /iiii .-uul f'1 = ~- Dcuot.c by 6 ;' 1.hc ~l'lfadjoinL rca lizntion of 6.r 
111 U wi1 h ~-.~umann boundnry co11dit.io11s: 

(Bn), := ¿: a;1 ('U)i;1 ¡,. = O, i = 1, .. ., n, 

J= l 

whC'rC o,,(u) = ..\0&,1div 1t + JLo(8:r.1 H, + fJ,,,u1) is the s tress lC'nsor nnd /1 = 
(111, ..• ,11,1 ) i thc out.c r unit norma l to r'. T he resonanccs a.ssocialed t.o ó~v ar 
dcfint'd in the sam way a.-; in Scction l.2, that is, a.s t he pa les of t he 111r ro111orphic 
conlimmtion oí thc cut.off resolvent. 

from lm ..\ <o lO t.hc COIJlplex p\1111e e if /& is ocld, nncl LO LhC' Riemnm1 surfncc, ' 
of thc logarithmc if 11 is cvc11. Al firsL gla ncc Lhe op rator ó ;\! 1 oks v ry much 
likc thc- opcral-Ors d iscnssed in tite prcvio11s S<'CLions and has si111 il11r propertic:;. 
ludrcd. mo:.t of 1.hc propcrt.ics a nd thc r sull.s discUSS<-'<I in Cl'f,ion 1 111· • vnlid 
for .:l.~' ru; wcll. T lw only d iffere11<.:c is t.lmL Lhc 11111ni111 boum lury e ndiLions 
for ..:)., do uoL sa1 is fy t.ho so-c1dlc<I Loput inski- lmpiro cond iLio11 , which hn..,>; íor 
-.·om•cqucncc that 1.hc gc:ncrnlií:cd Huy¡.;:h<'ns pri ncipl • (-.1.1) is 111·vcr fu lfill el far 
thi!- problcm. In ot lu:•r words, cvcry oUstadc (evcm thc ba ll) is a t.rnppiug ol :nnclr 
for thc opcrntor ó~'. Thc fnct. U1nt, 1.hc LopaLins ki- hapiro condition is vi lnt(.'C( is 
t'Xprt~'('(.f by the foct tlml, t.hr íon 11al pm11 111 trix (which is a 11X 11 111111 rix-vnh1C<I 
:--••111irln., .. iC"al J>SCudodiffcrc11t.inl opr rator 0 11 r ) of t.l1c Dirichk t-to-N<'11111n11 11 11mp 
¡., not dhptic in thc cllipt.i...: re¡.;:ion [, = {(:r,i) E r ·r : rd~l.r > 1 }. g xplirit 
rnkulntion~ show t lmt it.s priur iplll sy rnhol has 011 cigc11vuh1<' whid1 vnnishrs011 
n \'MiNy !: = {(x,€} E 'J"r' : culi l.r. = I} e , whilc theotliPr , . - 1 f' ig<'11vnl11c.-J 
.ur llDU\'ani!;hiug. T lw c:<i~Lc•tu:c of sud1 o duuncLrri:..t ic vnrit•ly is inLNpreLc<l as 
l'Xlsl1'flf"(' OÍ ~UrÍ:tC"C WllVC'S 111ov i11g 011 r with 1\ SjlC't.'tl Clt < r1 (sc•c j75j}, ca lk'CI 
íl;i\'l<'igh wn\'l.-s nft('r Lon l 11 11.ylri,L{IL wl10 wns lirst to stmly 1l1<'M' wavL~ i11 t he 
l'J\.-.l' OÍ a h:llÍ SIJRC"'(' {SC(' [5:1]). 'i rn; C in 0 111' l"óL"'(' r is l'Ollll>i.&f"I. l hl':-(! S\ll'faCC' Wll\11,.'8 

sln~· tr.,pp1>d in ;1 co111 p11.cL st•I., ¡111d l11•1u·C' t.'VC'ry rom¡)ltct obsl r1.dí' is trapping 
for llu~ ¡>rohlt•nL h. is worLh not.ir ing 1 haL t llt'rc art" no such surfnrC' w:wr.s for 
tht.• D1nchlr1 rt".ahzat.ion of !:::. , .. F'or l':<amplr. t hc strir-tly ro11wx ohsl1td C'S 1\fl ' 

nunltnp¡nng c~1tisfy (2. 1.1 )) for t IH' c la.-1Lit-i1y t•c¡ualion wil h Dirirhlri bonndn.ry 
rnndlllOIL' 

inn' thr grnrrnlizccl ll11y¡;lit·11s pri11ri1>l1· (2. 1 l) i" noL satisfit"CI for ó ;v, iL 
1:-. uot nnlnr;1I lO c.·x p1.•rt LllllL 1 lw rC'S011a11C'C'!ol of 6.,.' luw1· n dis t rih11lio11 lik in 
TluYJrt•m 2.1.1 llowC'wr, Lltt· f;u·t t hat thr rharartC'ri!ollC" \'íU'Írty E i~ i11r l11drd i11 
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rhi• i•lliplll n-g1u11 E r unbll's w ulH11i11 quitt• lnrg~· n·~iun~ fr<'<' o í rrso11a 11ccs ií O 
,, ,, 111 th· tuU\t'X ,\ ton· pn·1·ist•ly, W<' IM\'l' t ht• folluwm~ 

Thcore rn 4 ._l . J. IA·t be a boundftl .~trirtly ('QU •t.r domam wifh C 00 -smooth 
bmuufory r rllf ti for !'tlf'ry ¡\/ . N > 1 thcn_: fil.\I con .... taul'i e¡\/, CN > o so tlwt 
tlirn an- no n.~ot1ancr.11 o/ A~" rn tlie rv.:gwn C., .\I ' ~ lm ..\ ~ J\I lov; IAI - Cfl.·I· 
\/urrc>l r. t/ Í l. fUW/y ltr, t/11,m t/1(' /rf(' flj l"'OOUOJU'"('.\ rt'!Jl011 Í li Oj the j onn 

('t· ,.1\ lm>. < ,\/ IOK IAI - c,\f. wlu IT C, ')">o 

In tht· e ('U.'tt' this t.IH'Ul'('lll is prnvrd i11 [72J, whilC' t hr t <l!:i<' of analy tic 
lmumJ.U',. 1-. tn·ntt'tl 111 IS5j. l\.awashita. 12•1] ohtain<'<l thr samr ty pc of free of 
ri·-.mMm ...... u·Rions n..-t in thc G rnsl' for more ~<·ncral obstadC's having 110 Lrapped 
M ...... In n (snch Oh!»lndrs nn• in fact nontra¡:>pinJ.; for .J.,. in n wit h Dirichlct 
linuncl.,r~· roncl it ions 011 J', ami ht'ncc l hr ouly trapping in t he case of Neuma.un 
houn,l;u~· rnnd1tm11s comC's from tite Haykigh wan~ 0 11 r). lt is worth noticing 
tlMl m .u1otlOK,)' with tia· Lllpl11rin11 a mi in vit'w of Tlu'Or<'tll 2. 1.:3 it is na t ural to 
1·xpt'1·t that wht•n O is s t rirtly rnnvt'x t hC'rC' :-ihould not bC' rC'so11a11CC'S of ll.1':' in a. 
n'J(lPU oí tlw form { l < hnA e;: Cd>.11 ·1 - C!} w1th M>lllC' 1>ositivc coustants C 1 
.uul li. N·rlninl d ifíl'l't'11t fro111 l liosr in Tlwon·m 2.1-3. T his is provcd in [71j 
wh1·n (l e .t h•lll 

,a,2 Exi t 11c o f Raylc igh r o nanc s 

lt \"' IMlur:\I to t'XJ)('t'L t hat 1 hC' H.ay ll·igh Wi\W' g1•11rratC' i11fi 11 itr ly nmny rcso--
11.u1n l"·lurh i11 vi1·w o í ' l'l1t'OrC'1n 1. 1 1 should hC' vrry rlosr to t,}ic real axis) as 
otlu-r"lW thr clistnbutio11 of tht~ n•so11n11n~ oí .J.,.' for Mrirl ly convcx ohstnclcs 
woul•I ht lht· ... a1111• a • .; iu t.l1t• 1'11!-ll' uf nnntrappinK ¡wrturhatious. In fa1"t1 wc havc 
llw fulloY.m~ 

Th rt> m 4.2.J . 1-'or 1rny o/J.<iltadc O 11·11h C 'mootli bo1mdt11·y tltr re e.r.ists 
1m mftnrl1 '<l"t nrr { >.1 } o/ ti1jf1Tr11t n·.,rmanrr \ nf :!l.,' ·'""" lhot 

O <.. 1111 A; <.. C, 1\ ' . VS > l. (•1.2.1) 

.Horro' r •/ni ln1!il nrit• o/ flu· r·omH·r-frd Mmpont nb o/O t.R of fJJW/yt ic l.ioumfory, 
thrr~ IAt" UU( ª" 1r1j1111f(' ,'ll q11n1r1· { >.¡} n/ dtfft·n ,., r'f.{IOfl(m re.;; o/ a:~· .~m·h Uuit 

(4 .2.2) 
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lit Ll1t> C cnsc t his Lheorcni is provcd i11 !73} (see tllSO {72)) 1 whil Lh CASC of 
1111 nlyLic bo11ndnr_y is i.rcntecl in [85]. T hc proof is based on Thoor m 1.6. 1 a nd th 
obscrvntion thn1 the cx is tcnce of Ra.y leigh waves in t h llipt.ic region E:. nllows LO 

con!<Lru t l qunsimodes s upport.cd in a neighbourhoocl of Lhe boundnry. Morcovcr, 
if onc hn.s more informa.tion nbout the count ing íunci.ion of thcs1t qunsimod one 
rould obtain Jowcr bonnds of t ite cou11 Li11g íu nction oí thc r 1m11ccs n lr t.he 
r ni axis . Sucl1 lowcr bounds a re ob l.a incd by Stefanov (70): 

T heorem 4.2.2. ¡;o,. rmy obst.acle O wil/1 C -smooll1 boundary t.ll ere exi~l.4 
11 /unction F e C( l , + ), F(t) = O(l- ), t » I, such t/101 

I{.\, - re.rnn.rmce of t:,;/ : O< hn .\, $ F (l.\,l) . j.\,I $ r} 

(4 2.3) 

where the ctmslanl r,1 _ 1 i.'J defin ed iu Th eorem 1.9. / {witJ, n rc11ln ccd by n - 1). 

Por obstncles fo r which T heorern ' l. l.\ h lds t.h r are ncar i.hc rclll 1txis only 
rc:;onanccs general. d by t. he R.a.yleigli wuvcs, so it. is nnt.ural to exp c: L t. hat. t. h 
rcsonnur • are do.o;e t.o t.he con espondi ng quas imod and t.hat. t.hrir t'ount.ing 
íun tion hao; tite smnc bclmv iour a!l !. he count.ing íunct.ion of t.hc c¡nn..'l imod s. In 
othC'r words. onl' shoul cl expect asy tn pt.ot. ic b hav iour of lhe ro u11l.i11g í1111ct. ion 
oí thc Rnylcigh re.50na nccs. T !1e fo llowing t.hcorem is duc to jOst.mnd-Vodcv 162 ): 

T heorcm 1.1. 2.3. J.,et o be (t sf.riclly CO llllCE obsi C1cle uri''' e -:m1ooll1 bormd
ory r. Thcn 

1 u(r) := ~(>.1 - 1·e.,onmice of ó c : O< 1111 A, :5 1, l>i,I S r} 

(4.2.'1) 

tJ. 3 B havio ur of t he loca l e ne rgy 

In lht' mr wny ~s in t. h • c11sc oí t h ~ LnphtCl' op rntor onr can cldl nc t. lw q1 wnt.i
ti....._., Pm(tl (~ '("iiOll 1.8) i11 thc (;(UjC or Lhc Ncu 11 mn11 probll'm in lim.•:tr C'lasLi ity, 
whirh mt>asure th1.: ratc 9f clcca.y of Lhc local n('rgy of lh~ sohit.ions Lo t.hc cor
rl~¡>011dinR mixC"CI probl ' 11 1. J3 cc1rns Í t.lw cx isLC'ltCC OÍ rrson:1ncc:; cloSf' LO Lh 
ft':tl i\Xl!o dur co 1hc llay ll·igh s11 rfacc wavc:; , 011c ~ hould nol t'Xp('('t tlrn t. Jlrn(t} 
wtmld dC'C'n.)" ,. rs fos t. to zcro füi l-> + . 111 t.h IH'X l theorem O is n.n n.rhit.rnry 
bountkd ol Utde with e -i; moot h bounclnry. 
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Thror("lll 1.3. 1. 0.1" t r1d,'t <1 cm1.~ttwl o ll uch tlrnl 

/'1J(I) '> O, 1 .I> 1 

li111 supl ip111 (t) > O. (tl.3.2) 
1 " 

1\ forrtJI rr 1J ot lttJ~ t nnr of tlw r011rwrfrcl nmtponr nt, .. o/ '·'o/ mwlytic bomufory, 
thrn /ur r 'ry rn O wr luwt· 

li111 s11p{logt)'"11m(t) '>O (rl.3.:J) ... 
Tlu m''<IU:l.lity ( 1.31) is prov<'d hy J( nwa.,luta f22). lt ll lso follows fro m Lhc 

Í111 t thal lht·n· rx1st infinitd y 11m11y n•sunanr~ rom·1-rs~:ing to fl'Hl a.xis {scc T hc
orr111 12 1 \ Thl• 1m' q1111li ty ( 1.3.2) wa.s li~t ¡>ro H'fl by l(aw;L'ihita [24] for n 
n~tnf"l1·d d.1.. .. ., ur ohs11w ll's, 11 11d tlll' ll rxtrnclrd iu ( 5) to nn arbitrary obstaclc. 
rtw mu111.lhl' ( l.:J.:J} is provrcl in ( áJ. In pnrt1 ·ut.v it !>hows th<.ll !.he bouncl 
( 1 M 6) ohl.tllll'tl hy Ourq IJ] is sharp. 

ll.4 y mplo tic bc haviour o f Lh cattcring p has 

l'llf' .\th·rmtt phn . .-.t•1 ,.¡,v (,\), H:iSOrialt•d t o 1lu- o¡wr.Hor .i,'' ran be ddi 11L'CI iu t hc 

... uiw "· 'ii .1., .. m S<•rtion \ ,•l. íl<'l'IUIM' of tlu• t·:-.i~lt'un· of rt·so11111irt•s rx ponr nt.ia lly 
, ¡,..,,. lo tl11 n·al ilX1s om· m u 1•ruiily :il'l' 1hM um• m"y ha\"C' hounds o f t hc fonn 
¡ .. \ (.1.1) , t • 11 ""> O, for nn infinill• M'(¡m•nn• uf r,·,ll m1111IH1rs k; 1 . 'o, 11...'\ 
01w u ... , r p1"l"I. t lw :L'iy 111ptolics (2.2 l) ;m• fM from ht•in¡.; tru1• for .oi'N(,\) . On 

tlu• ulht"r h.md. w1• haw n n nnalo~rn· uf llw ,\.'>) mptotu-s {l.!J l) Ít>r .oiN (,\} (with 

1~ thlrl'f• ni'º"''' 111 t10) . IL l 11rns o u t that fnr '1ri1·1h· c·onwx 11l1s tadi's .'IN (,\) 11;\,<t 
two h•nn ~·mptutics wit h 1\ rrumimlt•r nf ri~ht uukr 1 IH' íollowing Llu•orl' lll i ~ 

du•• &1 C' rrl1 >- \ 'ocl1•v [7J: 

Thl"Ortm .1.11. L. 1/ O 1.o¡ .o¡lm·tly nmru w11h C .\11wall1 lm1111dui-y r , llt r u 

1d1ur r(..l) 

r,.(t,~ 1 l'i • 

.oi ,(.\) flo \ n +n1\" 1 r(..\), 

rl(.\" 1 ) tf" ., 2 . 1( \ ) 
r 1 ")Vnl(O) 

Cl(J) •! " 

( 1.4.1) 

2. (UH/ flO -

~ •I t.lnl n 1 1:-; nf t ht• form b1 \ ·ol(r') , whnt• b <kJ11'111ls 011 LIH· L11111{• ron
c -hl 0tl 1h1 ,1111w11'li1111 . Ont' 1·011lcl 1•x1w•·t llMl 1h1· .1hm<' 1\.'ly111pl0Lit·s hold for 



Gcorgi Vodcv 

l'\'t'ry ol~rnc:lc which is llOlltl'a.pp ing fo r Lhc OirichlN r nfürntion or ñ ,.. nother 
natural ,~;cp(.'Cln t io n i~ t.lutL (4.'1. 1) hold1> wit.h r(A) = o(A11 - 1) und •r Lhc assu1111>· 
1in11 1lmt thc mensure of thc set of t.hc pcriodic uans \1 rsnlly rcíl~ tcd rnys in T ' íl 
is zcro. F'urlhcrmorc, ií O is str icLly com1cx s uch that the 111c1LS urc oí thc set of 
thc pcriodic gcodesics in T T is zero, onc shoulcl xpcct t.lmt {·l. ·1.1) holtls with 
r (..\) = a2..\"-2 + o( >. 11 - 2) if n > 2. Such n bchaviour is suggcste<I by thc fo llowing 

T heorem 4.:1.2. !/O is sfrict.ly ccmuex wW1 

tl1ere c.nst o fun clion o/ /.he /01111 

11 - l 

g(-1) = L &,N• - • + b., lag.\, 
k= O 

-smooth bomu/ary1 tli cn 

wllcrt bo = a0, ,1wch lhcil /01· etun-y p » 1, O < J < 1, wt' luw,: 

wlu:re t n(.A) rs tlie counliu.9 fmt cliou of lhr. Ra yleigh rcsonancr'.~ ;,,1,mrl11ccd in 
Thcortm ,.;!.3. 

This t hoorc:m is proved fo r odd n ~ J iu [ ] by us ing tlH· Poissou formulo 
( 1 -1.2) (i n llu.~ rase of cvc n n onc should nsc ( 1.4 .3) inslrnd1 1111rl 1 IU' Ín't• of r •s
unnnccs region cstabl ishcd in T heorc111 4.1.1. NoLc Lhnt the a .... y111pt o1ic-s (11.<l . l ) 
nl:.0 follo\\' from combin ing (tl.ll.2) n11d (4 .2 ..1 ). ~il oroo\'Cr. obt 11 i11i11~ 11 1 hird lcr111 
in (-1..1 . J) is e<¡uivnlrnt t.o ob t.a.iti iug: :iC('011d tNm nsymptolic~'i fo r Nu(>..}, 1hnt. is, 
far Lhc counling fnn ct.ion of Lhc quasimodrs grnt•rnlrd by thc l<11yldgh wmici;. 

inre lh~ laucr obj cts cntt be vicwcd ns c.•i¡.;t.•nvalucs of :1 ps<·1 11lodilfl•r('nt.i:d 
opcrntor on r. s11rh Lwo Lonns u..sy mptoLic.·s q11i1, • prohnbly hn ld 11mk•r thr n.-J· 
~nm¡>tion mc.•utiom•d jus i. bofore Thcon •111 4..1 .2. 

5 T h t ra n mi· ion prob lem 

5.1 Th cas o f inte rior tota lly re fl ec t el ray 

Lt•I ht:' a houmk-d sLrirL ly couvcx clomnin wil" (' ·!-lllUOl h hm111clary r· a nd 
tlt'UOh' n - R n \ O. Lc.: t. (' ~ l uml n hC' two pc>sÍll\~ n:m~l.lllL"I. Tlw rompll·X 
1mmbt.•r >. will b!' !-lflicl to 11 11 rcso1m1wr fm tl1 c· trn1L'"'~'"tfll1 prolllr1n IL,-,oC'Í;ILNI 
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1111 111 0b .. 11rlr 1í1h1• follow111g prol1l1'111ha:-;a110 111 n \ial :-;nluti<111 : ¡ ,,, ' "'"' o 
( r A')u, o in H. 

U¡ - U1 o on r 
8vii1 ._ rr8vu1 o on r . 

U:,! - ,\ ou1gomg, 

(5. 1.1 ) 

whnr .l L,~1 1 ü~J' 11 cknotc•s LhC' 0111t•r tlnil normal to r and ¡/ = - 11 is 
tlw mm·r 0111•. i'lll' rcso111\11 C't'~ oí Lh 1rans111is ... 1on proble111 rnn be aJ:.;o ddi ncd 
R." 1lw JXllt nÍ lllt' llH'romorphir co11t.in11<1lio11 OÍ lh(' cutoff rf'solvrnL, R'I;(>..) := 

(G Á1) 1 , of thr oprrnLor 

Cu:= (c16u1,6u2L u = (11¡,u1) E D(G). 

011 th•· ll1lln·rt s purt• 11 J,'l(O; o 1 e ·'ld.r) $ / ... 1(0). whC'rt• t hl' doumin of dcfini-

tmu oí e is gi\'t'll hy 

/l(C!) {(u,.u,) // ,u , 11'(0),u2 E 111(ll).u111 .,,¡, ,iJ,,,,,.¡,. = - r>&,,u, jr} . 

1'111' 11roblt·m (5. 1 1) drscribcs t.hr propngatiou of nrou~tic w~~Vl'S moving in Lwo 
d1ffrrr11t 111l"fl11\., with ~Pl'f'd l in n nud with Nf)t't'CI r in W h t' ll ;\. WHV(' 11\QV

HIK m o (n .... p. 111 } 1'('1td 1(·~ l)I(• ho1111dnry r thC'rt" i.s 011(' J)Hl'L whid1 r utcrs 
111 (J (n ,, in U) ;rnd 111101.lwr pn1 t whid1 rrflrcb fro m tii<' hunndary. In othc>r 
wnnl ... llwn· 1s .1 trnns111is1'ion oí ('ncrgy throu~h thC' hmrndnry. Cons qu 11tly1 

thrrr 1 ,\ propai;ulion of e singul<lriti('8 along thC" pC'riodic brokl·11 rny.s in o. 
And h.: 11 1· lht• gt•1wrn\i:1,C'd l luyp;h<'ns prinl'iplt• (2.1 1) 1s nol f11lfillrd for thc l ranl'l
n11 1Cll1 pmhlt•m_ ti. lon•owr1 ií r <. 1, tht• brok('n rays in d os<• r11011gh to 
tl11 gl:.ucm mnnifold K, { (.r, el E -r· r rl~ 1) Ji1• i11 t h<' l' llipt i1· r ·gion 
f ((r ") f"r' J~I,,. -> I} for 1!11• l' XlNÍOr prnhlt•m ""' s 11rl1 1'11,Y.S .st11y Lrnp1wtl 
u1 O rnr ' long llllll'. f\forf• pn'<'ist'ly, if n hrnkrn r.1>' 1(1) 1:-( f C'los1• lo A. fo1 I O 
(m n 11tlhl1• 11U'tric-) it remains 2 .. d o.-;(• to Ínr I < C,v !V, VN J> l. Thi.s 
prnpt'l'I\ knawn a.~ "dfrr l iv<• l'ILn l11l1ty oí tlw htlh 1nl llnw 111O111•nr 1 IH' ¡.;fanr iug 
m uur,,¡._1 .\tuJ !'lt1('h brok1•n rnys an.• rnllt"tl Mmtnior to t.1Jly 1l'll1•1 lt'cl n1ys". Tht• 
f'U'lhl~ .r urh rnys s 11µ,g1•sts lhat <¡111tt· ,, lc1t uí 1·nc·r1~s ~houltl stay rrnp¡a·d 111 
lh obat J. O for u lon¡.r, L1111t', whwh muid proclun• 111fi111lt'\y 111:111y n·sor11111rt~ 

ron\ m;: 'º tlw n•u l n.x is. Tlus WJL" prcm'<I h~ Popu\· Vodt·v [52J· 

Th rem 5.1 .J . /.,l'l lw .~tnrtly nu11·1 Wllh ( .~mcmlh llormdury. 'l'lirn, 
t/c th•rr r.rr.vh rm rnjiruk .~11¡111 nn n/d1firrr11t N ... m1tw11-.~ {>.1 } oJG .H1rh 
1h.1 

11111, C , j,l ,j ' V (5. 1 7) 
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In \'l(' '' of Throrr11 1 l .G. 1, to provr lh nbo\'C throrem al ~uffü· • to ron:-;lrucL 

ro 1111:mr1I\· 'Ul>J>Ort cd q11a .. .;i 111odl·S f r Ll1C' tranMni~ io11 1>roblr111 {1.5. l) . 11rh 
qun:; 1111och~. ronN!'n t ra !NI in a nc ig hbou rhood OÍ lht• houncln ry !" (111irrc>IOC'i1lly 

supporh.>cl 111 ") are co11 s1rnt:tcd in [521 us ing thc fo.e t 1hnL whcn t < 1, lhr 
g lancrng ma.nifold "' is includcd in t he c\li ptic rrgion C. 

5.2 Th ca e o f x te ri or tota ll y re fl t d ra s 

Wh 11 e > 1 thc gl<111ci 11g man ifo ld K is includrd 111 lhe hY1>rrbolic rcgion N. -= 
{ (r,() e r · r l(lr < 1} of t lir ex terior problc111 . TlrnL i!<i- \\•hy Llic rt• El l C 110 i11t 

rio r l ta lly reíl('(' t C'd rnys in O a.11 d t,hr rons truc110 11 o f qua:;imod~ likr th in 

thl' ca.."'<' <li~cu~I in l:'ct iou 5. l is no I01tg('r pos..;iblt'. In l f'acl , thN<' nrc ('XLrrior 
to tn lly r fl tttcd rays iu fl whid1 d o 11o t r nlN int o thc ol)!o; Lotdc . This :mggcsll'l 

thal 1n th c.a."4." whrn r > 1 LILc di 1:i trib11 Lio n o f LhC' rcsonnnc~ nr ílr t hr rea l l\.Xis 
sho uld look much mo rr likc l.i1l' d is tribu tion o f lhr r · uan~ for 110 11 trnppi11g 

pcruirbn tio rL.., lhn n likC' t lwt o n<' in t. hr t'ílSl' r < l . T h(' followi11~ tlirort·m i ~ 

e&la bh..,hcd m {SI (in n m or(' g<' nNrd sctting) 

Th or 111 5.2. l . /J(> / be ,'ll riC'l.ly ('OUl'CI unlh e ·.smoot/1 bmmdary. Tltr11, 
1/ e> 1. thr rutoff rcsolurnt. so.l·i8fit'S th r r~tunnl i 

(5.2.1) 

1s O C'OllSrq11cU('(', fh trt? ( /1Y• 11 0 1'('.'I OFl(mff!i nf G HI (1 .dnp Q l 111). 45 "'(. "'( > 0 . 
011J thr follou·1119 t !i ltmfll f' lwld8, f or I ..,. 1. 

l'll( I.) S { 

trrlh ron~loul.~ C', ¡, > O. 

''e ·'' · 11 Q(./d . 
't " U f'flfU. 

(5.2.2) 

Xa1t· th.tt (S '.?.'.?) 11 11d t ht• C'XiSLt' IHT u f n írn· o í rt...,m.u1c·f•!<! .. 1 rip follow í1 u 111 

(5 '2 1) rombmm"tl wit h T hl'órt'm 1.8 ..1 n ncl Propr~ltmn 1 .1 T hr abow llwo r<'lll 

.. ho\\ :-. in p.ut1ruh1r 111111 ful' th t• trn11s111i-..sin 11 prnh lt ·m w11lt r > 1 W(' lmw th1· 

'llUf' t~·¡w o( uniform dl'<'llY OÍ t lw \ora l t ' llNKY ,L, m lfll' f"A."'4' nf 11n11lr,tpp111p, 
pnturh.11101L.., .1hhoug h 1ld:i prohlt•111 d tlt'S 11UL sa t 1sh• lht> At·n1·rn h11'<l ll uyghl' ll.M 
prmnpk (2 1 1) ~l o 1t•ovt'I' , wh1' 11 () i ~ n h.111 it ¡, nnl h:anl cn !-.t.,. Lhn L 1hru• is 11 

._."{1111·1111· oí re.--01111 n r t•-S {¡11 } :; 11d1 1!1at 1•, -m >O Jfrnt'l 1l lM nut J1~"'1hlc• lo 
haw .-, hrurr írt-.i• o f rr:;o 11:111n' ll rt•giu n (ns for 1·x.uupfr- m Th1•ut1· 111 2. 1. I ) tlm11 rt 

-..1np. 



R1 ·so11111/C'l'S i11 rl1c E 11cliclC'1U1 Scnuering 

s.:1 :i mpLot. i s of the nu mber of the resona nces near the real 
nxi 

t\N 111 lhc rn.'>C of 1hc Nuurn nnn problcrn in linear elnsticit.y (sce Theorcm 4.1.1) 
nui• muid cxpcc1 1.Jrnt. in Lhc case of t.hc trans mission problem the1=e s hould be 

"'"'ª lar&'-' free uf rcsonnnccs rcg ions far fro111 Lhc real a..xis a nd t. hat the counting 
íum·lion oí cho reso1mnccs ly i11 g bclow such regions adm it.s a n asymphot ic be
luwiour Indccd 1 such rcsul ts a.rn ob t.a incd in {6} undcr sorne nat.ura l assumptions 
0 11 U1l' ¡wnmctc,·r a nppcnring in t.hc boundary condit.ions: 

Thcor 111 5.3.J. ÍA!I. CJ be slricliy CO l tVCX w-üh C ·Smool.ÍI. boundo1ry and let 
r < 1 Thtt1 lh cro CLisls a constrml ao > O so llrnt if o :S o 0 , there are no 
1-r.~ounnn:' n/ G 111 n l"e9io1i of lhc form {Ca :S ImA :S Ci1Al 1/ 3 - C2L where 
C. e, ami Ci ore posit.i11c co11stants i11de¡1endent of o. !vfornove1·1 lhe following 
tMymplot•<"· li oltl 

(5 .3.1) 

Th rcm 5. 3.2. Let. O be .<;trictly co 11uex with C -sm.ooth bonndary and let 
r ;.> 1 Thr:n tlu·rc exi.'il.s <1 <·011sl.arit Ao > O so tlrnl if a- 2:'.: Ao 1 lhe1·e are no 
rr.•orut1tcr\ o/ C rn <• n·_gfon of the jorm {C/o ~ Im A :S Ctl A\ 113 - C2L whern 
e.e. OJld Ci. are ¡10.~ i l. ive t;01l8 laHl.'i inde¡1e11deul o/ o. Alornove1·1 the following 
tM!JmploltC'$ hold 

j(-1, - r esol!(mcl' of G ' O< lm ~, ~ C/<>-1~,I ~ 1·) 

(5.3.2) 

Sou· 111:1 1 tho tonsttuit C 1 nbovc can be lakcn thc sa mc as Lhc constant e; 
in Thror\"m 2.1.3. 

R ~ r n e 
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