
CuOO Mr1/1•111 1ít,ic:11 IIJ1hu:111;irm11l 

Vi>I. :1., N" 1, GNl!:/1.0 ~00 1 

Almo. t P eriod ic Fun tions 

A. M. fo'ink 

¡\/11/h1-m11l1 r-. D1¡Jftrl11urrl 

foum Stfllr• U11w1THly 

Amr-.. JA SOfl/ J. l./ A 

fi11k rim11th 111'1/ulr r1/11 

1\ lm~ l r\· riorl ic fu11ct.iom; WCt'(' i11 v4•11t.cd by llnrnlcl 13ohr . WriLinµ; ·~boul Ha
rnltl llohr. ll:iy HL--dh{\ffcr, [ 18], imys "Oohr 11rldcd 10 thc t . hco 1 · i ~s of su111n11tbilit.y, 
l)1rirhlL'l "L'rit.•:t nml cli tl i111Ji C'U'Ln1 1I work 011 lh r J.•' ta funclio n; h1 it hi :-; rnil: s 1 : •~11din g: 

1·ri·;tl 10n Wtt. . .; tlu- 1.h('tJ l' .Y nf a.l111 os l pcr iodi r fu nrlion,:,. Alt.hougb his proofs werc 
:--implifi('d by Wt•y l. WiC'll('\' 11ml d1 • In VnllN· r ou!<-sin. pract icnlly a li tlic rcsults 
w1 •r1: rir.-l oh t11inc•tl by 11olir himst• lf. 13ohl. soml"'liin~ 11a 111t•s 11.'I prrdeccssor did 
11ot fommlnlf' tlu,,· nmin pmhl11111s: 11ml 1111' tlu'Ory i:; that. rnal.l1111111t1.i c1Li rnrity-n 
Olll' lllfUI joh"'. 

u .. ·.,..,ld Bohr Wl\$ 1.lw yuungl' r hrntlu•r uf llif' phy:;iri...-1. Niols Dolir . !l. Wi\S :;nid 
t lml )'tlll ronld <'Xp lHi n who Nit'\s 13uhr wns tu a Danr hy s11y i11 µ; lic was H 1~rnld 's 

hrnlht·r. ami in tl tl' r1·st ni' t.ln · worl cl. 11111· 1·0111d cxplain l l11mld i)o li r by s1Ly ing 
111' ~·A_, Nwl!>' hro1.Jrn r . ' l' lii s WiL." h1T1111si' ll :i.rnlrl "'ª" 11 s 1.11r forw1ml on tite 1908 
OnuL .. h nntÍ(m:t l SOl"{'t•r Lc·1irn whid1 won tlll' siln•r meda! 11L !.In• O ly 111pic ga111cs. 
(Thr ~1 Ol•m11111·k lm.'I rwr d n1lt'). Wlu: n lw drfondctl hi s di:;s1!r l.1iLion , Lhcrr: 
W•'"" CJ\1•r 200 pc'O l)\t• p1't'l:ll' ll L, 111o:t t o í thr m soc·n•r fn n:;. 11 1• wns s11d1 11 11 inspiring 
lt 'l"lHrt"T llMt for hi s s i:-: t it>th bir l lulny. hi:> .st udrnb n1 111 pnsc•d a c :1 ~u L1ü 1i in bis 

~11'''°' 
• wh.11 nrr 1.lw:w 11 l111ost ¡H'riudii · fum·11011-. allfl w hy did IJolir inw 11t tlicrn '! 

Tlwtf" an· two 111n li\lll!. iom•. Llir fi1 st \\•11.s 1lw ílirmnnu 1A:' t.11 f111wtiou 

( (.<) - , ' '"'",, •v lu(ul 

11 1 ,, 1 
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is a Dirichlet series thart for fixecl :e > 1 is a c0nvergent series i·n y which is a l·inearr 

combiuation of exponentiarls resemhling a F0u•rier series hrn.t n0t with exp0nents 
in the usual fonn. It is a.n example of a:n almost perioclic: f.uncti011. The l·l©Jlle that 
thc rcgularity exhlbite<!l by ail'1llost periodic functions might resol;ve the IR.iemann 
Hypothesis has not mater irulized . 

An0ther example is given in the Ahnagest 0f Ptolemy. It is a the0ry attriibutecl 
to Hipparchus and is called t he metlwd of epicycles. Let P h:ie a planet 0r the 
moon. The model of epicycles is sh0wa in Figu·re l. 

Figure1 

The motion 0f P may @e wriotleB as 

r{ t) = r 1 ei>.t + r 2ei¡.t 

rj are vectors, whe11e µ aind ,.\ are real constants. When a¡!>¡:>lie@ to the m00n, 
for example, this is not a very good approxima.tion. CoJ!lernoicus sh0wed that h.iy 
adding a third circle OFle could gc t a hietter appro:ximati0n t© the oh.iserved data.. 
This suggests that if R(t) is the true motion of the moo11 then t.here exist veotms 
1'j a:nd real numbers Aj such tJ.rnt for a ll t E IR'., 

(1) R(t)=Lrjeº'J 1 

jE.I 

The astronomer Bohl, mentioned abovc, bcgan to investigate fi·nite sums as 
in (1). Unless the Aj are rationally r~laited (see the exa.m¡~l e below), the sum is 
uot a periodic fuuction. It was Bohr who turned the question arom1<il. What 
functlons may be approximated in this way? What are the intrinsic J!lr0J!lerties of 
such functions'? For sorne history see the introcl11cti011 to Bohr's book [4]. 

To begin to see what such a charncberization might !00k like c0nsider t.he 
function 

F(t) = r.os t + cos ./2t. 
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:\ol.t' t hat. f'(O) = 2 liut P (t.) < 2 for ;.ill ot. l1cr v;ih\C's o! L So i•t. is uot a 

pniod ic fum:t.io u. Huwevcr. if E >m is g ivcN tlien: are ltl<l1lly ll\\JJlbcrs T for w h id1 

F (r) > 2 - :: . It. is a MNmber thr:ory prnhlr:m t.~> i:o11stn1d t.licm. It follows froi·H 

t he 11uifon11 continuity of P and ot.licr cnnsidr:rnt ions thait. if t.lie grnp h of F is 
t.rnuslat.r:d by such a n11mbcr , tlwn t.hc grnp lis wi ll be clase for ;ul\ real uumbrrs f .. 

ror pcriod ic funotions, transla.ting r.lw gr;.ipli by a.ny lllllltipk? of a period rc~mlts 

in a match . For t.hc abovc examplc t.h is is a lrnost tnw. This is basically t he 

ddiuition of wl mos t JDCrio~lic fnnctious. l t. t~xtrn1ds t.his t.rnnslation propert.y of 

¡)criod ic fuuctio ns. 

So now we bcgiu with a c0 1-11p lex vaJucd fmi d .ion P which is c0Nti 1111o ns 011 

L~. If e > O is give11 1 considcr thc set of real 1111 mbers. 

T(F,c) = {r IF(t. + r ) - F(l.) i <e furnll t E IR). 

This is callee\ t he E-tra11sla1tim1 set. o f F. Wr: Si\Y t.lmt F is ;i,11 almost pcriodic 
functio n if for evcry E > O this set is rclalúwly dense iu !R:, t.lmt. is, therc is ;.L!l L 

such that every i•nterva·l of IR of length a t. lca.-;t. L has oM~ i::- transl<tt.ion number 
iu it.. Lis c<tlled t.he i•nclusiou length. For ¡wriod ic f1wctio11s T(F,E) cont.ains a.11 

tmd tiplcs of t.he JDeriod so a1o1y L > pcrio d will work. S0 a li pcrindic functions a re 
a\so a lmost periO(•lic. 

Using this clcfh1•i,ti0n , it. is not particu larly ca.<;y t.o show t.hat t.he da.ss of a ll 

a ltnost perioclic f11ucti0ns, la.belr>(ol AP is a..11 a lgebrn, t.hat is it is c:losed under su ms, 

diíforcnces, pro<lucts, scala r multiplcs m1d finally nrnlcr quot icnt.s provided tJ.1e 

dcuominator has a f>Ositive lowcr bo1111d to its rnodutns. Onc c:;in cousidcr vector 
functions a lso in which case this class would lw c:lost?d 1111der scalar multiples and 
suius. In both cases it is ailso closed undcr composit.ion wit.h fu11d.io11s that. are 
nuifonn ly continuous OB tlrn approµriatc d osc·d dmna:in. 

Thc main res11lts for AP are: 

l. Evcry function in AP is boundcd ami 1w ifonn ly cont.imtons 011 R. 

2. AP c.:ontains a.11 f.i rn ite sums (l;\:heled <\s a t.rip;oHomct.rit" polyno!llial) of thc 

form 

,,u) = L 11._¡rJ>., 1 

j -z. l 

3. Thc Approxima.tiou T heorcrn1: lf f i:-: in AP and i:: > (i) is g iv(?N, then t.l wrc 
is a t rigonometric Polyuomia.l 71 s11d1 th:1>t. 

IJ(I.) - ¡>(1)1 < f lúr rdl l. E fil. 
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4. For each f in AP there is a uniqnely defined Fonrier series 

00 

¡,.,_, ¿ajei>'Jt. 

j = l 

Let us look for a moment at the Fomicr series in 4. For ordinary Fourier 
series 

¡,....., L aieitj 

j =-oo 

we know that thc coefficients aj are given by the usual formula 

11' .. , a1 = - f(t)e - '1 dt 
7r - rr 

which comes from the orthogonal relatious for the cxponential functions. 
In the AP case thc orthogonal relation is given by the mean value. This is 
given in property 5. 

5. For each f in AP there exists the mean value, 

¡ 1T M{f} = lim - f(s)ds. 
t -H>O T o 

1 f"+T As a matter of fact , M {!} = lirn - f(s)d::; uniformly in a. 
T -HXJ T. a 

Now the formula for thc cocfficicnts of thc ap function f is given by 

aj= M{fe - i>.Jt} sothattheFourierscricsforflookslike 

6. Thc se t of >.i for which thc mean valuc .i\1{fe- i>.Jt} f O is countable, and 
wc have Parseval's equation 

M{ l/1 2 ) = L la,12 
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T!tf' proof of t.ltcsc basic t.heorcms may he founcl in a variet.y of places, see Bohr 
_:l j. l3<~sicovitcli [2], or Pink [l l]. 'Tlic Approximat.ion Themcrn aud Parseval's 
Ecp1aLion are in a se11s<·~ equivalen!. and th<' V<ll"iow; a.pprmtches to t.he thcory are 
di!i"1'rcut. Sornct.imcs t.he approxitn1ttion tltcorcrn is proved first. and some times 
t.\1c Parscrva\ rclation is. Thc approxi1n11.tiou theorcm gives an easy proof for the 
sutus ami prod11cts of n.p fuuctiom; licing o.p. 

Since une of the applications of a1) functions was to astronomy ami gcnerally 
1.n diffcrential cqnat.ions, we mi~ht consider the simplcst case. 

T heorem 1. Cvnsúlcr l.h.c smlar differentúil eqncition 

(2) y' ~ ¡Vfy + f(t) 
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111/u~rc J ú.· a11 a.p functúm cmd fvf is a nonzr.m r:onstanl .. !f Re(l\!f) f O thcn there 
is 11. li01mdcd solution wh.¡,ch il:i alm.vsl pcriod-ic. 

l'rnof: It is easy to see tlmt. if J?.e(M) >O. thC'11 thc u11iq11e hounded sol11tio11 of 
(2) is given by 

(:1) !·/ 
y(l) = . - oo e- M(l.- s)f(s} d." 

a11d t.h~l ly(t + T) - y(t)I :S [l/ Jl.e(M)] s11p lf(t + T) - f(t)I. 

Couscquently T(y, E) ~ T(f, Re(M)E). Sinc:p t.hc lat.ter is relativdy dense, so 
is T(y, <). 

Tlius y is ap. lf fl.e(M) <O. t.he iutc}!;ral in (3) is from t to infinit.y. 

If A1/ = ia. for a real, then t.he changc of variable z = yein.t rcdnces (2) to an 
('qtrnt.iou of thc form 

(1) y' ~ r'(t.) 

wit.h F ap. Thc wcl\ know 111atlw1t1<tt.iciau l(almiw [G] gaw Llic' opi11io11 1.lmt. 
l3olir's most rcrna.rka.blc t.hcon'.ll t wa.'-' tlic' li1llc1wii1g. 

T heorem 2. IJ F is 0.71 thrm m1y solul.úm. of ( !,) Ú; t1.p if and vnly if if is bmmded. 

Bohr's proof i8 lcngthy a.nd complica.t.1,<!. l wi!l givc a proof below 011ce we 
\1avc sorne more general thcorcms abont n11 ín11c1.io11s. 

Thc rcsult ofTheorem 1 can be cxtc1Hlc'cl t.o syst. < ~rns <lf t!if!"crc11tial 1~1 1 1ia.tio11s. 

T heorem 3 . (Bohr-Ncu9cbaner) Ld. A1! lw o. nms/.(1.11.I. ma.lri:1: and J bf: 11.n almost 
w~rimhc f1111r.tion. Thcn all bonnrlctl sol11.l:i.rms nf ( :!) 11.n nlmost 7J('ri.odic . !f nll thc 
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cigerwa1ues of J\I! have nonzero real vart, then ali solutions are almost periodic. 

Sketch oj Prooj. The matrix Mis similar to a triangular matrix T. If c- 1 MC = 
T, then change variables by v. = Cy. Then n satisfies a differential equation of 
thc form u' = Tu+ g with g almos t periodic. Now one of the scalar equations 
in this system is of the for m (2) to which we can apply the above theorems. By 
induction look at the next compouent . 

Therc is a wide spread interest in a lmost periodic solutions to differential 
equat ions since they tend to be the ones that are stable. For a long book on this 
see Yoshizawa [19). 

Solomon Bochner was able to find alternate proofs to t he approx imation the
orem. These are used, for example, in the book by Besicovitch. In add ition 
Bochner [6] was the first to notice that there was anot her charac teriza tion of 
almost periodicity that used concepts more usually associated with Analysis. 

We would like to formulate this altcrnative definition to an ap function. Let 
us introduce the notation f, for the translated function f 5 (t) = J(t + s). So 
that the number r is an € trans lat iou numbcr if 11! - f sll <E where 1) 11 is the 
norm defined by llJll = sup IJ(t)j. We want to look at the family oí functions 

tE• 
{f5 ls E IR}. 1 will prove that it is totally bounded. That is, given E, there are a 
finite number oí trans lates so that every translate is withiu E oí one of them. 

Proof Ií E is given and s is any real nu mber than thcre is a number f(s) E T(f, E) 
in t he interval [-s, -s + L], where L is the inclusion length oí T(f,e). That is 
IJ(t + e(s)) - J(t) I < é for a li t. Letting t =u+ s, we have that 

lf(u + s + l(s)) - J(u + s)I <E for a li u. 

This is the statement t hat f.s, is withiu E oí I~+l{s) in the norm 11 11· Furthennore, 
O < s + f(s) < L. That is, every translatc oí J is E clase to sorne translate from 
the interval [O, L]. Sincc f is uniformly cont im1ous 1 thcn thcrc is a ó such that 
lf(t + s) - f(tJI <E for a li t if lsl < ó. So if x E [O, L) !et nó be within ó of x and 
nó E [O, L). Then snp IJ(t + x) - J(t + nó)I = snp lf(u + x - nó) - f(u)I <E. So 
evcry translatc from [O, L) is within E frnm one of t he fini tc number of translates oí 
the form nó. Now put the abovc two togcther and oncs gets that every translate is 
within 2 E of one oí the transla.tcs nó. So thc family {!sis E IR} is t.otally boundcd. 
In the complete metric space of bonnded fun ctions on IR with 11 JI norm, total 
boundedness of a set is equivalcut. to thc closure being compact.. Define H (f) to be 
the closure of the farnily {!sis E IR.}. This is called the /rnll o/ f . This introduces 
uew functions. Let g be in H(f). T hcn thcre is a sequence t11 so t hat f(t + tn) 
converges uniformly to g(t). Since sup lf(I. + t,,) - g(t)I = sup IJ(t) - g(t - t,,)I 
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\\'t ' se<· tl1a1 f is t\10 linll nf fl· In foct H (f) = H (g). 
\Vt' lim·C' p roved lia!f uf Dod1 11cr's Theorem. Bochner [6]. 

T h eor e m 4 . A co11ti11uous /1mclion f is in AP if ami only if H(f) is compact 
in thc' to¡JOlogy of 11.111Jonn conve1gence on !lt 

Proof. \Ne need t.o arg11c tlrnt (t function with H(f) totally bounded sa tisfies 
Dolu .. s condit.ion. Lct e be givcn ami pick a.¡ , i = 1, , n for which Ía; is an e net 
for H (j) . l f T is a givcn real number, then for somc i(T) wc havc lf(t + a i(T)) -
f(I + T) I < € for a li t. Tlt is is cquivalcut to l/(u + T - a,¡,j ) - /(u )I < € for ali 
11. So T- a.1(T ) E T(f ,e). IfL = ma x fa1I thenT - L ::;T - a.,(T) '.5T+Lso2Lis 
inclusion length for T{f, e). 

Corollary. AP is dosed mule1· unifor111. limifs. 

Proof We apply Bodrncr's condition. If f 11 is in AP and converges uniformly to 
y. t.11c n Jet. Jl fN - glJ <e. Invokc an e nct in H(/N). By t hc t.riangle inequality, 
1 ltc samc t ranslat.cs of g are a 3 e nct. iu H (q) . 

011c mig:ht. ru:;k if AP is closcd undcr diffrrent,iation aud i11t.egration. As abo
v1• W<' post.pone thc int.egration q11est io11 hut. wí' ca..11 answer t hc difforentiation 
q11<'st.io 11 now. 

T h cor e m 5. The dcrivativc of an ap }lmrlion ¡.., o.p if 1111.d only ij it. is nnijormly 
r·1111limw11s. 

Proof. lf J' is in AP t hcn it is 1miformly rnntin11om:. For thc converse, first 

m11<id<•r real/. Tltc11 /.,(!.) = ·n {1 (1 + ~) - .f(I.)} = J'(t.+ 8(1)) whcrc ló(t)I < 

1 
;; · (ó. dcpc nds 011 11 ami t.). I3y unifon n rn11ti 1111it.y. this );1st functio u converges 

uniformly to J'(t.) as n \i(?corn1•s iufi11ii<'. 13111 j,,(f.) is n7J for c;u:h n :-;o by t.hc 
p rrvio us corollary. J' is op. l f f is c·o111plPx. ;q)pl,v tlu• n·al n•snlt to thc real a.ne! 
i111ag;i11;1ry parts Si?p;u·at.dy. 

L('I ns rrt.11n1 1o l3od11H•r's 1:011dit.i( 111 1,f t l1<' pn•vi(H\S tlH'c1n•m cu 1d fonrn1lat.c 
i1 ! liis way. Tlu• nmt.i1n1011s fund in11 f is i11 .-1 {' if fro 111 C'vcry sc'q11encc f.11 wc 
1·;111 !'Xfrac·t a s 11hs 1·qrn'HCP t.;,, snrli 1.Ji;11. J(I + 1;,) ¡·onv('rg1•s uni l'ormly 0 11 !lt Por 
1n1q>c1s1•s o f 1y 1 1o~rnpliy for ;u1y S('<J llf' IH'f' f = { l 11 /1 = l. 2. f wc wri tc Trf = !J 

111 lllt'illl that f( I + 1.;,) c:ou vcrg('S t,o y. lu r ;wh rnsr Wl' will SJH~c:i fy !.he typc of 
1·011\Tr¡:;1•11r<'. So Bod 11 H·' r 's nit.cria. llH'ans 1 ltat from l'vcry scq11cncc t., wc can 
('X I rae! a subscqueucc l.' so t.li;tt T 11 J <•xis ts 1111iformly. 

:\s t'x plaincd ;1bovc, t.his co111p<l<·t n<'ss ni1.<Tia is <'qnivalent to t.hc total houn
d1•dncss o f thc set. o f t.rnns!a.tc:-1 n f f. l1nr-l11H'r ;i ncl vo11 Nr11111a.1ni [8], n•alizccl that 
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this crit.cria would makc sense fo r complex valued func.:ti ous defiued ou arbitrary 
groups. So t hcrc is a t hcory of a !most pcriodic funct ions ou groups where the 
mean value can somctimcs be given by a Haar integral. Thc almrn'l t periodic 
functions 0 11 groups beco 111e important in rcpresentat ion theory. T he elements of 
a fini tc dime11sional bounded representat ion become a lmost periodic functions. 
Scc Maak jl6J for details anda precise statement of the theorcm. Ou a compact 
group, t hc almost periodic functions are precisely thc cont inuous funct ions. The 
rela tionship bctween almost pcrio<lic fun ctions and Fouricr analysis on groups 
may be fo und in Loomis [ 15]. 

Lct us for t he momcnt rcturn to thc not ion of t he Fourier series of an almost 
periodic funct ion as in 4. above. Thc cocfli cients in the fouricr se ries are given 
liy t hc mean value formu la and come from thc othogonality of thc exponentials 
with rcspcct to t he mean valuc. The set. { >. IM {f e-iJ.t} =/:: O} is called the ex
poncnts of f. For per iod ic funct ions, this set is the additive gronp of numbcrs 
gcneratcd by the ex poncntia l with smallest positive per iod. For general almost 
periodic funct ions wc consider t hc smallest. add it.ive group which contains a li the 
ex ponent.s. This object is callcd thc module of J and is denoted by Mod(/). 
This is a natural object. Thus, if we consider the prodnct of two almost periodic 
funct ions we might expcct t.hat thc fouricr series is the formal product of thc t.wo 
fourier series. Thc exponent.s in the pro<luct become linear combinatious of the 
cxponcnt s of t he individual functions. Far example, in taking the powcrs of an 
almost pcriodic function t hc exponents will be contained in the Mod(f) so wc 
cxpec t that if wc takc ft composition of J wi t. h a unifornily cont iuuous f1mction, 
the sma llcst set wherc wc will be surc that thc exponents tic is Mod(J). Thc 
following theorem is a n importaut onc i11 t.lic t hcory of a lmost per iod i1.: solntions 
to diffcrential equations. (Scc [11. page 62).) 

Theorem 6. The following stale111. cn l8 m·c er¡nivalcn t for J 1md g in AP: 

l. Mod(f) ::l Mod(y). 

2. For every E> 01 th e1·e is a ó > O .rnch tlwt T(f ,J) e T (.q ,E ). 

3. Ttf exists implies T1g e.'tisls (úi rmy s cn.~e, pointwise or 'lt11ifonn ou r·om7mcl 
sets or unifomi on IR). 

Far cxamptc it fo llows that for t hc differcntial cqnat ion (2), t hc stfl.tcmcnt 
after (3) shows t hat t hc solut iou of t.lic diffcre1'1Lia l cq uflt ion y ha.s Mod(y) C 
ri.fod(/). In panicular , if f is pcriodic, t lw11 y is prriodic of thc samc pcriod. 

Bot h Bohr's and Boch ncr 's critcria fo r a lmos t pcriodicit.y a re difficu lt to work 
wit h. Far cxarnple t.hcre are 110 t.hcorcms in Ami..lys is which givc thc uniform 



1 11t1\·1·l ¡.!.l'lll"I ' o r fo1wlions lf]I r~. BodttH'I' [1] i 11 :t l1rillia111 p;qwr addn·ss1'(l t.llis 
di1lind1.v a11d :diowc·d tliat 1lw tii l11 1wit11.:, is a 11 ('q11iv;d1•111 d(•tiuit. ion uf alwost. 

¡11·ri( 11lic ·i1y. 

Bochne r 's second criter ia. : l ho1111r/1·d 11 11 1]11r111ly r·1111 l i1111n11s f1t11di.1J11 011 U is 

ril11111sl ¡wriodir· if 111ul 011/y 1] Jrn111 1•t1< ry 111•11 s1 •1¡111·111·r·s 11 n11d ¡1 '// lf' "'"!! r::r:l.ri l'I. 

1·0111111011 s11hs1'(jllí'7/('(' n' 01111 /'f' s11ch 111111 

(G) 1;, ' ,¡ ~. ·1;,·i:,.r 

¡mi11l111i8r'. Co11111w11 Sl'(/'lll''1u·1 ·.~ 11111111, 1111' M 1·1111· 1}rnir·r /11.11dúm so lhtL/. n ' -t-/11 

is 11 .-;u/1.w·1¡11e11n· o/ n + {'l. 

Lo11s1•l.Y s pC'aking, st•qrn~nct•.-; of r!'a.I 1111111IH•rs :H'I 011 J hy t.ilt' T o¡ll'rat.iou in 
a ~roup 111a11111•r providcd CHll' t.akPs tlll' ;1ppnipriaf(' s11hsPqt11•m'l'S. 111 (G) thc) 
l(•ft lt;i111 I s id r: is a single lirnit 1u1d thc• riv,ht lia11d s id¡· is a11 i1nat1•d li111i l . The 
i111porta111·p of U1t! crit.eria is t,hat it. is p11i11twis1" 111 fal't.. for alrnost p1'riodic· 
h1w·tio us thc co11vcr¡;;('t1n· is iiniform c111 ~. l>1 1t ;is a s11flil'ic·11t. 1·cJ111lit.io11 it only 
has to ho ld po iut.wise. Por diff('tTtllial 1•q11alio11s. t.ht• in1portn1w1• nrn he S('('ll in 
\'ic•w i11)!; Llw difl'C'rcnt.ial ('<[llitl io11 {2) ag;iin .. \ 11y lHHIH1\t>d sol111 i1m y (if any) wonld 
;1111rn11;1tin11ly liave a ho111Hlt•d d l·rivativ1·. 'J'li;1 t 1tl(';111s tlia1 if I is i l sc ·tp1c11rn. for 
:ltl_v iult>rval [-n, ·11) Ollt' (':ttl l'X1rnd. a s11hs~·1p1t'tll'P 1.1 11f I ,-;e, t.hat. 'fj,y cxis ts 
1111 if11rn1ly thl' l'C (J\rzcla~Ascoli ). ll,v a (lia¡:;o11al iza tif)l l ar).!; 11 1111 •111 .. Ollt' n 111 u lJtai11 
a s uhsN¡n<•ncc s of l. for whirlt T~.11 <·n11v1•rgf'S 1111ifnrndy 011 <lll.Y c·1n11p;u:I. suhsd of 
'.3:. Prom t liis it would follow fro111 1 lit• difkn•11t i:il (•q11;d.i1i11 t lt;1t tlw li111it of t.bis 

f1111C'tio11 i~ a sol11l.io11 of lht· ¡•qw11io11 ( ~ \ wit h f n •p lac1'd liy '( ,.f. 

\Vith tlu• abovl' nit.<'ria ;.111d 1111• ohs1-rva1io11s 111' tlw pn•\' io11s paragrnph w1• 
<1n· n •ad y lo provt' t.hl' t.lw111·c111 011 i11l<'¡.!.r:itin1t. A pr011rt ha1 s111m• r·al l a swindll'. 

T hcoretn 7. A11 i'/lf/l'jú1i l1' i11.l1vr11l of 1111 1if11111.<;/ ¡wnodi, · f1111d.i1111 i.~ ril111os/ 

¡wrimlir· if ond mify if il. i.'i l/lnl'llrlnl. 

l 'mof. BPcall W(' :1n• 1alki t1g :ilu >ul ;1 l11111uch •d -;0]111 i1111111' rlw dill'('tl'tll ia l Pt p1at.io11 
(fi ). 

(fi ) .11' 

Fix om• s11d1 sol111 ion rnl!i11µ, i! ,.. Tlll' g1 ' 11t'1;il ...:01111i1111ol'1 ]11' dilf(-r1•td ia.I 1·q11;1t ion 
is g;iv1·11 by /-' + "• r· ; 1 c·unst.au! . \·Ve· :m · ;1ss11111 ing t h;ll !·' is ho11n1lr•d. VV(• d 1oosc 
1· so t!Hll F' + r· has i11fi111111n - n :rnd s11pn·11111111 11 fn r so111c• posit,ivP 11. l f t ltis 
solur ion is f/p l lirn s(i is F 1'\1r rt'<lSt1n:-. o f r vp1 1~r;1pliy wt· 111:1\• ;1ss111m• 1 liat ,. = {) 
:u1d ass11111r lhat F ha.-; t. hi .-; prop4•rt\·. Tltis 1111·;nis 1ltal a1 11•111g ;di 1.;o\11t ions uf (ü). 
!·' has 1lw lra.-;t uon11. F11r1lll'rt11c>r•· 1111 ntl 1t·t snl11ri1111 ha-; rlw sn uw r1orr11. i.c•. 

[!J7 
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F' is t. he uniquc norm mi11i111i,,cr of thc sol utions of (4). Let t hi i-; nonn be a(/). 
Now considcr <tny cquat ion iu the nnll. Le t. g E H (f) by T1/ = g (hcrc th is can 
be uniformly 0 11 IR) . By t. hc argumcnt abovc thcrc is a subsequcnce of t called s 
hy which z = T.~ F exis ts ali(! z is a so lution to z1 = g. 

So first of a li , cach differcnt ia l cquat.ion in t he hull ha.s a boundcd solut ion. 
Apply t hc abovc argumcnt to gct a so\u t ion z(g) with minimal norm as arranged 
abovc for thc original equation y' = f. Lct the nonn of th is solu tion be a(g). 
Now comes the fun part. Since cach valuc of z is t he limit of values of F , the 
11orn1 of z, llzll '.':: a(!). By mi11imality, llzll 2 a.(g), so a(f) 2 a(g) . Since the 
argumcnt is symmetric and J is in H(g) wc can a rgue the reverse inequality and 
arrive a.t a(f) = a(g). So ali the minimal norms of equations in t hc hull are the 
samc. Sincc llzll = a(g) it must be that z is the minimize r of the norms of thc 
cquat iou z1 = g. Ivlinima l solutions go to minirnal so lutions. 

Lct a a nd {3 be arb itrary scquences, wc takc common subsequences el and 
{31 to gct To• J = g , ami To· Y = z to exist , theu further cornmon sequenc::es 
a 11 and {311 of a' and {31 to gct Tu".9 = h and T 0 ,, z = w to exist , a li of t hese 
uniformly on compact intervals so that z is n. so lution of z' = g and w 1 = h. We 
fina lly takc anothcr common seqnence a· and {3' of el' <tnd {311 so that To ·+fJ·Í 
and T0 • +IJ"'Y = x cxist. But sincc f is a lmost periodic, we havc by Bochner's 
criteria that T0 -+p·f = h = T0 -TfJ ·f. T hen it follows tha t w = T0 ·TfJ·Y and 
x are both solu tions of the samc cqua tion y' = h a.nd they wcrc arrivcd at by 
translation. Since min imal so lutions go to minima l so lutions, both w and x are 
min imal solutions. By un iqueness they a re the same, t hat is y satisfies Bochner's 
criterion ami is almost pcriodic . This completes the proof of Bohr 's t hcorem. 

T hcrc are t heorems which make t.hc rela t ionship between the ap funct ion and 
its Fouricr series more precise. We give severa! cxamples. 

Theore m 8. lf tite Fottrie1· ex¡mnenls of an rilm.ost periodic f unction are linem·ly 

inde.pendent. then it is absolutely smnmable. tltat is, if f(t) ,..,.., ¿ aj eit .>.i th en 

I:la11 <ce. 
) 

Theore m 9. lf the Fourie1· e.'l:ponenf..<; off all lie in the intervo l [-a,a], then 
J may br extende<i into the ('()UL¡¡lex plnnc as an cnlire fun ction. Thus J' is au 
almost 11eriodic Junction and f11.1-tlwn11.orc we hrtve th.e Pstimat.e ll f'll ~ allfll . 

Theorem 10. lf no Fou.rie1· e:r;¡mnents off lie in the intenial [-a, o.J lhen 

fot J( s)ds is iri AP. The1·e is <m absolulc consúmt D so lhat. if g i.'1 the par

ticular integra l o/ f wi th mcrm va.fue O, th en ll !Jll ~ (D/rt)llfll· 
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Thc proof of Thcorcm 10 111;ly be founcl in ílohr's book [4] ami Theorems 8 
and ti appcar in Fink [11 ] and clsC'whcrc. 

T hcrc are othcr cla.-;sC!" of a lmost. pcriodic fu nct.ions that are of intcrest. If t he 
Fouricr cxponcnt.s off havc a fini te bas is over t he integcrs, then f is called q uasi
pcriodic. That. is if there il.re numbcrs a.¡ , i = 1, 2, . , n so t hat every exponent 
,\ is a linear combination 

>.. = ¿ >..iaJ, integer aj 
1 

then f is quasi-pcriodic. Quasi-periodic f1111ctions are important in thc applica
tions to mechanics. Lom;ely speaking, t he d imcnsion of t he graph of a solution of 
a systcm of autonomous different ial cquations is equal to the number n of number 
of basis clement.s. See Cartwright [9] for this result. Formal intcgration of the 
Fomicr series of a quasi-periodic function lea<ls to the '~small divisor problem" . 
This is bccausc whcn onc tries to solvc an cquation with the Fourier series one 
must (as cxplaincd a.bove) look at the entirc group gcncratcd by t he >.j . But thcse 
numhers a re dense in the rea.! numbcrs exccpt for thc periodic case. These are thc 
numbers lhat appear in thc denominators of lhc formal integral of the Fourier 
series, so convergence of the resultiug series is in do11bt. A nicc introduction is 
givcn by Moser [17]. 

'l'here is a corresponding concept of a lmost. pcriodicity in topological dynamics 
a nd symbolic systems, but wc will not pursuc t.hal hcrc. 

For other expositions of Almost Pcrio<l ic Pnnct.ions, see Con.lenanu [10] or 
Zaidman [20j for fuuctions in nhstract spaccs. Amerio aJl(I Prouse [l ] deal with 
almost pcriodicit.y in spaccs uscd t.o sol ve partial d iffcrent.ial cqnations. For a not
hf!r book 011 almost pcriodic <liffcrcntia l equa.t ious scc Levitan and Zhikov [14]. 
For a paper on tlic various dcfinitions of a lmosl pcriodicity sce Fink [12]. Formo
re historical pcrspcct.ivc scc thc introd uct.ion to 13olir's book [4] or thc Collectcd 
Wurks [5J. 
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