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ABSTR ACT. In the fo llowing papcr, wc prcscnt a bricf ami easily 
accessible general survcy of t he thcory of neural networks uuder special 
cmphas is on t he rólc of purc ancl a pplicd mathcmatics in this intercs ting 
field of rcscard1. 
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1 Int r oduction 

T he paper givcs an iutrod uct ion to the most ha.sic mat hemat ical foundations 
of ucural network theory and is esscntially organized as follows. In Sectiou 2 we 
int rod uce t.hc general conccpt of formal ncurons which lcad - in ca.se that they 
are combined - to t he definition of formal neura\ networks. In Section 3, we 
focus our a t tcntion 0 11 spccial lcarning algor ithms, which a re tcchniqucs in order 
to make a givcn formal nctwork suitab le for com:rctc applicat.ions . We finish th is 
survcy papcr with somc conc\ucling rcrnarks in Scction 4. 

2 Neurons a nd Neur a l Networ ks 

Of coursc, if wc want to dcal with a formaliz.ation of real neurons a nd real 
ncura l structurcs wc m11st have an idea of wha.t is bas ica lly going on therc. Wc 
will sketch t hc most fundarncuta l medmnism in l it is contcxt quite bricfly and 
rcfcr lO p, 5, 9, 12, 15 ) 17, 20, 2 1, 24j for more details. As it is wcll-known, 
thc basic parls of a real ncuron are t hc ccll body (or soma ), thc dendri tes, t he 
synapscs , a nd thc axon. Signa.Is (nmy b<' chcmically or clcctrically) reach a fixed 
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11C'uro 11 t hrough thonsands of synapscs located at t he ccll body or at dendrites 
rn 1111cctcd with it. Thcsc sigrnds com iug from othcr ne urons in t hc neighborhood 
nrr ro llcctcd and. in ca.<;C t.ha.t thcy are s11fficicntly strong in total , thc ncuron 
it sclf fircs along its single axon. Arouud the a.-xon again thousands of synapses 
are locatcd which co llect thc signa\ aud hand it ovcr to somc other ncurons , and 
so on. 111 thc fo llow ing, we will formaliz.c these bas ic information process ing ¡; teps 
and come to fo rma l neurons and formal neural networks. 

2.1 Formal N eurons 

We start with a quite abstract defiuition of formal neurons from a mathema
tical point of view, wh ich has first bcen done in a more spccia l setting by Warren 
McCulloch and Walter Pitts [13] in the carly fort ies of t.hc last ccntury. In the 
most eas iest case of discretc information processing a formal ncuron is nothing 
else but t he composition of two quite spccial fun ct ious (comp. also Figure 1) : 

Definit ion 1 fo the discrete case, a fo rmal neurnn is a function K- : IRn --+ IR111 , 
which is given by the composition of a so-called transfe1· function T : IR --+ IR with 
a so-called activation fttnclion A : IR11 --+ IR defined as 

jR11--+ !Rm, 
x >-t (T(A(x )), T(A(x)), ... , T(A (x))). 

Commonly used transfer fun ct ions are sigmoida l t ransfer fun ct ions T , which are 
boundcd fun ctions satisfying thc limiting condi t ions 

lim T(é) = a ancl lim T(é) = b 
{ _.-00 { _.00 

with a < b (examplc: T(~) := 1/(1 + cxp ( -~))), morcovcr bcll-shapcd transfcr 
fnnctions T ,which are also bou ndcd but. sat isfy the limitiug conditions 

lirn T(é) = O and lim T(é) = O 
{_.-oo {_.oo 

(cxamplc: T(() := ex p(-e)) and ) finally, t hc idcntity transfer function T , 
T(~ ) := ~. Popular activation funct,ions are ridge-1.ypc a<:tivat ion funct.ious 

A w.0 : X i-t L W¡X¡ - e , 
i = l 

radial-ty pc act ivat ion fu nct ious 



Ma tlic11wt.ic;l/ Fo1rndntious of NcrU"aJ Nctwork T licory 

Figura 1: Sketch of a general formal neuron 

Ad,p ' x >--> p ¿)x; - d, )2 , 

i = I 

hypcrbolic· type activation functions 

Ad,p' x >->p IT(x, - d,) 
1=1 

or, in general, rnulti· linear sigrna· pi· typc activation functions 

A w,p : X 1-)- p L tun TI X¡ 

RC (l , ... ,11) iE /l 
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Yl = y 

YZ =Y 

Ym-l =Y 

Ym =Y 

Far the parametcrs appcaring in the abovc dcfinitions t hc fo!!owing namcs are 
nscd in thc litcrature: threshold 0 ; weight vector or weights w; dilatation or 
scaling parameter p; translation vector or d iffcrcnce weights d. 

Finally, \et us rncntion that in thc cont inuous case (in contrast to thc 
Jiscrctc rnse) simply t.hc input vectors 1; E !R11 have to be substituted by vector· 
valucd input. functions x : !Rk --+ !R11 (accordingly1 the ontput consisting of m 
idcntical valucs y E IR with y ::::: T(A(x)) has to be substitutcd by m identical 
out pui functions y : R,k --+ IR with y(t) := T(A(x( t))) , /, E !RI..' ) and, morcovcr, 
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diffcrcntial and integral operntors may be allowcd for g<' ncrat. iug appropr iatc 
tram;fc r a nd activation functions. Summing up , in t he continuous case a formal 
m•m on is 1101 hing clsc but a fnn ct ion ""• 

Mo.p(IR' ,IR") -+ Mo.p( IR' ,IR"'), 
x >-+ (T(A(.,)), T(A(x)), , T(A("))), 

wit.lt cxact. ly the same building blocks as in thc discrcte case; especially, the same 
namrs are used as in t he discrete setting. 

2.2 Formal Neura l Networks 

In general, in neura l network theory and its appl icat ions it is the ai m to figure 
out some bas ic mechanisms in real ncural structurcs in order to work with thcm 
in as diffcrent d isciplines as biology, physics, computer scicncc, mathematics, and 
othcrs. From a mathematical point. of vicw, a formal ueura l network can most 
cas ily be introduced in the framcwork of graph thcory. 

D efinition 2 Let G := (X, H ,'Y) ben loop-free and multi-cdges-Jrne dfrected gmph 
wilh a finile 1wri-emply set of edges X , a finite set of nades ff witlt fI n X = 0 
rmd rm inádence mapping ¡ : H --¡. X x X. M01·eove1-, for ali edges v E X let 
ó+(v) denote thc O'lli-degree and ó- (v) Uie in- degree o/ v. /j we now defin e the 
sets ,.\· e X arid fi e /1 as 

X: = X\ {v E X 1 J+ (v) · s- (v) = O), 
f¡ := H \ {h E H l 1'( h) E (X\ X) X (X\ X)). 

all(f assume lhat ,.\· f. 0, then N , 

N:= (X ,X.H, h ,), 

is called (forma l} nettrn l ne twork. Mon~ove1 ·, Wf' /uwc lh c Jollowú1!J no/. o./.i011.~: 

• Ali elem ents v E X are called knots o/ N. 
• Ali elements h E IÍ are called vcctors o/ N . 
• All lmots v E i. far wlúch wc havr w E X\ .X° mal h E ir wilh "f(h) = (w,11) 
are ca lled input knotR o/ N . In lhis case, tlw vecto1· h E {¡ is rnlled input vecl.01· o/ 
N. A neurnl nctwork N wílho11.t in¡ml knol.s muí input 11ectors ;,., rnlled a uctwor·k 

wilho-ut in¡>uls . 

• Ali knols u E X. for which wc hrwe w E X \ f< and h E ¡:¡ wil.h ¡(h) = (v, w) 
r1.re callcd output lmots o/ N. i n lhis cose, tit e vedar h E fi ú; ra llcd oul.¡mt 11ector 
o/ N. A neurnl nctwork N withoul oul¡ml. k11ols a.nd 01J11mt 1wrfors is called (J 
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11cl.'111ork wit.ho1Lt outp·ubs. 
• In case tlw t the directed grnph G yenemting N doesn 't have cmy closed paths, 
N -is calleci a f eed-forwa·rd neural network; othe1·wise, N is ca.lled a f ecd-back or 
recursive neum/ netwo1k 

Sorne additionail 11enuvrks in connection with the above clefinition: First of 
ali, it is clear tha.t the set of knots X and vectors iJ can be generated by d ifferent 
loop-free and multi-edges-f.ree d irccted graphs G. However, in general there is a 
uear at hand inducing gra.ph with a minimal number of nodes aHcl edges which 
is usually assumecl to be the canonical genenitor. The set of knots X precise'ly 
consists of those nades 0f G which are simultarneously start nodes and end nodes 
of some edges of G. Roughly speaking, they are nades which - c1 ~1e to the loop
frceness of G - can be reached a nd can be left. Ali nades v E X , which are 
only start nades, only end Bodes or even only isolated nodes have beeH removed. 
Going on, also aill edges aire taken a.way which only join pure start r.10des with 
pure end nodes a.nd, tl~erefore, would not have any connection with the remaining 
knots in X. This process leads to the set of so-carlled vectors ÍI. 

Figura 2: Topology of a general nem a.! 11ct.work 

In the fo llowing, we will mot.ivate why sorne nodes a.nd cdges of !.he given 
grnph G are dropped in order to come l.o l.he concept of fonmd neural nctworks. 
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To do 1his. ,,.,. takc a look a r il fix cd kuot v in N. S i11 ce J + (v) ·Ó- ('u) '/; O, wc may 

assumc that in u wc havc n vcctors cnding and m vectors start. ing. t-.i!ak ing thc 
<1ss11mptio11 that. it is possiblc to ca rry sorne information ovcr the givcn vcctors 

Wt' ('i\n think of incoming i11for111atio11 over thc n vf'cton; cnding ou v, so rne 
infonuation proccss ing in u a nd , fina.lly, !:icnd ing t hc processcd informa.tion over 
t.hc m vcctors start ing on v. Obviously, tliis is prcciscly identica l with thc general 
definition of a fo rmal ncuron given in Subsectiou 2. l. Thereforc, it should be no 
smprisc that t hc stcp fro m thc pmc t.opo logy of a ucural uetwork N to a dynamic 

iu format ion proccssing too! consists in plac ing formal ncm o 11 s in cach knot v. At 
t ltis point, it also becomcs d car why wc assumcd t. hc di rcctcd graph e to be 
free of loops and mul t i-cdges: free of loops becausc a fo rma l neuron on ly has free 
inputs ancl outputs¡ free of multi-edgcs beca.use a formal neuron ouly produces m 
idcntica l out.pul signa ls ancl it, t hcrcforc doesn't make a ny sense to connect two 
for mal ncurons with more t. han onc conncct.ion vector iu cach dircction. Summing 
11p, the complete dy namic behavior oí such a ncura l network can be described a.s 
fo l\ows: At t hc beginning, on ly t hc input vcctors oí N hand ovcr sorne information 
to lhe input knots of N (frorn now 0 11 also callcd input neurons), where the 
i11formatio11 may be disc rctc or continuons. The input ncmons proccss the givcu 
informat ion in the sense of formal neurons as defined in Subsection 2. 1 and fecd 
t he proccssed in forniation across their starting vectors to the next neurons in 
t he network (o r d irect ly to t.hc output.). In this co11 text 1 connccting vectors are 
also ca lled links or (formal ) synapscs. Of course, for t his kind of proccssing it 
is neccssary to enumcrate thc 11euro 11s in t hc nctwork in order to define when a 
ncuro n should take a look at it.s input. , st.art proccss ing ami general.e its output. 
This so-called schcdul ing proccss can a lso be used to allow sorne ueurons to work 
in parallel in case t hat thcy don 't produce in fon nation which is needcd by any 
othcr nenron of t.he samc updatc cycle. Morcover , in general each 1H.: uro 11 is 
allowcd to access a small local mcmory whcrc it can pul in sorne iufonnation 
which 111ay be used in some la t.cr updatc st.cp. This is esscntially uscfu l iu c<U:iC of 
rccursive ncural networks whcrc caclt neuro n is updat:ed severa! times. S11111ming 
np, in case tlrnt a detailcd schcd11li11g has bcen dcfi ned in ad vaucc, a fter somc t ime 
the nctwork scnds out.pu t. i11fonnat. io11 across its output kuot.s rcsp. outpnt vecl.ors. 
Taking in to account a ll thesc t.ccl1nical deta ils (schcduliug, local mcmory), from 
a mathcmatical point of vicw a nema[ uc twork N with formal ueurons in each 
knot is nothing elsc but. a spccial rcalizat ion of a fu11ctio 11 N, 

in thc discrcte ca.se. resp<'ct.ivdy. 
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in t hc continuous case, whid1 again is simply called t hc neural nctwork. In view of 
thc abovc definition we a.ssumc t hat t he nctwork N has precisely n input vectors 
a nd m output vectors a nd that thc nctwork function N depends 0 11 the paramcters 
of cad1 ncuron and the scheduling process in a quite complicated form . Let us 
C'mphasir.c that in thc literature oftcn no diffcrencc is made bct.ween the topology 
N of a ncura l nctwork ancl its final appl icable realization in t he sense of the 
mapping N. Both are called ncural nctwork or shor tly nctwork and t he context 
has to be takcn into ;tccount in ordcr to figmc out in which scnse t he term is used. 
Morcovcr, in many cases it is quite d ifficult to givc a compact closed form of the 
mapping N; in thesc cases, the ontput behavior of the network is calculated stcp 
by stcp fo llowing thc givcn schcduliug dctails. Pina lly1 let us note t hat in contrast 
to t he determinist ic dynamics sketchcd above also so-called probabilistic neural 
uct.works are discusscd in the li tcrature. For networks of this kind, the update 
rnlcs dcscribed above are rnodified or even complctcly subst.ituted by probabilistic 
componcnts, ami, of course, thc wholc a nalysis of such a nctwork has to be done 
i11 a probabilist.ic fra.mework. 

Up to now, we on!y have sketched thc so-called recall mode oí a ueura l 
11C'lwork. Howcvcr1 such a mode only makes scnsc in case that t he network has 
h<'cn dcsigncd in order to give rcasonablc output.s for given input.s. Strategics 
wli ich makc a nct.work nseful for m ncrete rccall applicalions are called learning 
modcs. The learning mode ora ncural nctwork sets th<' paranictcrs or cach 11e 11-

ro11 (and may evcn modify the topology and schcduling process) in such a way 
t hat a spccific bchavior or thc nctwork is guarant.ccd for spccial inpu t. informa
l.ion. In general, wc distinguish betwcen two differcnt. typcs oí learning sclicrncs: 
supcrvised learning and unsupcrvised learning. Su¡wrvisf!d lcarning mean:-; that 
a set or discrctc or continuous so-callcd training clcmrnts 

n·:-¡pcctively, 

wit h corrcct input-output bchavior are known a nd may lie n~ed to configmc thc 
nctwork. In dct.ail, in case of :-¡upcrvisC'd lcarning thc parn1netcrs dctcn11i11ati11g 
t lw nctwork fonct ion N sho11 ld be SC't in snch a way t hat t.hc crrors 
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hccome as small as possible wit.h rcspect to sume given n0rm. Concrete realiza
tions of supervised learning a re - for example - the Heh>b learning rule, the delta 
lcarning rule, the perceptron learn i1°1g nile, the h>ackpropagation learning rule, the 
hyperbol ic learning rule, and, füulJJlly, the so-calle~! learning vect0r <i}Uantization. 

Ali these rules are discussed in more detaiil in Suh>sections 3.1- 3.6. 
In contrast to supervised learrH·ing a s0-ca11le<il unsupervised learning scheme 

only has access to sorne cliscrete ar coHt inuous input traiining elements 

x(s) E IRn , l :S s :5 t , 

respectively, 

witlioul any information in view of pro¡~er correspondoing outputs. The11efore, a 
reasonable strategy to ad.apt the network )ilarrar111eters is to make the netw0rk pr0-
d nce similar outputs far similar in¡n1•ts (whatever that means in detai l). R0ughly 
speaking, after unsupervised learni11g tl~ e network shoukl act on in¡rnts like 

·' ".i = N(x) "N(.i) 

or even 

·' "i = N(x) = N('C) . 

Popular examples of unsuperv ised learning schernes are the Koh0ncn le
a rning scheme, a<laptive reso1rn.nce theory and the Oja Jearning sc:heme. Thcse 
Jearning schenws are discussed in sorne detaril in Snbscctions 3. 7- 3.9. 

Let us finally mention tha1t for both, supervised a.nd ummpervisecl learning , 
again a lso probabilistic varia,nts are d·iscusscd in tlw liternturc a.nd shonld be 
treatcd fro m a probabi listic point. of view. 

3 Special Learning A lgoritluns 

In this sect ion, we take a brief look at sorne vcry popular ancl intensivoly 
studied learn ing ru les in neurat network lheory. We start with some examples 
of snpcrvi sed Jcarning (Subscctions 3. l - J.6) and end up wi t h sorne unsupcrviscd 
learning schemes (S uhsec tions J.7- 3.9). Of course, we don't cla im any completc
ncss and refcr to t he lit.crature for fwt her lea.rning schemcs and extensions. 



l\latl1c1m1tic;i/ For111cfotious of Ncura/ N('t1m rk T lieory 209 

3.1 Superviscd Learning: Hebb Learning Rule 

Thc Hcbb lcarning rule is bascd 011 a ucuro-biological µroposit ion for the 
proccss of lcarning fo rrnula t.ed by Donald l-lcbb [4] in 19..t9, which now is the basis 
of a largc 11u111bcr of simila r lcarning schemes in ueura l nctwork t hcory. Roughly 
spcaking, Hcbb's idea of how lcarning takes p lace may be fonnulat.ed as follows: 
fo case tlwt t.wo neurnns which are coupled by a sy1wptic li11k are o/ten active 
sú1iultlmeously, lhen tite prc-synaptic neurnn will yet a stronge1· and strnnger 

iJtjluence 01·i tite beltavior o/ the vost-... ynaptic neumn. In other w01·ds, during 
lenn~ing sy1rn71tic li1lks o/ simult<meo11sly acl.i11e neurons rm~ getting st1'0nger. 

In 1 he follow ing, we will give a formalization and a concrete implementa
t.ion of t hc general idea of I-lebb in connectiou with discrete two !ayer fced-forward 
neural networks wit h ridgc-typc activation and ident ica l transfer funct.ion in the 
out.pul neurons (comp. Figure 3 in vicw of the general topology of such i\ net
work): In case t ha.t we present t t rain ing pairs (x Csl , y(s) ) E !Rn x JR'.111 , l $. s $. t, 
wc set 8 1 :== O, 1 $. j $. m , and define 

t 

1U¡1 :== L x~s)y~s) 
s= I 

fo r 1 :5 i :5 n a nd l :5 j :5 m . F'or pairwisc orthonormal train ing i11p11 ts x(s) 1 

1 :5 s :5 l. thc ncura l nctwork now per forms pcrfcctly on t he training set., which 
mea ns 

t 1U1/C~-~) !J~s) 
•= 1 

for l :5 J :5 m and 1 :5 .<> :5 t. A ncura l network of t his kind is callcd linear 
associator (t rained by Hcbb) and it reflect.s HC'bh's origillal id 0.;i of IC'arning in 
t.he following sense: Sincc in rrcall modc· for g ivC'11 J º == (:1; 11 ... , :i;11 ) E IR" thc 
nctwork calculatcs t.hc corr11spondi 11g out.put vcrlor y == (y1, ••• ,1¡,11 ) E IR:m via 

1Jj == ¿ w,,x, , 1 :5 j :5 111 , 
1= 1 

t.h wcight w,1 detcnnincs ltow s t.rong .e, can affccl t.11(' ou tpnt. Yi · In case t.ha t for 

t he .~ · lh training ¡mir ( :c(s), y (s)) thr so-called si11mlt.a u('ous act.iv ity :c:s>u;·~> in t.li<: 
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n = ~1 1n = 3 

X¡--
--YL x, 
--Y2 

X3 --0---r-~,,L-----'{ 
--YJ 

X.¡ -0~ 
Figura 3: Topology of a two !ayer feed-forward neural network 

seuse of a product is large, then the synaptic coupling W¡j should increase appro
priately; in case of being small the weight should be modified only moderately. 
In t hi s sense, the formalized Hebb learning rule basically reftccts the original idea 
of Hebb. 

3.2 Supervised Learning: Delta Learning Rule 

The delta learning rule (also called Wiclrow-Hoff learniug rule) has becn in
trod uced by Bernard Widrow ali(! Marcian Hoff [23) in the late fift ies of the last 
ccntnry and may be sccn as a specia l case of backpropagation learning for two 
!ayer feed-forward neural nctworks with iclentical transfer funct ion. In the fo
l\owing, we will sketch t.he general idea of delta learning in context of discrctc 
two layer feed- forward ncural nctworks with ridge-ty pc activation and idcntical 
transfer fu nction in t hc output nem ons: 

In case t hat we present t trniuing pairs ( :1/·~l,y(s)) E 1R11 x IR'.m , 1 $ .s $ t., 
the wcights w11 E IR, 1 $ i $ n, 1 ~ j ~ m , aJl(I thc thrcsholds 8j E IR., 
1 ~ j ~ 111, should be fixe<l in s1H.:h a way t.hat fo r a li j E { 1, . .. , m} and for ali 
s E { 1, .. . t} thc sqnared errors 
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bcw n•<' as s111all as pos~ihl<>. Dl'ii11i11g l. part.ial d iffC'renti:lblc error fnnctions 

p (•) : [R"111 X JRm ---->IR , 1 $ :S $ I 1 

b.v 

m ( " ) ' p (•l ( ... w,J·•·10J , .. ) := L y;5> -(L tv1;L~5) -8)) 
J= l i = I 

a ~rnd i<'ut scarch a lgorithm for findi11g a local (or, fortunatcly, eveu a global) 
111 iuiu1111 11 lrads to t.hc fol lowing updatc stcps, whcrc >. > O is still a free learning 

paramrH'r to be set a ppropri;ü ely: 
l. WL'ig;hfs w11 , 1 $ i $ n , l $ j $ rn: 

w~;1cw) := W¡j - >.Pi~~( . , W 111 .. , 0;, .. ) rcsp. 

(•"w) 2' ( (,¡ (""' (,¡ e 1) (>) w11 := w,1 + " Yj - ¿_,. wk1xk - - 1 X¡ . 

k= I 

2. thrcsholds e JI 1 $ j $ m: 

8~'H'U1) := 8 1 - AF~}(..,w11 , ..• 0 ;, .. ) rcsp. 

e(•,w) ·- e - 2!. ( (•) - (~ .J-> - e )) 
J . - J YJ L__, W/,.T1 k J · 

k= \ 

()f rnm sc. F~~~ and F~:) d1'11otr t hc part ial dnivativcs of p(-~) with respect to Wij 

;rnd 0r Applying: the abovc strat.eg:y for ali error fnnctions p (5 ), 1 $ s $ t 1 all(I 
itrratiug this procedurc is callcd delta learn ing rulC' o r Widrow- Hoff lcarning rnle. 
In more detail, the abovc strnt.cg;y is callcd on-linc delta lcarning rule s ince cach 
r rror íunction p (.'l, 1 $ s $ f., is t r icd to be minimized, scparatcly. In contrast, 
wc could also sum ovcr a li error f1 111d.io11s Lo co111(' 10 a kind of t.otal error íunction , 
F := E~= I p (.•), and try to rninimiz<' Lhis function hy 111<'a11s oí a grad icnt descent. 
ULcthod. In 1hc lii.era.t.urc , t his approach is call<'d off- lim• or hatch-modc ddt.a 
learniug rule. Tite on· linc 111od1• has t hC' advanta~i· 1 h:1t 110 weight or t.hreshold 
('Orrections havc to be st.or<'d 1111d t.liat a no11-cldern1i11istic presentation of t.hc 
!raining pairs is possiblc (stodiastic IC'arni11g). Its disadva11t.age is that aJl.<'r om.' 
l'0111plC'lc IC'arniug cydc wiLh a ll 1 ! raining pairs it n111 not. lw guarant.ccd tl iat. tlH' 

total error F did rcally dccrras<· (Pwn for s111all ,\) : iu <'ad i :-;tep, p (5 ) in ~cnnral 
hccomC'S smallcr but Lhc otlwr enors p (r), r =/:- .'l. 111ay iucn~<.L<;e. Although, t.his 
is n scrious problcm, on-linc lc'nrn ing has provrd to he• qui te successfnl ami is 
nsually pr<'ÍC'rr<'d to ;1void t.lil' lwavy co111p11tat io11 ami s!orngc costs of off-l iuc 
lrarning. 
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3.3 Supervised Learning: Perceptron Learning Rule 

Tltr pNccpi.ron learning rule has heen introdnc:cd by Prauk Rosenblatt [18, 
1 !J ] in t.li c \;,t t.c fiít ies oí the last century t.o imµrovc somc shortcomings of the 
Hcbb \carning rule (see also [14] for a. serious critica\ analysis of perceptrou-t.ype 
strategics) . Roughly speaking, the pcrccptron lea.rning rule may be interpreted 
as a kind oí delta learning rule for nou-diffcnmt.iable transfer functions. In the 
fo\lowing , wc sketch the general idea of the pcrceptron learning rule in connection 
with discrete t.wo layer fecd-forwa.rd ncura.l networks with ridgc-type activation 
ami 11011-differcnt iable sigmoidal transfcr functions in the out.put neurons: 

Let T o !ili --> {O, l} with T(() o= O for { < O and T(<) o= l for { 2: O 
be the transfer fun ction for thc output neurons. In case that f. training pairs 
(.i: ( -~l , y(s) ) E !]('1 x {O, l}m 1 1:::; s:::; t, are prescnted to the network, the weights 
w ¡J E lit, l $ ·i $ n , l $ j $ m , and the thresholds 6j E IR, 1 $ j $ m 1 should 
be fixed in such a way that for ali j E {l, ... ,m} a.nd for ali:; E {l , ... ,t} the 
se¡ l mred errors 

( ,, )' 1¡1' l - T('> w · ./» - 8 ·) 
• J L IJ·r J 

i::: l 

bccomc as small as possible. To rea.ch this go<lil, thc perceptron learning rule 
is ddined as follows, wherc ,.\ > O is still a free lcarning para.meter to be fixed 
appropriatcly (sometimes set to 1 in tite literatmc): 

l . weights w ¡1 , l $ i $ n , 1 $ j $ m: 

2. t.hrcsholds eJ, 1 :::; j:::; m.: 

Applying i.he abovc proceduro. for ali .<; E { 1, ... , t.} and itcrating a.<; usual 
is c;11\cd ¡wn.;cptron Jcarning rule. lt can be show11 that after a finite n11mber of 
itera tions t hc above algorithrn yields a nelll'a.l net:work which pcrforms perfr:ct ly 
0 11 i. he Lra ining sel in ca-"C t.hat for ali .i E { 1, .. . , m} t.hc two suhscts 
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A, '= {.,.(•I I 1 :S .< :S l. /\ uj» =O} . 

B, '= {"<•I I 1 :S s :S t /\ yj'1 = 1) , 

of L1'.11 C'a11 be sl.rougly scparatcd by an affiuc hyperplanc (convcrgcncc thcorem 
of p<'n'C'ptron lcarning). Of coursc, for practica! purposc it is quite d ifficult to 
figure out in advance whct.her a set of t ra ining pai rs is strongly linear separable 
or 11ot. Thcrcforc, this rcsu lt is mainly of t heorf'tica l interest. 

3.4 Super v ised Learning: Backpropag ation L earning R ule 

Backpropagation lcarning is a lcarning rule bascd 0 11 thc gradicnt desccnt 
m<'thod a ud has firs t becn uscd in conncction with ncural nctworks by Paul Wer
bos [22J in 1974. In thc following, wc sketch the general idea of backpropagation 
lcarning in contcxt of discrctc threc \ayer fccd-forward ncural nctworks with rid
gc typc activat ion in t.he hidden neurous (comp. Figure 4 in view of thc genera l 
topology of s11ch a nctwork): 

n = 2 
q =4 

m = J 

,., __ 

X2--

Figura •I: Topology of n thr<'C' \ayrr Ít't'd- ~)rwanl 1wmal nctwork 
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¡ 11 case thaL a se t of /, t.nüning pairs ( : r (.~), y (·')) E IR" x &"', 1 ~ .'! ~ t, shonlcl 
he rq1 n ·sf'nt<·d by t lic nctwork, Lli e wciglt ts fl pJ E llt l $ p $ q, 1 $ j $ rn , a ncl 
w,,, E lit 1 $ i ~ lt . 1 ~ ]J $ q, a nd , IUOI'l'OVf'I' . thc t. hrcsholcls e,, E IR., l $V $ q, 
should be fi xcd in such a way that for aJI j E { l , ... ,m} ilnd for a ll s E {l .... , t.} 
t.hc squarcd errors 

bf'rnmf' as small as poss ible. In case that thc t ransfc r íuuction T is cont.inuously 
diffc rcntiable ami t parti a l d iffc rent iable error funct ions 

are dcíined as 

t.hcn thc class ical grndient d <:!SCl? n t md hod fo r fi nd ing a local or evcn a global 
t11i1ii111u111 fo r cach p (s) is gi v~11 by t lw fo llowing a lgori thm , whcrf' ).. > O is st.ill a 
frcr lcarning parametcr to be fixcd appropria t.ely: 

l . wcighlS9p; · 1 $ p $ q, 1 :::; J s; rn: 

2. wcight s u•1,, , 1 :s; i ~ n , 1 ::::; ]> $ r¡ : 

J. t hrc~ holds e,,. 1 $ p $ q: 

or l'Oursc, lite abbrcviat ions f'J:J' F,\,~!. a 11 d p~'! dc11otc tl1c part ia l dcri vat. ivcs 

of p (c) wilh rcspecL to !J¡.j , 11.1;,, and e,,. Apply inp; t hl' ahovc slcps lo a ll C'rror 
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fu11C' t io11s ¡.·(>) . 1 :5 ..: $ l . and itNatiug in <·yd rs is callcd backpropagation 

l<•1ll'11i11g or hat kprop11ga1 ion a lgorithm (thc namt.' is motivatcd by t hc fact that 
tlw t•r rors p (•) . 1 :5 ..: :5 t , <1rc propagatcd back t.hrongh t hc nctwork a nd are used 
in onlN to 11pcla1.e 1.he n<'l.work pa ra metcn; appropriately). The algorithm a mi its 
various 111od ificat ious is onc of thc most popular and successful t.raini ng too ls in 
llC'Urill 11ctwork dcsign. Üf C:0lll'SC1 in vicw OÍ On - Jine and off- line implementations 
tbt• same rcmarks ho ld a.-; in ca.<;c o f Lhc delta learning rule. 

3.5 Supervised Lear n ing: Hyperbolic Lear ning Rule 

l lypc rbolic learn ing applics to t hrcc !ayer fccd-forward ncural nctworks which 
pussc:-;s hiddc n ncm ons with hypcrbolic; a ctivat.ion functions a nd can be used in 
rnsC' t hat tite g iven t raini11g set corn<'S from a multi-dimeusional regular grid. 
Aftcr training t.hc uct.work is able Lo int.crpolate or at. least approximatc the given 
infon11at.io11 0 11 t.hc respective g rid . The learning sche me has been introduced 
abont 1990 by t.hc a nt hor {cf. [l l]; also jl2] 1 for more dct.ails) . In the following, 
wc s ketch t he gcncrn l idea in the most ea.siest. two-dimensional case: 

Lct a t.hrcc !ayer fccd-forward nemal nctwork wit.h hyperbolic t ransfcr 
func tions in t he hidde11 neuro 11s be g ivcn and assume that a set of P2 (P E N, 
P ~ 2) two-di 111c11s ional gridded t rai11i11g pairs (:rCk.l),y(k,I)) E [O, 1]2 x IR, l :5 
k , l :5 P, is prescut.cd to t.hc nctwork with 

Thcn, l he weights f/H E IR, O ~ k, l ~ P, thc diffc rc ncc wcight.s d1k/,d2kl E IR, 
O :5 k , l :5 P, and t he dilat ion paramcters Pkl E IR. O :5 k, l :5 P , should be fixed 
in s11ch a way thal. for k, l E { 1, ... , P} t hc sqnarccl errors 

( 1/¡k,i) - t t 9k1T(pkl rr (x;k.i) - d1k1) )) 
2 

k= O 1=0 r = I 

li1•comc as !>mal! <L" possiblc. 1 lc re , T 11rny be a n arbitrary s igmoidal t.ransfcr 
fmu·tion. Now. if wc set. y(k,I) := O, for k = O, k = P + 1, l = O or l = P + I, 
t.hl'n thC' hypcrbolic lenrni11g ruk• dclennines thc paramct.ers of thc network for 
ali k. I E {O .... , P} ª" fo llows: 

9U 

(P _ I )' , l k - 0.5 l - O 5 
( lkl := ¡>::-¡- ' d2kl = p - 1 ' 

~(1p:,1) _ y(k+ l,1) _ yp:,l+ I) + y (k+ l ,l+ I) ) 

Ptl 
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Olwious ly. this lcarning rule is not. itcrat,ivc. whicl1 means that it is a 
sn-l'alli·d onc-shot. lcaruiug sdwmc (real-t.imc-processing). Moroovcr, in case of 
a si¡;rnoidal transfC'r fu11ctiou T IR --? IR ~mtisfy i11g T(!) = O for f. 5 -1/4 
a 1111 T(O :::: 1 for E. 2: 1/4 t.hc hypcrbolic lcarni11g schcme fixes thc nctwork 
paramctcrs in such a way that the crrors on thc trai11i11g set van ish (interpolation). 
Far general sigmoidal transfcr funclions satisfying only lim{-1--oo T(f.) = O and 
lim{_. T(O = 1 we cannot guarautcc interpolatiou any longcr but only gel an 
approximation of the given data set by t hc iudnccd nem a! nctwork. 

3.6 Supervised Learning: Learning Vector Quantization 

Lca rniug vector quantization (for short: LVQ) has becn introduccd in the 
litcraturc by diffcrent authors a liout the late scventies of thc last ccntury (comp. 
[17, 21 , 24] for more dctailcd historical informal.ion) and is now used in a huge 
nnmber of quite differeul varia nts. By nature, it is int imately connccted wilh 
l( oho11e11 lc-arning (cf. Subsection 3.7) whcrc t hc csscntial diffcrcnce is that Ko
honcn lea rning is an unsuperviscd lcarning schcmc whilc LVQ is supcrviscd . In 
t hc following. wc cxpla in t he basic idea of LVQ by cousidering a si1nplc cxamplc 
(discrele case): 

Lct us assume tha t we havc given a finit.c set of /, vcctors xM E JR.11 , 

1 :5 s :5 t , a finite set of j cluster vcctors w(i) E IR.11
1 1 S i $ j , a nd, finally, 

a classifirntion function f {l , ... ,t} ~ {l , ... , j}, which maps cach vector 
.r<-l id<'nlificd by its indcx .r; ou a cluster vcct.or w(/(! )) idcntified Uy ils index 
J (.'i). 1-iere. in general j is significantly smallc r t.hau t an<l. obviously, f is uscd 
to idcm.ify for cach vector x(.~) a dass which it be loubrs to, whcrc the dass itsclf 
is rC'prcsented by <:t cluster vector . Dmiug learning thc clust.cr vcct.ors are uow 
111od ificd depending on the giveu vccl.ors to be da.ssifiecl. In thc simplcst cnsc, wc 
lmvc the following upda.tc steps, whcrc >i E (01 1) is still a free lcm11i11g: paramcter 
to be set appropriately: In Jea.rning step s ( 1 $ .'f $ t) used to 11pdatc wU(i)) a 
llll'<\Surc of t hc distauccs of :r. ( .~) from a.11 dustr:r vrctors wC1l1 1 $ i $ j , has to be 
rnkulaled (for examplc, by mc:u1s of anglcs , Eudiclt'an d ista11ccs1 or somct.hing 
c·lse). In case tha t wU(,,)) bclougs t.o t hc srl o f cluster vcctors wit h 111ini11ml 
tl istancl' from x<"J (consiste11t classiffratio11) , snbs titute w (/(s)) by 

Ali other du:-;tcr vcc:tors are uot. 111odi íicd. 111 rn.-;e 1.bat wUl.t)) clacs uot belong 
to the SN of cluster vcctors with 111i11imal dista nC"e frorn J(~) (inconsist.e11t cla.~si
firation) . suhstitute w(/(.f) ) by 
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Again, <1 11 01 hf'r ch1sl1•r vrct.o rs a r<' 11ot modifird. l tl'rate t.his proccd urc scveral 

t i11a•s, 111a k1· ..\ s mil llt'r a11d s 111alll'r s t.l'p by s tcp , a11d tC'nuinatc t ite algo rithm , for 
r xampk•. in ra'iC' t. ltn t t ite 111ax in1a l d is tam·r het wí'Cn cad1 vC'ct.Or to be class ifie<l 

1111d its rr~pC'rL i vC' dus t.cr vector is tess tha 11 SOlllC' g iveu lirni t or a p red cfined 

11u111hr r oí itcrat.io ns llave bccn prrfurn1<'tl. 

Thr LVQ-protolyp r Hkctd 1cd abovc has bccn improvcd a nd inodified in 

Sf'VC'ral ways cluriug Lhc laHt d cradcH. V1/(' on ly 111í'11tio11 C<1 nt:ding of o ld or ge
nrrnt.ion o í 11C'w dns t.cr vcctors or a clus l('l'-dcpc11d c 11t no n-g lo ba l adaptio n of >... 
Finallv. lc t us 11otc that it is obvious ly no prob lc m to implcmcnt tlic a bovc a lgo

rit l11 11 -i11 a 11r11ral nc two rk co ntcxt . T ILP 111ai11 problc m. w hirh lim; to be so lvcd , 

is LO rakulat.c l he givC'n dis tancí' mcasure by meaus o f a p propria t c formal neu
ro ns . O f coursc, for t he meas ure menl o f a ng lcs ridge-ty pe acl ivatio n funct io ns 
togl't.hrr wil h s ig:mo id al 1,ra nsfcr f11 11ct.io ns are pro per cho iccs (rcmem ber t hat 

anglr!-i l>c1wcc11 vccLors are <'sscnlia lly dctrn nined by thc sca\ar product of t heir 
11or 111alinHio 11s) wh ik· for d caling with Eucliclí'an d is tances rndia l- ty pc activatio n 

f1111n io ns 1ogrthf'r wi tb bcll-slta pcd l rausfcr fu nct io us sho uld be nsed . We omit 

t.111• tt.•d111irnl clt'Lails o f a complct.c d c•fi11it io11 o f ne tworks o f such ty pc aud lcavc 

! hC'ir 1·011rrf'tc c!C'sig n t.o t.he rcadcr . 

3 . 7 11s uperviscd Learn ing: Koh o n e n Learning Rule 

f{ohonC'n l!'arning lms \Jccn iul C'nsiwly stud icd by Tc11vo l(oho nc n [9] in the 
la tC' S('\'C'nti<'S o í lh<' la.'it ccntm y, but had hcf'n prcscm in li tcraturc even carlicr in 

<p1it t"' s im ilar íor11111la t.io11s . As n lrC'ad y mrnt ioned , l( o ho nc n if'arning is iutima tcly 

f'Olllll'(·tcd with lrarning w cto r q11a11tizat.i<m (sre 1 hr rf' 11rnrks in S ubsect.ion 3 .6) . 
Mon >owr. lhrn.• is a ( 'Q llll l't:I io11 t.o aclaptivP reso11a 11cc 1 hrory in t.hc scnsc tha t t hc 

lattl•r is an C'xtc11s io11 o f J(ohoncn l(•arni 11g; in o rclcr lo sol ve t.hr so-ca llcd sta bility
plilsl icity dil<•111111a (rf. S nbH('Cl.io n 3.8 for dciails). 111 t hr following, we sketch 

l hl' hasir idra o í J(oho nr n l1•a ni i 11~ by co 11sidr ri11g a n C'asy <liscrc t.c classificat ion 
p roh l1•111 : 

A finitC' ~C't of I VC'l'l.o rs .1·(-•) E lll", 1 $ ·' $ 1. s hould hP dass ificd , which 
llll':u1:-; that 1 lll'y shon ld lw pnt i11to 0111' uf J so-l·alh•d c l11st1•r sets , w hcrc .i is 

L!Suallr sij.!,uifirnnl ly s 111cdlN t. lrn11 l . Po r lhis pmµosc. firs t. of a.JI a. set of clus ter 

\'t•(·tor- tl'O E R'1 , 1 $ i $ j. is ramlouily g;t_' nC'rated witb cach cluster vector 

1qai-..('ntiug onf' s1wcifi l' r lus lr r . 1ow, the 111ndific-at io11 o f t ite clus l<n vec tors 
d t•¡wmlinj.!, cm t hC' Vt't'tors lo h<' d assifir d is dour in Lhr fo llowiug wa.y, whcrc wc 

:-ik1•td1 tht• 1110:-.1 l'llSit•sl. s t rn1cgy with ..\E (0. 1) a Íl'N' lca rni11g: pma mct.er t.o be 
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:-4'1 appropriau·ly : !11 s lcp,..,. ( l $ ,..,. $ f) to class ify .r l ~> a lllC<L" m c for thí' d is tancc 
11f .r l•I fro111 ali clus tN vcct.ors w(i), 1 $ -i $ j, is ca lcu lal cd , fo r cxamplc, by 

111C'ans of au ang lc or by mcam; of Eudidcan d is tam:c. Put .1·< ·~> into thc cluster 
whid 1 is rcprcscntl'<I by a cluster v1 ~clor with 111iuimal cfo;tancc from x (") . In 

("HSC' t hat thcrc ar<' S<'Vcrnl dust.cr vr:ctors wit h 111inima\ distancc to x( 5 ) 1 choosc 
thc dustcr witli mini ma l imlcx. 111 case that t hc cluste r vector rc prcsc11t i11g t he 
propc r cluster in t hc abovc sensc has indcx 'i, subs t itute it by 

w(i) + ,\( :¡;(s ) - wU>) , 

i.c .. by a convex combi 11 at.io n of t.hc otd cluster vector a nd tli e new vecto r assigncd 
to thc clus te r; ali otber clust.cr vcclo rs ;trc not modifi cd . ltcratc t hi s proccdurc 
severa \ t imes. ma ke ,\ s rnaller ami i;mal lcr stcp by st.c p , a nd terminatc thc a l
g:orit hm , for examplc, in case t hat the ma.xima l distance between cach vecto r to 
be classi fl cd a nd its rcspect. ive c1 11 st.r:r vecto r is lcss t ha n sorne give n limit or a 

prcdcfined number of iterat.ions havc bcc 11 pcrformcd. 
Thc above st. ra tcgy is o nly thc 111ost s implcst prototypc o f l< o honcn lcar

ning a nd has bccn modified dmiug thc time in severa\ ways . We on ly mcnt ion 
t hc idea to modi fy mo re cluster vccto rs in cach step de pc11di11g o n a so-callcd 
ncighbo ring f11nction a nd t.hc idea of uot. alwa.ys updat ing a d uster vector iu ca."c 
! hat it qui te oftcn r<'a li zes mi11ima l di s \,;tnce (J<ohoncn lcarning with conscieuce). 

3.8 U nsupe r v ised Lenrning: Adaptive Resonance Theory 

Adapti\·e rcsonanrc tcchniq ucs liavc first hccn stud icd a 111o ng ot. hcrs by 
S tcphcn Grossberg a m i Ga.il Carpcntl~r [J, 2j in t.hc late sr>vent ies o f th<' las t 
ccntmy. In t. his thcory, which is short ly c;all<'d AHT, t he ncura l networks should 
be cons t ructed in snch a wa.y that t licy arP. a.ble t.o dass ify g ivc n input informal.ion 
hy ils own. ART-s tra t.eg ics a re intimately rnuncc.: t.cd with J( o honen lcarning wit h 
thc most cssc ntia l diffcrcure that. l(oho 11c 11 l earnin~ is set up 11s i11 g a fix ccl numbí'I" 
of dustcrs r hosen in acl vancc whilc ¡\ rrr is ablf' to adap t tl1e 1111111bcr o f clus lers 
accordi ng 10 thc givcu d<.t."ls ifi cat. io n problcm . This spccial fcatnre o f ART makcs 
a ncural ne t.wo rk so\ve t hc so-calk•d s tahil ity-plit."1.icity prob lc m : T hc network 
pu ts nC'w vecto rs 10 be dassifi cc.I into propc r clustr>rs in cas<' that t hcy exist 
(stabi li t.y fcaturc) a nd it. generales ll í'W clus tcrs iu <.:•t.'iC t.hat 1.hc g ivcu oncs a re 
not sufllcic ntly suited (p last icity foal.11n• ). In detai l, wc skrtd1 !.be ART- idea i11 
contc xt r a mmu. C'asy a pplil"a.t ion (disn e lí' v¡¡r ia 11 t) : 

J\ finitc :-.et o f 1 vec t.o rs :1Y l E IR" i 1 :S .<1 :S 1, sho uld be clit...,s ifi cd in 
t h(• SC' ll~ a lread y di snissrd i11 S11bs1'1·t io11 s J .6 a nd J .7. Thcrcfurc, s t.cp by s tcp 
so-callcd dnsl~ ·r vc>(·tors w<1l E JR11 , ·i E IR. an· gt• ncratcd in M>u1c d c VP r w11y. F'or 
cxa mpl<', in c:a.-;(' o f g ivr11 r > U ;rnd ,\ E (U, 1) 1.his ma.v Ue cl 011f' ;t.<; foll ows: In tlw 
flrs l !'> l<'P (." = 1) d C' Ílnr> 111(1) :;:::: :1:( 1) a nd j := l. In st1• p s ( 1 < .'i :S /.) t.o c hL<;s ify 
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r l l ,1 rnt·;1 ... 111 <' of thl' di st:1 1wf• (iÍ ,,.( .•) 10 ali alr«ady cll."fi11C'cl d11stc r vcc to rs 11/i), 

1 < 1 '5; ha" 1u In· n drnlatt·d (ftit' Pxa111plt•. via ang!C' o r E uclidca u d istaucc), 
Jn fll:>I' rli at 1111' s1mllh ·s t. dista nc<' ca lrnlat rd in tliis way is s rn ;lll cr t. han i:: t hen 
,,.( •) 1s pul into thr n •s prc1iw dnst.cr. 111 1·as1• t.hat. thcre a S<'vc rnl cluste r vectors 

wilh 111 ini111al dis1n11c·1· 1ak<' th r 0 11r with 111i11ima l inclcx. In case that t hc index 
o f 1 h<' du ... lf'I vf'rlor fixt'd in tliis way is i, substitut.c it by 
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wC•l+>.(.r( .'l') _ 10(1)). 

i.r., hy a rom·<'x ro111bi11at io n oí thC' o le! cluster vector and thr new vector assigned 
to this du"ill•r; ali other dustrr vcct.o rs are uot modificd (st.abi li ty cffect). On 
t.IH· othrr hand, iu cmw t hat t hc d is t a ncc o í t h<' vector to be class ified is la rger o r 

rt pml thnn e for all cl us ter vPctors, t lie11 adcl a ucw cluste r vector wU+I) := x(s) to 
t hr sc•t of duslP r VC'r tors ami iucrC'asc t ite iudcx J by 1 (p last icity cffoct). It.crat.e 
t liis proc·1'tlurr SC'vera l t i111cs, makC' E a nd /o r >. s111aller and s mall c r step by step, 
a11rl INminat<• t hc algorit lun, íor cxarn p lc, in case t hat Lhe maximal d istance 
h<'!WC'('n <'arh \·t•c1o r to lw dassificd a nd its respect ive cluster vector is less t han 
sr1111t' ~1n•11 limi l ora prrdcfincd 1111mbcr o f itcratious have bee11 pcrfonned . 

()f n 111rst', dur in¡;; t he yea rs SCVC' l'ili 1110 <.li ffrations a nd improvcm cnt havc 

h1•1•11 1111 rocht<Td ~i 111ilar to thosc íor LVQ ancl Ko honcn lcarni ng. Wc omit t. he 
d1·1ail s. 

:.L9 U nsupe rvised Learning : Oja learn ing R u le 

Thi" IC'arning ru\C' has bC'e n in trodtH'C'd hy Erkki Oja jt6] in thc ea rly cig ht ics 
o í t lw last n•nt ury. Boug:hl y spcaking, Oji! lrarn ing is a spccia l case o í Ko ho nen 
karoing wherC' on ly onc cluster vector , t. hc so-called princ ipa l corn po11c11 t vector , 
ha .... lo be c·akula tf·tl Bnd , 111on·ove r , a g radi1•nt. dcsc:cnt met ho <l is uscd inst.cad of 
s irn plt• <'011\'C'X co1nbi 11atio 11s . 111 t ll<' ío llowiuµ;. the general idea of Oja. lca.rni ng is 
skl'ld1t•d in rnnlC'XL of a sirnpk· disnf'LP dassifirntion problcm: 

For a finilc Sl'I. of I vcctors .1;(s) E IR."\ {O}. 1 '5 .<• '5 l , a vec tor w E IR.11 \{ O} 

sliould lu• c<llrula tC'cl with m in imal a v1'rn~NI disla 111·e from a li givcn vcct.ors. Hcrc, 
t lil' dis taurr shonld lw p;iven hy t.be 11otHJrie 11 Latrcl auglc hctwcen t . h~ straight. 
li111 's 11uhtrt't'I by lll a nd ,,.( .~) J!,Oi 11 i¡.; thro11gh the origin. This mcaus, t ha t t.he 
Vl'rtm u• E ::?1 \{O} has l.o IJI' choS('ll in s11d1 a way thal fo r a ll .<; E { 1, ... , t} t hc 
ratio~ 

(m· w)("·l "l . . rl'l ) ~ 
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J,1•1·0 1111• a:-1 la rge as possihlC'. Definiug I partial diffl're111 iablf' í1mctions 

Ql•I , &" \{O} ___, i!<:, 1 :S s :S 1 . 

via 

Qi'l (w) ·- (w. :cl•IJ" 
.- (w. w)Ci;l•I . . r.1•1)' 

a gradicnt sea_rch for a (local) maxirnum of the fu11ctio11s Q (s) leads to t.he follo
wing it.erat.ion, whcre ,\ > O is a so-ca.lle<! lcarning pcuamet.er which can be set. 
a¡ipropriately: 

w( uew) := w +A grad c¿C~l (w) 

wit.h grad Q(-'l (w) given by 

Applying t.he above upda te stcps t.o ali functions Q (s), L :$.<;:$ l., and doing this 
ilt•rat.ivcly is called Oja lea rni 11g rule. Morcovcr, in case t.hat w is normalizcd to 
Eudidcan lcngt.h l aít.cr each itcrntion stcp, which implies (w · w) = 1, and in 
case 1hat the factor 2(.t(~) · :r: ( .~ l) - 1 is igno1wl ami t.hought t.o be covercd by 111eans 

of thc learning parametcr >., thcu a simple form oí Oja learning is obt.ained 
whid1 is oíl.en discusscd in t.hc litf'rnturc. Fina lly, s i11ce Oja lcarning again is 
bascd 0 11 a gradicnt dcscent mcthod tite rc111a rks couccrn ing on-l inc and off- linc 
implem('ntations hold in t.hc s;imc sP11sc as al r<'acly discusscd in conuecLion wit.h 
thc delta rule or backpropaga.t.ion lcarninp;. 

4 Concluding R emarks 

In this s urvcy papcr. a hricf ovcrvicw has bí'Cll givcn co11ccrn ing t hc mat.
hf'maLical foundations and t.hc 111osl. dassil'al st.ratcgi('S in thc thcory oí nema! 
IL<'lworh. Oí course, bciug limitcd by abont. t.wrnt.y pagf's docs uot. a llow to covcr 
al\ rd<'vant a nd int.ercst.ing topic:-;. Por ('Xarnplí', 1-!opficld a 11d l<osko uet.works 
[ti . 7. 10] (scc aJso [SJ for a. morí' dctailt•d tr('almC'nt oí 1\f't.works oí t his kind) as 
rnost popular realizat.ions of rccmsivc ll<' nral llC't.works could not be discusscd. 
~vlorcover, ali rcccnt st11dit·'s in view of radial bas is fn11ct.io11 networks ami t.hc 
most intcrcsting, but. cp1 it.c l.C'd111in 1I im11lr 111<•11t.at io ns of ront inuous inforn1at.io11 
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pron'ss in~ 11t•11rnl rn•1wurb co11\d 11o t lw i11d1ull'rl. In vi C'w of lliis a nd other 111is
si 11¡.; topics t lir rrad<'r 111;1y t.ak<· a. look at 01w of t lir :- pccial a]l(I mo re 1·omplctc 
t1•xt ami rr~ra rch hooks includrd in thc rC' fn<'ncc lis t givC' t1 hclow. 
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