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1 Introd uction 

Thc oldcst problcm in Algcbra is solviug polyno mial equatious. The main aim o f 
Algcbraic Gcomctry is t.ltP s t.udy of the common zeros of fin it.cly many polynomials 
<'quations in severa] variables. In t.hc gcomctric parl o f Algcbraic Gcomet.ry o nc oft.cn 
11St's diffon•nti a ls, derivativcs and othcr tools fro m Oifferential Gcometry. Howcvcr, if we 
wa m to wark a vcr a ficl<l , K , o í posit ivc charactcristic (for ins t:rnce a finitc field) severa! 
pnthalogiesarisc far t hc following t'l'ilSOn . If /) := char(K ) > O, thc d(xP)/dx = p x''- 1 = O 
( hC'tm1sc p =O) ;ind bcnrc 1.hc notH·onstant íunctian 1P has idcni.iral\y zcro <l<'ri vat.ive. 
\\'t• will say much mo re 01 1 thcsc st.rangc phC'nome u;i in S<'Ct ion 3. Findiug solut.ions 
OÍ polynamial C<¡U:ll.iOuS over fini! C ficJds is itnportant Íar SOUlC <lppJiC:lt ia us tO coding 
thcory, in pankular for 1hc co11s trnctio 11 a nd s tud y o f linear cedes. The a im ar sect.ion 
1 is to try to cxplnin so rne o f t.hC' l'011twctions h c l Wl'<'ll thl'sc two t.opks. P rcvio usly, 
Sr\·Nal applic;itious o f numbN thror.v ;nul alg<'bra to coding 1heory wcrc known; aftcr 
nll mD!>t cod<'.s a re com1C'ctcd wit h a fiuit c ficld . In thc rcícrcnccs wc lis tcd severa] books 
(mo.st of thC'm brand uc w) , a fcw surwys and ;1 VC'ry .small part o f t hc rcccnt prcprint.s 
0 11 tlu~ .subjCt"L Using; t,hc w<'b it. is C'asy to find a hugc numbcr a f rcccnt. prcprint.s 
0 11 this topk a mi hcncc to SC'C' thc popul:lrity of this topic :lmoug rcsc:lrchers (mostly 
pun• math('maticians). Fo r <111 <'xa m plc of qu;int.11111 C'rror corrccting ca<lc far quant,um 
rnmputrrs (if a ny in t hc 1w;ir fu turC'!). sec> pagc 50 of ICG]. In sc>ctlon 2 wc rcvicw a fc w 
\\Pll-known propc>rti<'S of a\g,cbraic curvc>s, strcssing thc ir arith rnctic (c.g. counting thc 
n11mbcr of t!IC'i r points if 1.bc base fi<'lcl is finit<') ;ind lhC' fund;imcnta\ !ridiotomy bctwccn 
cm v~ o( genus O. curves o f gC'nus 1 ;iml n irvcs oí genus a t lcnst t wo. 
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2 Algebraic Curves 

Lct X be a smooth project ive curve defi ncd O\·cr a fi eld L. Onc should thi nk about 
X as a onc-cli111cnsional object., say the generalization of thc uotious of lincs, clli pscs, 
parabolas ami hyperbolas. The ma in <liscret.c invariant of X is its gcnus, 9. Thc gcnus 
is a non negative intcger. lndecd , CVl'I')' linc, every cllipsc, e,·ery parnbola a nd cvery 
hypcrhola corresponds 10 a smooth cur ve of gc 11 us O. lf the field L is t hc complex num
ber field C , li1en wc may cndowc the complex points, X (C), of X wit h thc cuclidean 
topology. \\' ith this topology X (C) is a compact connected orientable two-dimensional 
topological manifold. S (C) has a unique C00 structure. Thc a lgebraic structurc on 
X induces a complcx s1nicture, i.e . X(C) is a Ricman n Surface. Viceversa , cvcry 
compact connected R.ieman n Surface is associated to a uni<¡uc smooth projcctivc curve 
defincd o,·cr thc field C . The topological or differcntiab le classification of all orientablc 
compact connectecl two-di mensional manifolds is ' 'ery well-k nown: e very such T is ho
mcomorphic (or diffeomorphi c) to a spherc wi t h !J h:i.ndlcs and g is exactly the genus 
of X [Stj ; we ha,·e 111 (T , Z ) 3!: íl ~29 and tb is may be used to define t he intcger g , i.e. 
thc gcnus; cven the fundamenta! g roup 7r 1 (T, P) of T is uniquely determincd by thc gc
n11s. Viceversa, rr 1 (T , P ) may be used to define the gcnus, 9 , beca use it has 2r¡ gcuerators 
(11 , b1 ,az, b-i. ... , a9. b9 with a unique rclat ion íli < i<g a,b,n-; 1 b-; 1 = 1. lf g = O, thcn X {C) 
is topo logicallr a sphcre a nd the associatcd R.ie~1;n11 S11rfo ce is just CP 1• lf _q = 1, theu 
1hc Ricmann Su rfocc X (C) is ca ll ed nn cllip t ic cun·c ami t hc associated topological ma
nifold is a two-dime nsional t.orus 5 1 x 5 1• There is a dPep differencc betwcen t.he 3 ca.ses: 
!J = O, g= 1 or g ~ 2. On tbe topologica l sidc, t.h is nwy be secn looking <i t their universal 
rovPring spaces: C P 1 is simply conn cct.cd , t bc uni versal co,·cring of a n ellipti c curve is 
e ns a Ricma nu Surfacc (i .('. it, has no ll Oll-COnsta11t holomorphic function), while thc 
1111i"c rsal co,·criug of a smootb rnrve uf gcnus g ;::: 2 is hih olomorphic l O t he 1111it disk 
...i := {:E C : 1:1 < I} (jFJ, T h. IV.4 .5); t h(' las!. :i.sscrt.ion is a famous theorcm pro\1C<I in 
1!)07 indC'¡>C'11dc111\y by Poinca ré <llld Kocbe. lf a smooth cun'e defined over au arbitrary 
ficld is SC'ell as a planc curve of a rertai11 dcgrcc , W<' havp a lot o f informat. ions about its 
gcnus. Hcrc wc fl('('(l l o work wit h t.hc prOjl'(" t ivc plane P 2, 1101 thc affi ne plam.·, brcausc 
n i;mooth a ffinc cu rve ma.\' havc singu!a ril,iPs a t i11fi11ir y: tliiuk about two para llC' l affinc 
li11C'S. A smooth plane CU!"\'(' of dcgree d lrns g<' nus (d - \ ){d - 2) / 2. In pa rtic-ula r it has 
gf'nus O ií a nd only ií ti = 1 o r <I = 2 (lines and smool h ron ir s) and it has g<'mts 1 if and 
only if ti = 3. lf the degrC<' d plm1l' Cll l"\'l' }'has so111 C' s i11g11]t'l r itics, thcn t he gc1111s, g, of 
i1 s s moot h modcl is at 111os1. (d - I)(d - 2)/2 and t hC' i111c•gcr (<1- l}{d - 2)/2 - 9 dcpends 
onl}· on thc numbcr a.ud ty pC' o f 1lu.' :-ü ugu l;1ril.i l'S of )·; fo r inst;mcc if )'has only ordi nnry 
uodC':, nnd ordinary rnsp~ as sing11lari1 iPs, t lt1'11 (</ - 1 )(d - 2)/2 - g is tite numbcr oí 
¡;ingu la r point.s o f L 

Tlw thr("(' ca..<;c'S 9 = O.g= 1 •md y 2: 2 ;u·p c·omplrtrly diffcrenl from scvcrn l points of 
vicw (Sl'C' ILJ for lhC' highrr di111e11sio11;d n 1s1• anc\ for rnmpl C'x aual vtic m<'lhods, [i\ !aJ for 
morC' from lhC' ¡>0in1 of viC'w of tli c aritlirrieti r o f a lgrhrair c:mn•s). Mere wc will considcr 
tl u.'m from 1hc point of \'icw of po i111 s d<ofitied o u <"rr tain small fiC'ld . L<>t X llt' a s111001h 
proj~tivr rnrw dcfinC'd ovcr a fü•ld L. lf f., is alg1•hrair ally clos('(I. 1hc set. X( L) of poi11t s 
oí .\ dl'flnOO m·cr Lis in fi11i tf'. \Vhat happP11s if f., is 11111 al~rhra i r.a lly d osrd '! ThP set 



.\ (L) 111.1v bt• lºlllJl!_\·. F1>1 ir1:-tn1H·t· t lH• pla rn· n111k .r2 + 11! + 1 = O (or i11 ho mogcncous 
i111,11l111<1IP:- r 2 + 111 + .:: = D) i:- d r firH'<I t W•'l R 11111 it h .L .. 1m n•a) poi11t . Thc 1nost. 

1111pm 1.ml ohjrn ;1-...,nc i;111•d 10 X is it s l'a noniral lim• l1111ullr ¡,·, a 11d i1s d ua l (i.r . t.hc 

rn11~<·11t Lmucll1· T .\" o f .Y ). \ \"e· h:wc drg:(!,· ,) = 2y - 2 ancl rlC'g(T X ) = 2 - 29. T hcsc 
l11w li1111cllh a1c· drfim'd Cl\ '(' I' L. If !/ = 1, hc1t h a rr 11i,·ial and nm \'Cr y int.ercsling:. Liuc 
lu1m lll's of posi1iw dt'grcc ma,\· be uscd lO c•mlicd l ite n 1rvc in a projC'c! ¡,.e s pac;c. lf 9 =O 

irukC'd T X r mhC'ds X "" a pln nc conit: aml t lie cmbcdrling is dcfincd ovrr L. Hc11cc if f/, 
= O \\'l' 111ay "f'f' X m; a pla11c <·onir . As t.hl' Pxa111plr of thr rc.-il conic witho11t real poi11ts 
111:.t µ; i\'{'n shows. '''" 111:l,\' haw! X ( L ) =,P. Si ricc P 1 is clefin<"<l O\º<'r ;my fiC'l cl , t hcrc is at 
lc·a:-1 oní" gcnus O curve wit h .\' (L ) f:. tjJ. \\"e han' P 1(l .. ) = L U { }. In particula r i f L 
¡, in linilc P 1(L) is inlinitc, wliilí" i f Lis fin ill' \W ha\'l' #(P 1(L)) = #(L) + l. Thc ncxt 
1t•:nd1 ~hows that. t.hrsc me tite 0 11 ly t wo possib ilitirs for thc intc>gcrs #(X (L) ) for a ny 
~mooth cur,·e X wit.h gcnus O dcfincc\ OV('I' a fin itc> fiC'lcl L. 

Propos ition 2. J . lct .Y be a smoolh fH"OJrcl wr c1m1r o/ gcr111.s O defi11ell ovcr IJ1c ficld 
L . lf .Y(I .. ) f:. tjJ 01c X i8 isu1110171h fr ouc1· l , t o P 1 . 

Proof. SC'<" X ilS 11 planc co nic nnd takc P E X (L). Thus P E P2 (L) :uul for c vcry 

(} E P1 (1_,) wit.h Q f:. P thcrc is a 1111iq11c linc (PQ) comaining P íl lld Q ;w d t.his linc is 
d<'fincd O\'Cr L. Tnke an.r linc D of P 2 d cfincd O\'<'r l and with P f. D. Wc havl' D ::.! P 1 

O\"l'r L . F'or c,·crr Q E D t.hc linc (PQ) i11t<'l'Sl'Cts th1' conic X in P aud in nnot.hc r po iut , 
Q'. Jf Q is (kliucd ovl'r L, 1.lH-'11 Q' is defiuC'd º''<'! L b<'Cai1sc a d cgrec 2 poly no mia l 
j (J·) E L¡.rJ with cocfllc i1'11t i11 /... a m i wit h onr root dcflncd over /,., has bot.b sol11t,io11s 
dt•linC'd O\'C'I' L . ViccvC'rSa , for cvcry Q' E (X \ ( P )) t hr !in<" (PQ') in1.c rsccts D in a 
u11iq111' point. Q; if Q' E X ( D) , t.hcu (PQ') is dcfi ncd O\ 'Cr L and hc 11cc Q is dcfitwd Qví"r 
/., . To thl• point P E X(/ .. ) wc associat c as line ( PP) {wh ich is 1101 d<'fl ncd ) t.hc t.a11gc11L 
li1w T,, X to X at P. Sin ce P E X ( L) cvc n T1• X is d cfincd ovcr L bccn11sc thc CO<'fli cicuts 
uf it s cquatiou are o btain ta kinv; dcriva t.i vrs from t hc CO<'lfü:icnt s o f t.hc equat.io 11 of X 
nnd thc coordina 1cs of P ; bot.h ma_v b (' t::lkc n as clcmc11t." of L . T his t·o11s tnH·t io11 (ca\lcd 
tht• sl<'rrogr.,phic projcctiou of X from P 0 111 0 D ) imluce'S thr iso morphism u f .Y ami P 1 

arul it is clcfinrd over /,,. 

In ¡Mrtirul;ir hy 2. 1 nvrr ;rny a lppl.J rnirnlly dos1•d fü•lrl th<'r<' is n uniq11c smnoth gc•nus 
Ú l ' UI \ '{'; p l 

Exam ple 2.2 . Lc t .Y be 11 gcm1s 1 s 111001h p1ojC'ct i\'(' rnn·C' d<'li r1('d nwr Llw fip]cl L a m i 
ass umc X ( l ) f:. ~. X m ay ]){' SCf'll as a plnr1t' r11hic rnn·r X = {f(.r ,y,.:) = O} C P 2 

w1th J dcgr('C' 3 polynumial with t·o1·flkir11t s in l. Tak<' I' E X (L) ;rncl rn11s id e r t.IH' li nc 

T, . X Lmgent 10 X at P. lf P is a flcx far .Y . i.r. if Tr .Y has ordí"I' of contact. 3 wit.11 X at 
P.\\'(' are st11ck . l-lowcvr r , i f P is no ta fl rx of .Y wr may fiml annt.hr r point , Q, o í .\' (!_,) 
i11 t.h(' follo wing way. T hC' rcstric t iou o f /(.r .. 1¡ • .:) lO rrx is ;¡ drgrf'l' 3 polino mial, ¡ , 011 
rlll' lin<' Tr X wit h COt'flieic11ts in /,, n ml with :1 douhlr ron1, P , dr.fiit<'d ov<' r L. llc11cl' 
J has .111 thrf'f' rool s <iPfi ncd ovcr L . Siun• P is 11nt a fh·x o f X , f has ; ¡ !, P <·x;u· tly a 

do11h\e root. i <". liU' o t ll<'r roo!, off d r fi ttt's a poi 111 Q E .Y {L ) wit h QP. lf Q is a llcx o f 
.Y . \\l' :.wp. lf Q is 110 1 :i fl cx of X W(' rnny co111 irml' mu! find o r h1·r poi ni s o f .Y ( L). T his 

1-. r.ilh"C:l llll' t:rngcut lll<'!hod . Similarly. if \W' know P.(} E .Y(/ .. ) witli P f:. Q, t hí" linc 
(/'(]) ¡, dc·lin<"(I ovC'r /,,, lf t li is li1w i:; 1101 t ;11JJ!,l'lll w rlw rnhir X a1 f' or :it Q, t lu•11 iL 
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¡1111•i.;1·c1:- X ar 11 poiul diffNc111. frorn P ;rncl frnm q ;m<l d<'fin<'cl over L. This is callcd 
1111· du11c\;d 1111·thod. 

[ f \\"t• know () E X ( L) wit h O flex poi11t oí t.lw planC' cubic X. t hcn wc may define in 
1111' íull11wing, way ¡¡ composit.ion \aw whid 1 m<1 kr. X(L) an a bclian g roup far whirh O is 
i lH' Zt"ro r-lc111t"lll. Fix P,Q E X(L). lt is casi('r t,o defüw -(P + Q) far ~his law. IL is the 
m1icp1C' poi111. R, oí X (L) sud1 t.hat. t he poi11t.s P, Q are col!inear ; herc if P = Q we take 
as R lhc thinl intcrsect. ion point oí t.hc linc with X; lwncc 3P is zero if and only if Pis 
a flex poiut oí the cubic X. Now we need to define -A far nny A E X (L). lf A =O, set 
- .-t =O. Ií .-1 7" O. Jet -A be the third point. of intersection oí bhc cubic X witlh the 
liuc (AO) which is clcfined over L. 

T hc fun<lmncnrnl t.richotomy (genus O or 1 or ;::: 2) is dccply related t.o X(L) if L 
is a finit c cxtcusion of Q or o f a fu nction fielcl F .(:i;) in onc variables over F.; herc F. 
clc·uotcs t hc field wid1 q clcments and q must be n power of a prime. If g =O by 2.1 eillhcr 
Y (L) = ljJ or .\" (L) E!: L U {oo} is iníinite. lf _q = t and Lis a finitc cxteusion o f Q eitlhcr 
X (L) =lb or .\"{L) is a finitcly ge11crated abelian group (!'vlordell (1922) - Weil (1928) 
t lworcm). lf g 2'." 2. then X(L) is finit.e; tliis is a famo us obeorem of Falt.ings ( 1983) far 
L li11ite exlension of Q nnd il famous theore111 of Gra11ert ( 1966) ami ~·lanin (1963) far L 
fiuitcl~· gencrntcd cxtcnsiou oí C or of F ,,· 

;\°Q\\" we will givc a proof clue to Ax of a classical t1heorern o f C hevalley - Warning 
(st'r [CrJ, p . 11. or [.-\xj. Far tihe proof we nced thc following t wo !('tn!llaS. 

Lcmma 2.:.L Let L be rmy Jield rmd u: F· -> L • be rmy 11011-t1·iuial homomo171hism 
/11•/ ult'CU thc mult1plical.i11e gnnqis of tlw /,wo /ield.~. Tlu:11 L::r:E F~ h(T) =O. 

Proof. llr hypoLhcsis 1hcre is y E p· sud1 l.!1at h(.11) #O. Siuce t.he mult.iplica tiion by 
y b a bijet·tion OÍ 0 111 0 it.sc]f, WC ll<W<' 't:.i:e f" · ft(:t) = L::rE F" h(i;y) = o::::.i:E F" h(:r. )}h(¡¡). 

Siurí' L hns no zero-divisor ancl h{y) 7" J, t.h0is impli<'S ~ ~ 
L.re F~ h(r) =O. 

Lcmnrn 2A. For cuery i11trfJC1" HI >O uu: lw1w L.rEf" .r."' = - 1 if q - J 1liuirlc.~ 111 rmrl 

Lri:: F. r "' =O 1/ q - 1 tloC8 11ot divi1le m . ., 

Proor. Thc funnion .r >--+ .1; '" is a lummmorpbism of 1.hc mult ip licati"e group Fº iuto 
itsclf. Since F; is a cyclic gl"Ollp of ordcr q - 1, t his ho mnmorphis m is thc idcnt.iLy ir ami 
0111~- if m is dh·isiblc b~· r¡ - l. lf m is divisible by q - 1 t.be sum is q - 1 bccausc U gocs 
to O uncl #fF;l = rt - J. lf 111 is uot. di visihlc hy 111 , use lcmma 2.3. 

T h cor c m 2.5. (Chcva\lcy - Warni111!.) /_,et f he " ¡mly110111ial ill 11 vm-inblcs 111ith coeffi
,..., 111~ m tJ1c fimtc fieltl F~ 111i!.h (/ = ¡( , e 2'." 1. SPI. d := der¡(f). l et N(f) be tlic n11111/1er 
11] tl1'1l111ct :em~ oj f i11 F •. !/ 11 > d, /.111' 11 N(f) :: O m orl(p). 

P roof. \\·e hm·c #(F:') = <¡" :: O morl(p). Let N (/)' be 1,hc res idue clas:- of N(/) m(}{/(p). 

Sinn• r; is a cydic group of 0 1·ckr " - l , for ~~\'l't"Y 11 - ph: xE F " we ll/l\1(' 1 - f(.r,)•1- 1 = 1 

if /(r) =O nnd 1 - /(r)'l- l = O if f(:r.) #O. Tims. L<1ki11p; Liu? sum [: of ali elemcnLS 
uf F':' wc ohrnin ,:q¡y = [( l - /{.r)'1- 1) = - [: f (.r) '' - 1. \\'e will sr•t• t hc last sum, 
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S ,/ 1. .1-. ;111 f'IC'mi•ut oí F ., ;rnd \\'l• 1m1st prm'C' 1h111 this í'l('111t•111 is /f'!"(l ií rlf'y(/) < n . 
...,1ti1t· rJ, y{j{.r)'' 1 ) = d(q - 1), S (/) ¡..,a F 1 -linca1 combita1io11 of 111r111s S (111) with 
111 111111111111i.1l oídf'J!;l'N' d(11 - 1) in 11 qJi11hll':; .r 1 ••••• .r~ Thu!> it is ~m flkicnt. fo prove 
1h.11 5 (111) = O fo1 C\º1'1,\º monotnlal 111 of <lí'V,IC'<' d(q - 1). H 111 = .r:11 . ••••• r.::.,, t.hen 

5 (111) = íl i<.<u L.r EF T'.'·. Siutc d < 11, at IC'ast one cxpone111, say a , is at most q- l. 

n\· L1·111111<1 2.11hC' i~th 0f<1c t or of S (m ) is U and hC'ncc wt.• rnndud('. 

In Proj1•c1h·c Gcometry hornogC't1eous polynomials arC' th(' main topic. lfom.:c iL is 
wonhwhilC' 10 singl<'-0111 tln• following rnrollary of Throrcm 2.5. 

Coro llury 2 .6. Lrt J be o lw1110,qr1wo11s ¡1ofy,w1111t1f 111 11 Panable.s unth cocfficicnts in ll1c 
ji111ll' /1e/1/ F •. Set rl := <ley(/). lj 11 > d. tlwn f lrns a 11on-tm11<1/ ze1·0, i.e. 11 zem 
1' (U ...... O) 

P roof. Sinl'C' r is homogc11co11s, it has (0, ..... 0) a.s a ZC'rO. o~ Throrcm 2.5 r must havc 
:11 [l'HSt p - l o thcr zcros, wlwrc fJ := c/l(lr( F,1). 

:'\ow wc Mmmrnrizc so111c rcsults 011 lite iut cgcrs #(X(l)) when X h; 11 smoot.h cmvc 
dPlim•d O\º('r n finitc ficlc\. Lct X be ;1 smooth projPctivc goornetric;illy irrcclt1ciblc cm vc of 
w·1111s !J tlcfint•d ovcr F •. A. \\/<'i l provcd 1 hat l#(X (F .)) -q- l j ~ 2g(q) 112 (t.hc so-ca\led 
nlC'm:urn'.,. hypolhcsis for tlll'VC'S). lhara [lhj prO\'Cd that. whcn fj ÍS ]argc COll!pa rcd tO 
1¡. thb hound c:m be signi licnntly improvcd. Set 11 := #(X(Fq}). Givcu X and 11 so
ralh-d lincar systcm IL·I 011 X 011C' c;111 t:011St!'ltct a lint'ar rodC' ovcr F., (sce [i\·1 IJ , [LV] 
111 [.\1\º]). This codP is a 11rnt ri x mi vcetors i11 th<' spacc r:•. Tlms 1.he lurgcr is 11, the 
lwl!Pr ¡.., 1h1• codc. This <'xplains onc rcaso11 far 1hc int<'l'CM in fimling X wit,h largc 
#(X (F ,)). lf q = ¡J'· and .r = ¡11 wi th f ~ e, llwn F , is an C'Xtc11sion of F • . Thc 
nir\·1· X ¡.., dcfinC'd C'\'C'n ovcr F ., , too, and hencC' !lw iut C'g<'r #(X (F ~ )) is ddincd. \Ve 
11ia,\' m11-.id<'r thc s1·1 S(q,!J) of ;ill intf'g<· rs #(.\( F~)). whf'r(' q is fixrd whilc X v<.1 rics 
at111 mg ali !'-tnoo1h n 1rvC's o f p;<'n11s !J dclined º''<'I' F •. LN N .(g) be t hc 111 ini111um of 
S !1¡.f/). SN ...l{<¡) := / i r11 s 11p,1_,__,, N .(.9)/!J. \\'e usC'd N .(g)/g in thc dcfü1iLion of A(q) by 
\\"l·il·.., 1•x1i111a1~· l#(.Y( F~)) - 1¡ - ti ~ 2y(q)1/ :! SC'n·C' provC'<l 1hat. A(r¡) > O for cv<'ry 1/ 

[St ·J. Driuf(•ld ,md \'\ad11t provf'd 1 hal . l(q) ~ (q) 11:.? - 1 íor cwry q [DVJ. S<'vt•n.il ]1C'Oplc 
11 1d1•¡H'11<i<'ntl~· p10n1d th;11 if 1¡ is a sqnarr, thl'll .·l (q) = (q)1· '! - l (sC'f' for l11st.a11ct' [GSJ). 
1"1111.., ·• ~('11('r,1l upOC'J' hound fur ..l (q) is k11ow11 hui , unlc..,_.., <1 is a sqw11·1., uohody knows 

1 lu· l'X<lft \'illllt' of .-t (q). \\'(• st rcss t Ita! 1 l1is \\'~1:-; :;tart(•d bC'ÍOrC' t hc ;1¡iplira t io11s 1.0 codi11g: 
1 lwrny th<' thC''>ry is nin•, tll(' rcsult s urc amusing anrl il was a hig hdp to he ;ihlc say i11 
1lu· i111roduction of thC' papcr t l1at "tl1is pnpC'r i1npron"'i a Thror<'111 of S<'1Tt'" (s<'c lines 
l.j-:?Q of thc fir..,1 rolum11 of !hl' i111crvi<'w wllh .1.-P. Scrn• lbte<I a:-; !C'PJ). This 1wc-ms to he 

111·1·11H'<I quite oftt'11 i11 thc int crr;1!t io11s lwt wt·C'n pin<' ami appliC'cl mat.h1·111at ics. l low(•vcr, 
-.0111NimN aprllif'd math<'milti<"s (arul quitl' oftí'n theoretic-;1\ ¡lhysifs) !i11d 01pplkatio11s t.o 
11111r 111athr111a1in•. 

3 Differ entia l Geornetry in positive characte r ist ic 

lí /(I , J .. ) i<; a poly11omial in 11 + 1 \';Hiahlt•so\'C'r a fit'ld K . 0111· c·;1r1r nkc1 lw pnrLial 
dt•ti\'atin"'i 8/ /&I, j11~t fo1 rn:dly irnposinl; tlw followi 11~ 1 nll':-i: D(.r, )/D.r, = 1 D(.ri )/D.1", = 
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O if i :f J. J(d/ D.r , =O fo r t' \ "Cr~· <· E ¡,· (i.f'. 111<' l'lPt11<' 11t s of K are constnnts) aud t.he 
L( •ilmlz rnl(' D{11l')/D.I" , = 118(1·)/D.r, + nD( u )/0.r, for ali po ]_rllomials u, v. lu this way oue 
1·;111 lN' dilf¡•n•ntials a11d s ir11ilar st11ff P\"Pll i11 Algclirak C:Potnetr.v. Howcvcr , if ch ru·(K ) = 
JJ > O. tlll'tt a s tra nge phcnomcnon ocrnrs. 13y Leibniz rule we obtain 0(JP)/8x, = 
pf''- 1(0(/) / 0.r,) = O {iust bcca usc p = O) for evrrr polynomial f. This means that thcre 
<1n' no n·rnnstant polynomiah; sud1 that ali t.licir partial clerivatlvcs are idcntically zcro. 
Csing deriva ti,·es as in Differentlal Topo\ogy une can define tangcut spaces, differcntials 
uf rPg,ular maps bctwecn smootb varict.iPS ami so on. Howf'ver, if char( K) = p > O 
we h;w c j11st scen thc exis tence of non·constant maps (say fP: /($(,, + l) ~ !(far any 
polynomial j) such that t heir differcutials arP idcntically zero 

Now wr "·il\ introduce a famous cxamplc. 

Example 3.1. (Thc f crmat hypersmfacc) . \\"e fix a hase fi eld K with chm·{K) = p >O. 
Consider thc homogcncous polrnomial !~ . .,.E /\·¡:r.0 , ••. , x~J definec\ by f~ . ,,,(x0 , ... ,x~) = 
Lo<i<n x:". Let. X (n, m,p) t hc hypersurface U .. ... , = O} of thc projective space P" 
(ovCr 1<). If m is divisi b le by p wc havc• f ...... = ! ..... ,,,,, .. Hence if m is divib\e by p 
thc hypersurfacc X (n, m ,p) is just. X(n.,m/p,p) tollntcd with multiplicity p. Iterating 
this trick wc sce t ha t it is sufficicnt to st11dy the Fermat hypersurfaces X(n, m ,p) for ali 
m with {111 , p) = l. Firs t wc we\! check that Pvery such hypcrsurfacc is smooth. Take 
PE .\" (11 , 111 , p), say P = (a0, ... , a,,), wit.h a., f:. O for at IPast one indcx i and {m,p) = l. 
\Ve ha\•C D(f~ . ..)/{}x,(P ) = m a'." - 1 f. O (by thc assumption (m,p) = 1). Thus the 
hypersurface .\' (11 , m , p) is smooth at P; herc wc use as in DifferPntial Topology the 
J acobia n critcrion or lnvcrse Fu nctiou Theorcm to check if a zcro-locus of a C 00 function 
is smooth. 

lu [De] A. Oeau \•ill e pron'd t.he following st.ricking characterization of smooth hypcrsur
faccs of P " , 11 2 3, such that all t.heir gem•rnl liyperplane section are isomorphic. Jt is 
quite casy to ¡nove that in charnct.eris ti<" O t.hc only poss ibl1' unes ilrl' the hyperplancs 
ami thc hyperquadrics , and tliis cxplains t,he n'st.rÍ<"tio tL ti 2 3 in t ll(' statcmenl. 

Theorem 3.2. [De] Lct X C P ", n 2 3 , he a s 11woth hypcnurface of tle_qr·ec <I 2 3. Thc 
follo wi119 conditio11s nre equivalen !,: 

(1) All smooth hyperplanc scct.ions of X IH"t' isommphfr; 

(ii) Jor cucry P E P" the po/rff di11i.~ 01 · of P ú1 X. i.c. tlu: .~ e t. of ulf (JE X .rn.rh tlwt /h e 
lnrlfJCnt li ypcr71la11e T0 X conlaim P is a hyvnpl1mr scction of X ; 

{iii} chor(K ) > O, d - 1 is <1 powc1· o/ clrnr (K ) rmd ull 1/w pm·ti11l rltTiimtivc.~ {)j /Dx1,0 :=::; 

i :=::; 11, oj /he e<¡untion f of _\ are powcrs of line(lr· forms; 

{iu) p = clrn r{K ) > O, d - 1 ü a putu1:1", 11 , uf rfwr ( K ) ami X is projrdiucly equi1mlwt 
to //¡ e Fcrmat l1y¡1ers u1focc .\" (n , q + 1, p). 

Fix an a\gebraically closed ficld K aud lPt ) · C P 1 ;m i1TPdul"ib\(' rnrve defiucd ovcr 
K . \Ve consider thc fo llow ing bad proper1 i('K whirh ) · may lun·p_ 

(a ) Every smooth point of 1-· is a fl cx poln1 1 i.c. fm· P\'<•ry P E l ' t.he t.angrnt linc 
to} " at P has a rder o f contact at lPast 3 with }" at. P. • •p 

(b) E\·cry tangent line of Y is bita11ge 11t (or wors<'), i.f'. for a gctll'ral PE 1·.,, therc 
is Q E } · ••• such that Q f. P and Q E Tr. 1 » 
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(!') Thcre is O E p :.! sucl1 t.lta r U E 1',. }. for e\·ery P E } ~.g; if sncb point O exists, Y 
i:-; C';dl1·cl a siraugc curve ami O is cal\('d t lH• strarige point of )' 

01)\·iousl_,. for (e:) we llave to cx<"ludc thP t'ilSI' }. a line. beca.use every poiut of a line 
/) \\·oulcl be a strange point for D. 
Tite properties (a), (b) aucl (e) may be st.atcd for a ny irreducible curve Y of P 11 ,n ~ 3. 
ror an irreducible curve D e P ", n ~ 3, ,,·ith D span11ing P ", a further pathology in 
principie could arisc: 

(d) ..\ general sccant line to D is lriscc;rnt. (or worst) , i.c. if you takc two general 
pniuts P, Q of D, thc linc (PQ) mcets D al lcast. in another point.; more gcnerally, 
if you takc 11 - l general points P1 .... , P.,_ 1 of D, tbcir linear span (Pi , ... , P,._ 1 ) is a 
rodimension 1.wo linear subspacc of P 11 ; if the linear spacc (Pi , ... , P11 _ 1 ) contains at least 
;rnothcr point of D, D is callcd very strange. 

lt is known that (a), (b) , (e) and (d) are not possiblc if c/wr(K ) = O (see 3.3 for a 
proof for pathology (e)) , l>ut that thcre are cxarnples if char(K ) > O. Herc we summarize 
a fcw results and examplcs couccrniug the pathologies (a), (b), (e) and (d). 

(3.3) Lct Y e P " l>e a strange curve with O os strange point. Thc linear projec
tion from O into pn- l has diffcrcntia l everywhcrc zero. Thus by Sard's T hcorem in 
d 1aractcristic O thcse map must. be constant , i.c. either }. is a !ine ar char(K ) > O . 
. ·\ ssumc char( K ) = 2 and considcr thc smoot.h plane conic X= {x0 x 1 + x; = O}. Since 
1·/inr(K) = 2, fJ(x;)/fJx2 = O. Thus far evcry P E X , say P = (a.0 , a 1 , a 2 ) the tangent 
liuc T1.X has equation a0 x 1 + n1 :1:0 =O a ud hence it cont.a ins thc point O:= (O;O; 1). 
Thm; O is a strange point of X. Lluiss proved tlrnt. this is t he ouly examplc of smooth 
srraugc curve X C P'1, n ~ 2, which is nota line; t.he proof of Lluiss' Theorem given 
iu [L] gi ,·es the following geucralization: smooth conic in charactcristic 2 are t he only 
sirnng<' curves (apart from the lines) which have only "very mild singnlarities" (e.g. only 
ordinary double points). Howevcr, if wc ano,,· l>ad singularities, thcn far every prime p 
t hPrC is a hugc number of strange slugular rnrvcs dcfincd in characteristic p. The possible 
1•quations of ali strange planc curves <irc given in [OH]. § 3. 

(3.4) .-\ very st.range curve is strangC' ([R], Lcrnma 1.1 ). 111 particular Lniss' Thcorem 
statccl i11 3.3 shows that thcrc is no smooth w•ry s1r<ingc t:un·c in P ", n ~ 3, and no very 
st r:mg<' curve exist5 in characteristic O (sce 3.3). Every v('ry strangc curve has pathology 
(;1) ([RJ, Prop. 2. 1). For cxamplcs of very st.rang<' n1rves for ;i\l integcrs n ~ 3 ancl ali 
prime p, see [R], Examplc 1.2. 

(3.5) Let X C P" he a smooth cm"" such t.hat for a general P E X the tangent line 
"!"1, .\" intersects X aL least at auotbcr point. H. Kaji provcd that X must have genus O 
or gcnus l and that only very few ellipt.ic ntn'í'S ac\mit an cmbcdd\ng in P" with such 
pmperty. The constrnction of the examp\('s i11 t h(' gcnus 1 case made in [KaJ is ver y 
delirnte. Kaji's Theorem implies t.hat no !'>l!\OOl.h plane curve hns pathology (b). 

(3.6) Pathology (a) canuot arise in charact.eristic O, but for ali int.q~crs n ~ 2 and all 
primes p t here are exarn plcs of iutcgrnl (and evPt1 smooth) n 1rvcs in P" with pathology 
(a); t he curve is cal\ed non-reflcxivc if it. has pathology (a) (se<' [K], Ch. 1, for cxamples 
;111d a nice historical introduction). 
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4 Goppa cod es 

lnformation thcury w<1s neatcd by C. E. Slt;umon mound 1948. l ts a im is t hc im
pron.' tn<'nt or tbc pr(">SN \·;n ion of trarn; mission signa ls in space or in ti me. Usually, a 
sigua\ to be transmittcd 11n1st hf' eucodcd and thcn, at t hc a rriva l, must be dccoded. 
Heucc coding thcory is ftindnmcutal. Thc thcory was dcveloped fo llowing two distinct 
app roacl1cs. 

Shannon swrt.ed 1.bc stud\· of thc probabilist.ic approach and provcd the cxistencc of 
c·odcs whose transmissiou ra~c is as nea r as you \\·aut to t he capacity of thc transmis
sion chunncl al!(! which make as small as you want thc probability of errors. Howcver, 
bis thcorcm is not construtti\·e and givcs no idea far thc construn.iou of such good co
dC's. Golay a iid Hammi ng st<irt.cd an algcbr<iic ap proach far t.hc Pxplicit const.ruction 
of pfficicnt codcs. Choosc your prefen ed nmt liematic.:a l t lwory. T here a re good chances 
that it. was used to const.ruct. codes. Onc may const.ruct error corrccting codes using 
severnl algebraic tools (far instanre finit.c groups of pcrnrntat.ions) , a lgcbraic and gcome
t.rical methods related to finit.c ficlds, finit.c gcomPt.rics, co111bi11atorics, t rccs, packing of 
:-phcrcs, and so 0 11. 

Thc rnaiu problcms of coding theory are optimizatiou prob lcms. l t is desiderable to 
achicvc simultaneously a li igh t. ransmission !-!peed ancl a la rge fraction of corrcct.ablc errors 
whcrcby t hc coding ami decoding algol' it hms should admi t simple machi ne realization 
;md h;wc a short \\·orking time. Of roms<', ali thcse dctt1a11ds are cont.radic.:tory. Thr. 
mathemat ical theory of asymptoLic propert.ies of codes csta blishes t hc bounds of the 
achicvablc . .-\ ,·err import.ant. proh lem far t.hc rPal life is gcncrnt.i ug good codcs by mea ns 
of a lgorit.hms which <.ire fas t. Thc comp1u.atio11al aspccts of t.b c im plementation of t.he 
algcbro-geomct.ric Goppa codcs (fi11diug a good rnrvc X , a good " linea r syst.cm " on X 
ami fiudiug ¡>0ints Oll X ) are st.udicd in P··IV], Ch. 11. Thcsc dala may he constrnct.cd 
in polynomia l t.imc. Howe\·cr , it lurns out that. Goppa cod<'s correspom\i ng to a rcrtain 
rlass of Cur\·cs ( thC' so - calkd modular cmv<'s) havc good asymptotic para rnct.crs ouly 
far s11fllcicmly ]argc r¡ , whcre q is t.hc number of Plt'tnt'nt.s of th e field which is 1.he base far 
your rod<'. In particular wit,h thesc run'l'S one cannot. obtai 11 good binary codcs (r¡ = 2). 

An error-control codc is a mappi11g of OllC set of scqucnccs, sar of" symhoh; ", into 
;rnother set, by mPa ns of thc cout.rol!ed addi rion of 1nlundancr iu :mch a way t hat t he 
additioua\ rcdundancy ca n be usPd to dct.cct. aml/or rorrcct. anr cr rors which may occm 
d11d11g storagc or trnns rzii ssion of thc !-!C<J.ll<'llí"<'S. Tbc aim is to pro1cct. t.hc in fannation 
rontainPd in thc original scqucw.:c as murh prn;si h\P, lrnt to rNri<'\'C as d ficicnt.lr as 
possihle the informat ions from t.llC' t.rasmitPd data (d<'rnding). To makc• cflideut. ly t.his 
part it is csscnt.ial to put. so1nP st ru cturc 011 th<'S(' data , OthC'rwist• o11c woul d have to 
storagC' {'\"erything. Somc rodcs are basPs 0 11 group t.hC'orr, b1a her<' we wi ll cousidPr only 
codC's bases 011 liucar algchra , the so-callcd li11Par rodcs. A linC'ar code over t.be fi ni tc 
fielc\ F. with (/ clcmcnt s is a lim•ar subspac<' , i ·, of (Fq)": if it. has dirncusion k , it is 
rnl\C'd a [n,q-codr. 

The Hnmming distauce d{.r. y) of two t'k111<'11ts .r := (J·,, ..... r") and .'/ := (y 1 , ... , y") 
of {F • )" is t he mimlH·r of imlicPs i wit h .r, -:/:- ,1/, lf anr t wo l' lt•mpnt.s of \f ar<' snffideut.ly 
distant. fa r the H;u11 11ii11g 1rn.: t. ric, t.hPn a ("rrt<iin 111111il)('r of lraustnission rrrors may be 
dctcctcd. Far instann· if d(:r, O) ~ 2k + 1 for a ll .r E ( 1 ·\{O}) mul \\"l' rPccive <m elcmcut. 
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y E (F.,)" with d(y, \') ::; k, there is a 1111iquP :::: E \ · for which d(y , z ) = d(y, \1) a nd 
w1• 111a.\· considcr t hat z was t hc true mC'ssage. In 1 bis scuse WC' havc an error-c:orrccting 
codl' . .-\linear [11 , J•J-c:ocle V O\"Cr F ,, is just t he imagc of a linc<ir map L: (F~ )~· --t (F~)" 
with rn11k(L ) = k and L just rnrrcsponds to a J..: x /1 matrix .-\ with <'lcmcnts of F 9 

as cocffidcnts ami ra.nk( A. ) = k. Arouml 1980 a \·isionary Rnssian elcc;trical engineer 
disc:on~rcd that thc t heory of a lgebraic curves (and thcir jacobians) ovcr fin ite fields can 
he uscd w const.rnct valuablc codcs, now namcd C a ppa codes ([Gl]). Thesc codes where 
provccl to gi\"(' bctler asymptotic bounds on thc asymptot. ic propcrt.ics of codcs t.ha n t.he 
conjectural ones madc by coding t hcorists {[TVZJ) a nd this crcatcd an enormous t.unnoil 
among cocling theorists ami c:ompelled t.hcm to swdy algcbraic curvC's. 

\\"e rccal\ very bricfly t hc dcfini tion and thc main properties of thc Cappa codes 
which may be defincd withaut using Algcbraic Geometr~· ([LV], pp. 22-24). Fix a 

monic po\ynomia l y{x) E Fq" [xJ, say 9(x) = Lo<.<t 9, x' ami H <listinct. elements 
L := (c0 , ••• ,c,_1 ) of (Fq)". \Ve assumc g, #-O, i.e.- Set t := deg(g(x) ). T he C appa 
rndc r(L,g) with Goppa polynomia\ g(x) is the set of a li words (c0 , c1 , •• • , c,. _1 ) E (Fq)'' 
such that Lo<i<u- J e, /(x - !J,) = O fl!()(/(g(x)), i.e . surh that t.hc numcrator of the left 
hand side o í the congruencc (written as a(x)/ b(.&) with a(x) a nd b(x) palynomia ls) is 
di\"isible by g(x). The parity check matrix far the Goppa code f(L, g) is the t x n matrix 
H = {li ,,) with h,, = h, _,9;_1 By [LV], Thcorcms 5.6 and 5.7 at p. 23, t he Cappa 
cade r (L ,g) has dimcnsion at least n - mt and mininmm clistancc at least t + 1; if g(x ) 
lws no mult iple root., then r (L, g) has minim111n distance at least 2t + l. It is proven 
in [LV], p. 24 , t hat Goppa codcs havc t he following very nice property. To state it we 
11C'cd to introduce the cntropy funct ion H • . Set H.(O) := O ami for O < x < (q - l )/q 
SC't H0 (x) := x log.(q - l) - x lor1,, :1: - ( l - x) 109,, ( l - r ), wherc loy. is thc loga rit hm in 
hase q. Thcre exists a sequcncc af Gapp<i codcs over F. with information ratc tending 
to l - H. (ó) , i.c. whosc ratc tends to thc so - callC'd Gilbert - Varshamav bound. 

Thcse Goppa codcs correspand to the g<'nus O case of t.he followiug more gene ral 
rnnstruction [LV], pp. 55-65). Let. X be a smooth projcrtive geomet.rica l\y irreducible 
l" ll t"\"e a f geuus 9 dcfi11cd ovcr F, . Fix ·11 d istim:t points P1 , ••• • P., a f and set D := P1 + ... + 
P •. Tlms D is a positivc divisor of dcgrec rt . Let G be t1 posit ivc divisor whosc support is 
disjoint from D and L(G) be t.hc correspouding complete linear system. The linear map 
o : L(G) --> (F q)" dcfined by a(f) := (f (P1 ), • • • , / (P.,)) define a lim';:ir cade C(D, G): the 
Cappa code associated to X, D a nd C. T hc d i1nension di 111 ( / m{a)) of t.he codc C( D, G ) 
is given by dim(/m(rt)) = di1n(L(G)) - r/im{J\·er(n )) = dim(L(G)) - dim(L(G - D)). 
Since I.,(G - D) = {O} if r/eg(G) < deg(D) ::::: 11 , wc luwc flim{Jrn(o)) :::::: dim(L(G )) if 
tley(G ) < n . lf a word a(f) has n - d coonlinatcs #- O, sar / (P, 1 ) = .. . = /(P;., _) =O, 
thm the di\•isor (!) + G - F\ - ... - P,., _,, is C'ffC'cti\·c, whcre (f) is t he principal divisor 

associated to t hc ratíonal fllnction J. Hcncc, t<1ki11g dcgrecs, we obtain de9(G)- 11+d ~ O. 
Tlms the mínimum distance of C(G, D ) is at l<'ast 11 - di>9(G ) . 
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