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Linear diffcrcut.ial ei::¡m.üiorn:> a.re uscd iu a n11111ber o f area.s of scicncc and 

t.rchnology, in o rdc-!r 110 describe ph<'nOmPrnt which a.re clase·~ to arll cquil ibriHm 
si.ale. Ir t.hc coclficicnhs i11 Ll1c cliffcrc11t.i1il cq11ati011 ar<' const.;rnt fuuctions, then 

Uw sol11tio 11 o f t he diffcrcnba .. \ cq11at.io11 can lw ('Xprcssccl in t.cnns o í clcmcul:ary 
Íllnct.ions. for rx;imple exponent.ial a11d t.riK0110111ct.ric í111H:tio11s. l-Iowever for 

111orc general varial:il<~ cod!ü:ic11ts. tlH' solutinn is w r il t.e11 i11 tcrrns oí iutegrn.ls, 
which may be difficult t.o c:omput.c. Fur a 1·omplt·t.r int.rodudion to t.hc subject of 

ordinary d iffcrent. ia l cqmüions, wc rc>ÍCr to [ 1 J. 
Thc mct.hods o f 11.sym1ilot.ic anri.J.:1¡sis allnw o nC' to fi11d dt~nH~ntary formulas 

wlt id1 givc a n exccl lcn(. 1tpprox i11mt io11 l.n 1.111' solu t io 11 in cmt;Lin !imit.i11g cases. 
111 t.his papcr wc corn;idcr 1.\1c bchavÍ()i' ~ ifst1l 1 1 t, io11s w ll<'n thc i1Hlcpcn<lc11t va r iable 

l. a p proachcs in[iuity. For lilllmr di ffc·n·11!.ii1 I t•qm1 I io11s whosc rncfricicnts appro;ich 

11 1·011sln11L. wc show Llml t.hc solut.iou is wdl a pprox inm\.(•d hy t.hc cxad sol11tiou 
of t.hc corrcponding m¡11;tt ioii wit.]i <:nt1sla11I n1~·f !ic ir11ls . 

2 Asymptotic Solutions of First Order Linear Equa
t ions 

\ Ve can soiv(' ¡¡ lirst.-onlc•r linear t•t¡1mt i1111 i11 tt•n11s c1í Lwo i11t.cµ;rat.io11s. Ií t. licsc 

intc•grals can b(' pC'rÍonut'd liy cak11\11s. t li<'n \W hav<' ;111 c•xplicit. solut.ion and no 
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fm 1 lwr aun l \'~ I .!- 1s 111'n'!'-sary. 1 lowf'vt'r i11 t11 a uy n \s1•s Lhf's1• iu1c..•gra ls do not rcsulL 
i 11 (• l1•11 1t·111arv fu1w1io11s. so Lha l w (' 111ust. n 'so rl to o tl1C'r 11u•thotls Lo st ud y t ln• 

:-11 lu1ion. 
!11 L h i~ ~<·t·t i o11 wc study 1!1c J¡f•l1a v i11r 1Jf t.IH· so l11 1io11 o í Tht• flrst-o rdt• r linea r 

1•1111;irio11 
y' = v(1.)11 + q(l) y(lo) =Yo ( !) 

\\"hf' 11 t ~ . whcrc ¡J(t) a 11 d q(t.) t.cud f.o limits wlic n t ~ce . Wc expcC'I. t hat 
t 111• so l111 ion wi ll r~c111bl<' Lhat. o í thc s1t11 1c cq11at io 11 wlwn p(t). q( I) a re co11 sta11t; 

l'(I) ;: /l. q(I): q. 
Thi> mNhod of integral i11g facto r.s 1.cl ls 11 .s t ha t. LllC' gf'm•ra l solmiou of ( 1) can 

lil' obtaiucd by first rnultiplic¡tl,ion of bot.h s id1 •s by a sui tahk d 1oscn fum:t ion. 
T liis a llows us to solvc au cquiva lcnt. <'q u;tt,ion in whidi p(t) is rcplm:cd by zc
ro. T hcn t he gem'ral so lut ion ca.u be ohta incd by a si ng le in t.í'gr fl tio n. W1• will 
ill ust.ra lc this bclow for t hc case p( I ) == 71 . r¡(I ) = q. 

111 t his case we multi ply by c - 1it a ud ¡w rfo r111 llif' i11tf'g ra1ion. T his ]('ads to 
t he C'Xp lidt c lc 111c11lary so\u t iou fomml a for p #:- O: 

y( t ) == 11oe''{f lo)+ (q/ p)[1,11( 1 lo) - l j p #:- O. 

In <":t$f' p =O we obtain y{I) == Yo + 1¡ (1. - l.o). 
T hc Llin~c cases (V > O. JJ = O, 71 < O), prC$C' ll l d iff<' n •nt int ni Livc pictnrcs. 

111 rnsr p > O. thc so lui io n is pro por l.io rnd to an C'X pom•nti;:i l fnncti on e'1' 1 whid1 
t(• nds to in fl n ity, p lus an additional const.ant. . \ \!(' <·1u1 <'X prcss t hc asy mptot ir 
lu•havio r hy dh•iding by 1·111, t.o oht.aiu a li1 11 it . 111 l"<l$1' p = O wc havc li11 C'11r 
µ,row 1h. whcr('<L" in C'il.SC' p < O WI' lt av1• co 11 vrrl!;1' llf'f' to a !<>lrady s t.a lf'. Tlu~ 

111 at lirmatics is drsnihC'd ;i$ foltows: 

i ) /} > () : lilllt •-..:; ~ == (.i}O + fik 1' 10 ; 

111 1·a:-1· ¡1 == O thC' a ..... y1 11pt o tir fc1n1i i1' cvc• ii s i111 plrr. sinn• t lll' !>Ol1 1tio 11 i¡; a linear 
ln1w1 iu11of1 ancl so 

ii ) I' == O : lim1_ • ...._ '!J/1;;; r¡; 

Fiuall\'. i11 t'<L"C p < O. l llf' í'X p 0t 11•111 i;d fn 11 d .io 11 l«nds to i't ' l'O. $0 i.1 1al 

iii ) f' < (1 : li1111 •"'C !J(I) = - ~. 

111 olllt'r wrnds, ulht.,. fl 'f' lu11w r.r¡w11f'11 l iaf _qmwlh. f i111•m· !/ITlll' lll or ro11 11r l!/f'llr1• 

lo 11 rm1.,tanl. 111 wlmt fo ll nws we will :-; li ow 1 hal Ll u• sauw 1·011rl11!> io11 s a pply iu 
1lu· 1·a!><' t hat p(t).q(t) a r{' 1101i-<·0 11 :-> l :i 11t . 

Wt· will frN¡n<'ntly 11$<' 1 h1' not.al ion f(f) == O (q(l)). 1 . whos1• pn•1· is1• 
11 u·:u1 i11h i~ that thert' <'xis j r-rn 1:-; !;111t s T > O. ¡\f > O so tha t lf (t)I $ Al !J(I) for 
alll <'. T. 
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:?. I Firs t-le vc l asy111pt.otics for constant co e ffi c ie nt 

111 1 i.1., .,11 hM·cl io u \\'l' <1hta i11 1 lu"' firs l a pproxi111atio 11 10 1 hC' so lut.iou for \argr 

rrnw 111 ia .... l' p(I ) is n nrns ta nt . T lu"' rpsults 10 hC' provC'd are st.at.1•d a.o.; follows . 

Thcorc m 1 Lt'L y(I ) bt' o .~ol11ti<m o/ /he first-onlrr /mear difft'rcnl·ial er¡uation 
y' ¡111 + q{t) 111h 11n ' lh e f1111f'lion r¡(I ) i.'I lm 1mdl'll: jq(l) I $ /ti , 1 2:: /.o. Titen the 
M1lutu111 ha\ thc fol/0111i11 y f/sy111.71/ol ir bí'l1r111irw: 

i) ,, > o : li1u, "'" ~ ; e, a "'"·''""'· 

ii ) ¡1 = O: li1111 , ......, !lJ/l = rw , prov idl'fl t ha t li1111 • "<) q(t) = r¡0 . 

iii ) JJ < O : li1111 n: • .., y (I) = - ~, provid<'d t.hat lim1 ,.00 q(t ) = <JO· 

ll 1 · l~1n• giving t.hr proof, W<' no te t llilt in ('\'C'ry rnsc t hr sol11t i011 is ohta incd by 
1tll'a11.., o í t lir int rgrnt.iu¡; fa("to r e "1. W\11•11 wr multiply 1 hC' rq11a tio11 by c - 1it we 
11hl :1111 a11 l'q11a tio11 wliid1 we can !iol vp hy o nc intrgrat ion a ncl writ.c t hc solu t. ion 
111r l11• íor111 

y{I ) = y(t.u)e/1(1 to)+ J,~ 1.p ( I 'lq(s) d .... (2) 

Pro o f. \ \ 't• rn11s id('r Sl'pHra l.ely t.lu~ casrs ¡> > O. p = O. p < O. 

' nsc i : p ·' O: H{•fcrrinµ; t.o t lic grnr ral formula (2). W<' !-i('<' t,li;ü t hc impropcr 
111r1•g1;1 I 1,, 1 /1'<¡(8) ,J., is 1·011 v1'rgp11t., so that Wt' ca11 writc 

11r· 11'r¡ ( ... ) d ... = loo ,.-11'<¡(.i) d., 
lo ·'o 

Tl11• ~t·t·ond tcr111 is 0(<' '11 ), I -> oo a nd wf' haw 1 lw ª-"Y lllPl llf.i c rcpr<'S<'utat io u 

•¡(!) = C+O(•· ''') . ,,,, e:= y(lo)<' 1~10 + 1'\:I (' /1.\ 1/(8) d ... . 

'º 
E xnmple 1 \\ 'hal 18 //ir jin; l - l l'1w l asym¡i lolw 11¡1¡mumwtio11 of /111' .wilulion 

o/ t/11 11¡1111 twn !/ = Jy + 1 1 s in '21 1111/h llw 1111/ml rnrul1liori y(O) = J . 
olutio n . 111 1his r;1.."it' wc· lrnw 111 = O.p = ;J ami 1h(' i111prn1H·r i11t<•grnl nui 

ht• computed C'Xpl iri1ly as .J;;'' ,. ·1·'sin 2 ... ds = 2/ l :l Tlu· firs l· l('vd a!iymptot i(" 
approximatum is y(t) - 1·:11 [(:1 ¡ 2/ 1:') + 0(1· :u)J.1 • '- • 

HSC' ii: 1' = O : In t li is c;1."ic t h.- so\111 ion of ( 1) i!-< w1it11·11 ;ts t.l lt' intl'g rn l 

!J U) ~ y(lo) +1' q(.-)11.-. 

'º 

lü3 
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lfr¡ (t ) has a limil <Jo whr11 f ~:::o. t.hr u ( l / t. ) .J~'.1 q( . .;)d." has tlw~mml' lirniL aml 

wi· cau writc li1111_ , 00 1- 1 J,~ q(s)d.-; = í/o il tHl W<' lmv<' 1.hc asy111p1 0 Lic formula 

y(t 0 ) = t,[r¡0 + f(t) whcrc t: {I.) - >O wlw11 f.-> -x: ;i nd whcrc wl' havc incorporalcd 
!he ini l ia l co1 1di tio11 inl o Llic 1.cn 11 <:( I) . 

Case iii : 17 <O: In this case W(' wril.c' '..he solutio 11 íonnula ~2) as 
y(I) = y( lo)í'J'(f-toJ + .1;:, <'1•(1 - .•) [q (s) - l/o] d.-s + 'Jo f,o e''' ' --') ds . 

Tite first tc rm lends to zero and 1.lic (.Jiinl t.rnn c<1n he cxpli cit.ly cvalimt.cd Lo 
s1•r Lh ;1t il IC'uds to -q0 / p. Jt. r <'111ai 11s l.o sl1ow t. liat t hc src·oncl iut cgrn l t.cnds to 
Z<'\'O. C ivcu f' > O. d1oosC' T so t.ha.t. lq( ... ) - r¡ul < t:lvl for .-; > T aud writ.c 

J,~ ,,,,{<-•J¡,1(.') - 'loJ d.- = J;·;· cl'i' · -'1 ['11-') - 'lol d.-+ J;. el•i'-•IJ'I( -') - 'IOI d.<_ 

T hc fi na integral is ovrr ri (bwd iut.c•rva.\ and 1 he in tegnmd is \css Lhan au 
rn nst.an t. Limes e'1' . which trnds l.u t.P.ro: 1 ht•n{nn.' tlw in lcgral LC'n ds lo zcro wlwn 
1 --> . For t.hc olhcr intC'¡;.,ral wt• h;wP 

J;.cp(t-•)lq(s)- qol rl"' ::; r:lvl ,¡:;.,.11(1 .•\ ,¡,., = 1"( 1 -e''( ' -Tl) <"' 
This com plct<'s t.hc prooí that. lim 1 _~'Xl y( I.) = - q0 / p. 
Exa mple 2 Find the fii-st- lc11r.I 08:tJ'lllpto/.ir· "ppmxi111 fllio n o/ !he .o;ol11l.in11. of l.he 
l''JIULlioll !J1 + 3y = 4 + 1; , • . 

Solution. In thi:. cas<' q(t.) = ~1 + l /(J + /.2) so 1 hat r¡0 = -\. Thcrd orC' thc first-lcvcl 
a sy 111plo t it: npprox imnt.ion is li1n1_>00 y(I.) = ~ • 

111 t.his s ub-sC'ct.ion wc lrnvc ~ g:ivcn 1.hc first -on\!·r ;1sy 111ptotic.-. o í t,hr sol nt ion 
wl11 •11 I -->oc. lí 110 Ímt.hC'r dl'l.ails ;m· lrnown 1dH1111 '!(/). t.hf' rr is lit.1. I<• tlml. mu 
lH' sn id ;1ho 11L n mOrf' clel;i ilc•d asy1npt.ot.ic form11la for tliC' sol 11 t. io 11 . 

2.2 Hig he r-leve l asy mptotic ex pansio 11 

111 rn .. -:e more drt;1i ls arr nv:i ila.hll' ;.iht1 111. tlw lwlim·inr oí !.11r í111wt.io11 q(l) , 
WC' n 111 obtai 11 morC' d C' tail s a liont U1e sn l11l.inr1 y(t) wlirn I ~ /\g;ii 11 wf' 
1'tH1sidc•r ~r¡mrntcly th<' 1·ns<•s p < O,¡i = O.p > O. !11 c•vPr.v l'a:w wc asss 11111 C' t hat. 
t ht• f1111nion q(t) has t hr ínnn 

<t(l)=qo+'f-+ · +!f*+O(~r ) 1 -~ 
For •·xa mplc. ií '/(/) = ( 1+ 1)/(2 + /.). t.lwn •¡(/) = 1 ¡ 2/ 1 1- 0(1/12 ). 1 oo. 

Asymptotic ex pans io n in case fJ = n: 
In ra."c f~ =O w (' 1lc•fi111 · V{!) = y(I} - 1¡01 r¡ 1 lu l. Thrn ) º sat is fi r.s t.hr 

l'lpmtion ) ., = q(t) - 'lo - (111/I) = O(l/1 '.!. ). f } _ ~ , ll r•1m • tl w i111pro pl'I' itLl<'gral 
t' :-: ists. nl ll il e=¡,: ) .'(l) rll .. 'v\I(• li;1 vp provl'd 1 li ;d 

11(1) = 'lo' + ,,,'" l. + e+ 0(1 / 1). "-· 
111 o rd1•r to obtnin Íllrllll'r 11·r111 s i11 Llw asy 111ph 1l i1· rx pa11:.io11 wr wril<' 
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<(l.)= - J,"" [ ~ + · · · + ¡f + O(,k)J ds. 
Eaoh oí t hesc integrals i1:1 elementary and we finally obtain t he result. 

y(t) = qot + q, In t. + C - rlf - !f}r - · · · -~ +O(¡).,.), t --> oo. 

Example 3 Find the Jit-st three terms in an nsymptotic expansi.on Jor the solution 
o/ the eq11atio11 y 1 = ~, t -+ oo. 

Solution. In this case we have Qo = O, q1 = O,q2 = - l , q3 = 0, q,¡ = +l. Thus 
C =fo"" q(s)d.• = ~ and y(t) = ~ - t + t,, +O(¡\.) • 

Asymptotic expansion in case p > O: 

Wc now discuss the caae p > G. Following the analysis of the f)revious sub:i
section, we rnust analyze the integral 

J,~ e-P•q(s) ds = f,'; e-P'q(s) ds - J,"" e- "q(s) ds. 
The first integr:al is a consta.nt1 in<llependent of t. To analyze the second integral 
wc use the hypothesis on q(t) and do each term separately. Thus 

J/'° n:¡;. = - Jt'º -f,;d(c-;•) = ~e-P1 + J¡"º -A!W ds. 
ThiH can be repeated t0 0b>taii·H additional terms containing higher ¡:iowers. In ge
neml1 the coefficient 0f t- N wilil contain terms involviug t be c0efficients q11 .. . , QN. 

'I'ho rcsulting expnnsi0n is wri-tten as 
y(t) = AeP' + Co + lf + · · + 'fH. + 0( ¡k ), 

whorc thc constante A, Ca 1 ••• , CN are obtnined from t he above ¡:i11oced ure. We 
lllustrat.e with an exarn~le. 

Example 4 Fincl t/m'!e non-ze110 te1\Tl.9 in the a.~!Jmptotfr expansion of the solution 
oj tJ1e equation V1 = 3y + rh 1 t -7 OO. 

Solution. Ftom the a.ID0ve <!l·ifwuaaion1 we must intcgratc by-parts: 

[,"" e_,, 1 /,"" l 
--d,, = -- --d(e-'' )<ls 

. t l + .'j a , 1 + .'I 

e - Jt 1 /,oo e-:b 

= 3(1 +t.) + 3 1 (! + ·'l' d .• . 

T hc ncw inlcgrnl cnn 1ig;11rt.11 be integrntcd-by-pnrts wii h t lw result 

Ítoo ~ d.":J = Jt1-::F - ~ J,oo ~ (l.<J . 
Combining Lhis flnd simpli f.y ing yiclds thc n.o;ymptotic e.xpansion 
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.u roo f' -:1., l 1 1 
y(I) =e l!!o + ) 0 ~ds]- :!(I + t) - 9( 1 + l.)'+ O(¡.)· 

Th<' rc•11111i11dcr tcrms can Uc put. in t.h<' s1,audan\ fonn o í asc..:eu<liug powrrs oí l /t 

by •·x¡mnding 1/( 1+ 1) = 1/ 1. - l/1.2 +O( l /1.") . 1/ ( 1+ 1.)2 = l / 12 + O( 1/ 1."),t. --> oo 
wit. li t.hc final l'l'Sllit 

u(l) = e:" [Yo + .[000 1;~1:'.;<v.-]- +, + ~ + O(¡!r) • 

Asymptotic expan sion in case 1J < O: 

11 is a lso possible to obt;ti11 a n asyrnpl.ot.ic cxpa11sio 11 iu r:asc p < O. In a rder 
hi dctcnuiuc t.hl' form o f Lhc cxp;tusio111 w1~ first note Llmt íor auy monoin ia l tcnn 
l /:·l . we havc 

J,~ cP(• -~>.;rds = - ~ .J;.~ :*rl(r:''(I-.')) =-µfr.+ O(~). 
W hcu wc apply this to cach oí t.lw tf'n11s in \.he a:;s11111cd cx¡)ilnsion o í q(s),s ~ 
w f' find thai tlic solu1.iou has t.hc a~y11 1 pl.otic cxpans io 11 

y(I.) = Yo + "/- + · · · + 'fii +O( ¡.;1,,- ) 
Tl1<• c·onstnuts y0.y1• can lie frn 111< l 11.v s11l1st itnt.i11g; t his i11to !he <lifforcntial 
1•tpmt.io 11 anrl cc¡uat.ing cocffü:ic11t.s o r /. 1. f · 1 , et.e. T h is IC'ads Lo t.hr equat.ions 

l'YO = 'IO· PYI = 'J l · - y ¡ +Vil~ = '12· - 2y·i + /).l/.t = '!:>.· · · 

Tl1csc cc¡nal i ns nin he so]V1~d f(Jr y0. y 1. Y:! · f.o obt.a.i11 a11a . ...;y111ptot.ic 1•xpansio11 
of thc solution. 

Exnmple 5 Find ª" asympl.olic f>:1;¡m11.'ii m1 of th.1• :whilüm nf llw ~t¡1w tio11 y' +3y = 
fh. t ~ 
Solution . T hc riJ;"hl sidC' of 1.l1e cq1i:1t.io11 l ias tlw a . ...;y111pt olic l'Xp•1nsio11 

rh = iíi±n = f[ l - t + ir + ... + ( - 1 )" ,k + -.. ) 

= i - fr+ tr + 
Tl1is lt•ncls 10 thc cqua1io11s Jy0 = ' l,:Ju1 = - ~1 , - 111 + :~.IN = - 1. - !n+Jy:i = 4, 
a nd t.hl' a:;ympt.olic cxpansion 

y(r) = i - 1; + ~ + ~ + O(¡!r} • 
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2 .J F irs t- lc v 1 asy mptotics fo r va riable co ffi c icnt 

111 tli¡• ¡u t•viuu:. s11h·:.('cli1u1s wc havc tlf' ICnninet l thc ~y111 pt.ot. ic bc luwior of 
1 In• !'o l11t1m1 o f 1 lw ri1:.t-order li11r a r cqua t.ion ( l ) in ca.i,,c< t hc cocllicic11t. fu11ct.io11 
11(r) ¡,.. a <·011, 1ant. lu ord1•r t.o forn111\a1c t.)11' rr:;11 lts in tite more gcncrnl ca.-;c of 
vari;\hk· 11(1). Wl' li1 :.t int.rod nc<' somc no t.ious r('ga rding cxp o111·11t. ia l growlh. 

O e fi n it.io n r\ íunct.iou f( t ), t 2: lo is .~frongly rrpcmtnlral wil h ex¡>onent J1 if 
li111 , '''/ (t ) cxis t s a ncl is 110 11-zNo. 

' · ~ 
E x o 111 p le 6 / (! ) = ,k J' + 7('21 is st.ro ng ly expom•111ial with p = J. 

D c fi 11 i t io 11 A funr t. ion f(I ), I ? f.o is uwukly r.rp<mn1trol u.nlh ex¡>ouen l. ¡> if 
l i1n ¡ - l log lf (t )I ; ¡>. 

! - 100 

E x u m p le 7 /(1 ) = f 'l ,/ il is vwakly cxpo11r 11t ia l with /' = 5 {b n t. not. slroug ly 

t•xpo11c11tia l). 

Wc now for11111\a tC' a nd provc a rr s ul t. whid1 is va lid for thc g:cncral fi n;l-ordcr 
li 11('ar t.'(111a tio n y'= p(l )y + q(f) . Thc proof hr low can be omit.tcd wi t.hout loss 
of rn11l i1111ity. 
T h eor c m 2 lct y(I ) lw /he :wlutio11 of the fin;t-orrler /mear dilJenntial equation 
11' v (t)y + q(t) 111/ten ' lht' f1m cl.ior1 q(r ) i,<¡ boundcd: lq(t )I ~ NI , f, 2: 1.o, am i the 
f11 rictw11 p (t ) has a li111il: lim,_,00 p( t.) = p. Thrri tlu- Rol11tio11 ha.'i /.he following 
f/ 1~fl"'/llot1r belw11ior. , 

1) 11 < O: li1111 • y( t.) = - ~, providcd l hat lim1--t"O l/(t) = (fo. 
1rn) 11 > O: Tlterr· nist .~· rt .o;o/11.l'Ío11 r ·o(t) 111/11rh '·' 111r11kly erpo11 e11.tial wilh c:i;1>o 

11 t• r1l .!l'nJ. 

Ali ollu·r ... olu/1011.~ ore wcflkly 1·.rpo1t1'r1lial w1/h 1·rwmr nt p: limt.-,00 ~ = ]J. 

11/i) 11 > O. /f. 111 arld-i l im1 1.hf' impro1w r 111ti>yml J,~(p(/) - p)dl, < oo i.o; rnm1cr
f/ t't1 I . thn1 all othrr sol11tio11s y(I ) an • sl nm!Jly 1.rpm1rntrnl 111ill1 t'.T.J1m1e.11.I p. 
111) JI = O : Et•t ry .'iOl1l f i011 y(t) is werikly r.r¡murnlrnl 1111111 erpm1.r1tt ZPm . lf, in 
111ltlttw11 tht· rmpro71rr i11 /t'.r¡ml .f;'; p(I) di 1s mr1111 '!I' ni. mu/ 1ini1-+oo lf(I) = (fo, 

lh1·1t li111, .,~ == qo. 

1 ro o fs In (";t.'>(' i). W(' m u n·tlnn · 10 thr c·a.S(' ¡1(1) = t by ;\ s im p l<' d mngc or 
in(k pt•mknt \'TlriablC'. lf w~' 1h'fi 1w r so t hal r'( I) - - p(I ), 11 11d )' (T) = y(I.), 
l lL(' ll tlu• m.•w Íll11<·tio11 l'"(T) sat is li('s ) ' ' = }' + q(/)/ p(I). A ppral i11~ lo t.hc 

n •sult 111 -.('1·1iu11 2.:.S . 1, w1• m 11rl nd1• 1ha t li 1111 • .11(1) =- li1111 •""<> '1{1)/7>(1 ) = fJo/1>, 
llS l'l'<(llln.-J 

111 •·a.."" 11) . wt· a ppC'H l t.o tht• sol111io11 fon1111 la hy inlt'J;ratiuµ, Ílll' t.ors: 

y (/ ) 
!1(111) t f,' 11"(.•l<li:!_:: 

11(1) 



f\. /;u'/¡ !\. P in-:ky 

wlwu• 11"(1) = 1 J,~ 1"' 1 '1 '. Froi 11 t lH' 1i_v pn11irsis. 1 - 1 1o~rr(I)--+ - 1> < O. in pm Li-

1·11J;.1r rr(t) O. LC'1 tl1C' sol 111 iu 11 ) (1(/) ht• dditwtl as 

l 'o( I.) = ¡;' :\;:•t(•I•" 
C' l<·arly i..lu.· intrgrn b <ll"r t·o nvcrgrut a 111l ti tí' f111w t ion ) Q( t) sat isli1·s th(' fi rsL-unll•r 
lim•;u· t•quatiou. Gin•n O < e < 2¡>, wt' rnn fittd lo > O so Lha t c -(p+ r/ "l )t < 7r(f) < 
,. (11 t /"!) I for t > to. T lms for I > lo. 

1 J,"' rr(s)q(.~) d .... ¡ ::=:; /\lf .J/'0 1. - (1• • /"!) •ti.-; = (}" -;~~'j!w. 
Cn1nb i11i11µ; thi~ wilh 1hr Jowí'r bn1md fo r 7r(t.). wr haví' fo r I > fo. 

l l ü(l.11 ~ ~··". 
w hid1 w 1L" Lo lu• prm«'<I. Now 1 he g;ci 1c ra l sn l11 t io 11 of !.IH' f'q11a1 ion y' = p(l)y+ q(t) 
is wri l t (' IL 

y(I) = -;f,¡+ l ;,(I.) = ,¡11 (C'+ )'o( l )7r( I)) (3) 

w ltt'l"f' 

e = 11(1.0) + .c: 7r(-<)•¡(s)d.< 
Notr that C f O if a nd only if y( /.) :/=. Vi1(1). T I!!' firsl t1· n 11 of (:') sa t is fi t·s 

li111, _,00 /. 1 loµ; ;f¡r = p. 
TIH· scnmd factor has a !IO ll ZCl'O li1uil. , provickd t.l lilL e f o. T hcrC'ÍO rc WI' 

1·111w l11d C' tlmt lim1_,,a.::. l - 1 log, lu(t.)1 = ¡J, ;.1s rcq11 in·1 I. 
lf. in íldclitio n tht" i111 propcr i11l.q;:rn.l f : (p{I) - ¡1)dl is r-o11 v<'rgí'11t., t.lm11 w<' 

c·a u writ t• J,: p(t)dt = v(t - lu) + L(I. ). wlll'rc' li 1111 , "' L(f) rxists. Tht• so lt1t io11 i:; 
writt1 ·11 

e PU •o)y( I) = ,.t.('i (y( lo) + .( rr(.<)•¡ (.<)d.•) 

11 (' '/:- O, 1hc 11 thr riglit side has <t 11 01 1 - z ~· rn li 111it 1 whid1 provr~ i h;it u(t) b 
:- t11 1 11~ly t'XPOll('llti a l will1 l' X\l O!l('! il. JJ. 

\u l"í\..'iC' iii) I' = O ;uu l wt• c·a n appl y a ll nf 1 lit· 11ho\"t' ~11 •ps to 1·1111dmh· 
I 1 lo~[y(t)I-+ O. thus wC'ak ly ¡·xpo 1H·11ti a l wilh t•x pwn•nt zi•ro. Jf. i11 addit iou 
1111' i111proprr mtt•gral J,;- p(I) d i is 1·onvc·rgc•11!. 1 lu- 11 wt• ha\'t' 

y( I) = ,.t.('l (y( lo) 1 .( rrf.•)•¡( .<)d.< ) 

Sinn· rr(1.) • 1 whc-n f ~ 'Xl. \\'!' St'c' tlial f 1 .f,~7r( .... )11(.,) r/., "" l lt•l\t'I' 

lirn, .,._ 'JJ.f1. = f/O. whid1 w;L" 1.1> lw p rov1'd . 

R c m ork In C"n.'i(' 11 O W(' c·n1111 ot. 1·x1wc·t i11 µ;1• 1H' rnl 1 lial y(l) / 1 will ;dso n ·111a i11 
ho11ucl1.,I. ª·' Wt' hnd fo r tlw rn .... t ' ¡i(I) = O. C'n11s id1•r. for ' ' xa111pl!- tl u• l'<¡U11t io11 
!I' '¡ '' whir h ha ... lh1· :-nln1 ion y(I) = f" wlli'tt ' 11 is ;111 :nhitrar.v N"<t l ¡mn111ll'lf'r. 

lf 11 > 1 1hi' 'ª11 .. fü".'>. !lj.l -> rx.i. 



\ .,y111p t o 1it· S11futio11 o( Li11c11r l)iffi.•11•1111.-11 & 1w1rious 

11111ma ry o f Tcchniques lntrod uC'cd 

1'11(• "º'"' inn of ll firsl onll' r li11(';ir i' q11a1 ion with ron:;lanl rnrflic icnl is cit hcr 
ní Pxpom•11t i1il ~rowlh , of linear grow1 h or "ouverg(_•nt lO H co11sta.11t whcn thc 
t 1¡:,lil s1dt· u•mb to a eo11sla11l . lf llu• righL sid(' has an asymptotic cxpansion in 
¡1t1wr 1:-; of t 1. Lhr so\ution lins rt t·o1T<·sponding ª-")'lllpto1ic expansion. Por linear 
l'(pml ion" with a variable c:orfli<"iC'11l whid 1 tcnds to a coust;tnl., t.hc solution has 
a n11 tTl'ipoudmg asy111ptolic· lw havior, l h<' prl'<'iSC' cktails of whid1 dcpcnd upon 
111<• l'-JH'•'<I of ro11vt•rg<'11C<' 10 t }1(' c·o11s ta111 . 

Ex rc ises 

Find tht• fir~L-kvd asymptot il' 11.pproximal ion of thr solulio11 of thc following 
1lif1'1•1 r nt ial r qualions. 

1 y' Jy = sin{f1 ) l. y' = 5y +ros(~/+ 2) 

2. y'+ :Jy = 5 + 7f G. y' + :;:~y = ~~:~ 
:.tu' ;; + 7,- G.y' - ~!/ = ác·os :Jl 

Fo r 1'ad1 of thr íollowing diffc rf'ttl,ial C'q•ml ions. íiml thC" íir:-.t 1 lirec non-zcro tcrm:-; 
in 1111 a.'ymptot ic rxpa 11sio11 wliC'u /, - > 

7 1/1 3y = ~ !J. 111 
- 3y -~ ~~:~ 

S.y'+~y=Jt 10. y' =T 

( 11 ) Snppu .. 1• thal p(l) - > O so lhat J;0 p ( ... )d . .; i:-. eo11vC'rgf'11t, a nd t.hat q0 = 
11111, . q{I) is supposnd to l'xist. Show that any i-ol11tio11 of t hc cqualiou 
y' 11(t)y + q(I) sal isfi f•s li1111 _,....., I 1 y{I) = 'IO· 

( 12) S11pposf' 1ha1 71 < O a11d h•I y(I ) lw any ¡.;o(ution o f tite cqualiou y' = 
¡~y+ n + brosd, whl'I'(' 11, r· :m• tulnzrm ronsta11ts. Show t.hat. lirnt-+oo Y(l) 
rhws nnt f'Xisl., hut t lmt li1111 , I 1 /~y(-.¡)(/... ·r1/J1. 

IG9 

( 1:1) Sup¡)(l ... (' tlmt fJ < O :u1d l.l1al, 1111' f111 wl 11111 1¡(t) s11li"lit's lq(t) I :S /VI a11d 
lim1 . , I 1 J~ q( ... )rf . ., = 'JO· Prow 1 hat a11y soh11 inn y(I) o f t.hc eqna.tion y' = 
101+11{1) !'-<Hl:-fü•s Lite corn·spondi111; limit in~ 1rlal um: li 1111 .. 1.- 1 J~ y(s) rls = 

'lo11• 

( 11) SupJ><l:'-f' that p > O all(I t lmt tlw fnm·111111 r1(t) s<llil'-fil·s thc co11diLio11 lhat 
f, q (.,) 1 f' /H d... oo. Show 1 hat 1 hP '41lntio11 11(1) of thc cq11atio11 

y' 1;y + q(I) :o;11tisfif's li1111 , "};).. C. a nm"t;1111 



J\fark .-\ . Pim:kv 

( l.j) r11dt•1 llW l°Olldil ions Of ! ltr pri>vious t'Xt•n·i:-of'. :-ohcm lhal if (' '/; 0. LhCll L)ll' 

:-0011111t111 :-oal t~hl's tln• li1nit iu~ n•lat.iu11 li1111 • .._ h,; '1'1(1ll = 11 . IJ linl : WriLC' 

y(I) = c''1((' + í(I)). wlH'r{' f(I) -~ O. Nnw lak<• log:;iritl1111:-> nnd c\ivirlc by tj. 

\\' liid1 uf t hC' followi 11g; f11nctin11s an· a) :-> t l'llll!!,ly 1•x po111•u1 ial. h) w<•ak ly exponcn-
1 ial. d hot.h. d) nC'it ILC'r? 

IG. / (1) = :;,.• + 2e·" 
\i. / (I) = f.u' + l .!,,:it 

1 './(1) = t'<' + 2e·" 

Ia./ (1) =e'' 
20./(1) = L:;:" ¡(- !)'",· kf 

3 Asy mptot ic Solutions of Second-Order Equations 

111 thl' prC'vio us SC'Ct.ion wc obta im•d asymptoLi« solutious for first ordcr linear 
1•q11atio11:->. bcgüming wi t.11 thc cxpl iC'it int.q.~ral fon1111ln providrd by t. lic rncthod 
o f intr¡.;ratiug facto rs. \.Ylicu WP pass 1.o Sl'<·o 111 l-m clC'r li 11C'ar <'<¡na! io 11s , it is not. iu 
g<·ncral po:-:-iUlc to writ.C' the solu tion in t.1•rn1s of imq.~Tals. llowrvcr Wf' rnn oftcn 
1·011\'f'rl lh(' d ifforc111 ial cq11;itio11 i1ll.o a11 i11tc·)!;rnl t'<11wl iou. \\' l1id1 t'>ll l lu· a nalyird 
hy t lif' 111cthods of asympt.otic a.na lysis. 

As a guidiug principlf' in a li problr111s of ;1:;ymplol ir a11alysis. wr Lry Lo cxpr ss 
a ro111plit·at<'tl Íllnet.iou i11 tcr ms of ;, si111¡il1•r /111H'l1011 a 11d a ,,11wller ft111 ct io11. 
Tll<' <l<'lai led C'Xprt•ssio11 o f t.his dt~ 1w111 ls ott t!IC' prolil<' tll at ha111I. 111 Lhc ciL"C 

of difíl'rC'ntia l e<.¡nations, it. is wltnrn l 111 lonk for tllf' '"simplr r f1111cLio11" as Llw 
:-11l111io 11 of" :-oi111plt•r d ifl'c·n•nt. ia l Pqnatiou. 

As a prnclir;al ~11id(' !o 1111d1·rsb111din)!,' l lu• prno(" IH'low. wt• 11olí' t.hat ali u f 
tlw fnr11111la:- ar<' <IC"riv<•c l fn1 111 t lw v:iriali1111-11f-11arn11u•ft•rs rPpn·s('11l.aLio 11 oí tlu.· 
-.ol111io11 o f thc 1'<¡1iatio11 1111dcr c\isl'11ssic111. 111 t l1is l'(')H't'l"C'lllatio11 , Wt' wi\l oftt•n 
n·pla('í' ;1 11 111t<'grnl ovc•r ;L li11it.1· i11t.c•rv;d h.r sui tahlc i111pro¡>t'r intr)!;ra ls, whr 11<•v1•r 
po.,,ihll'. ThC'Sr ill'C' t11on• c•asily s 11 itt•d t.11 :isy111ptotil' ;iualy:-i:-o. ;111d will \i•ad l o 

int C'n~ling asympto tic· fr11'11 111 las íor thP s11l11 li1111 . 

3. 1 Harm o nic Osci llator wit h cxt c r11a l force 

t'<pmtion 

(·!) 

Fni l'Xa111plr. y(I) nl11ld n·1rn•s1•11t, 1.lw tl ispl;u·1•1111'11I frn111 <'<p1ilih1 intti uf ;t spring, 
lllUIC'l tiif' i11flil1'1H·(' OÍ t':X l.l'l'lllll fOl'l'!'S, 111 ¡!;l' llC'n!I WI' l"llpj)tl:-4' llrn1 fJ(I) is :1 f'Oll
lillllOll'i fmu tion whid1 !1•nd.'i tn í:t'l'll wlw11 I > so lh;rt f¡~ J11(t)ldt. < far 
~ 111<' l o. 



1 lw 1.:,1·m•i11I st1l11ti1111 o f c1 ¡11at101 1 { I} 1·;111 111• wn11ru ª·" 11 11 inl f'¡!,1'111, hy t ltt' 
11wrh1HI uf \',t1i;i 1m11 of pnrn 11 1t•u· 1 s~ 1111lt•1,11l 

11(tJ 1¡(t0)rn:-;w(I to)+ 111~" 1 s i11 w(t tu)+~ 1 L~siu w(I .'i)q(s) d.<i . 
(11 11i.1m· HL'-i's t lu- i ntq~nd 1·a1111ot lif' ¡•v,1l11ah'CI t'xplic·illy. hnt the ;L...;y111ptol.ic 

101111 1·•u1 ht• oht;1 i1wd. To do tliis. Wt' wriu· fm t > 10 

{,' s111w( t .'l)!J( . .¡)t/ ... = .{10 si11w(f - .'i)y(.-.)tf_.., - J,....._ :-;inw(I - s)g(.<l)d.;;. 
J'h1• 11m\1'1~<'11t·t• of t li1 • lnst t.wo i111¡ >111p1•1 i111t·~rals follow:-o fro111 tití' hypot.hrsis 
1 lia1 J, ly(t}ldl < . Tlu• sint· f111 l('t ion i:-. ll•ss tlrnu or 1•qual t.o 1 in ttb:->olutc 

n1lnr. ""'' 1 h;11 t 111' Sl'C'tHLd i111propt•1 iutq.;:r;tl :-;¡¡t1sfü 
IJ,~siu w( I ')fl(.,)d,¡ J, <¡(.-)Jd.< 

wliid1 h•ncl" to 11•ro wlH'11 1 - > ""'-'· a~ain frnr11 thc• c·om·rri:;<' t11·t• o f t.Jw i1npro pc r 
111IP~1.1I oí 1¡. T ht• lirs t i111propt•r i 11 t q.~1al rnu h1~ t~xpn 11d1'd frorn LliC' add itio n 
ln11111tl,t Ín1 1lw s 1111· f1111c l i1) tL : 

-.111 •• :(I .. ) ~iu w(I 111 ) rn:-.w(t11 :•) + 1·osa.•{I - lo) si n w (l.0 - .'!) 

s)!J(.'I ) r/.'I s1uw(I 111) j' rnsw{f0 - .-;) q (8) r/.'l 

"' 
+ n1sw(f 111) Jx :-.inw(lo - .'!) !J (.-;) d.'i. 

" 
TJ11 ... is .l ..;11(111 10 11 oí llif' IL0 1110µ;1•11t•o11s 1·c111a1in11 u"+ w1 f1 = o, whiJ.· Llil' o tli('I' 
1111111opn 1111q.~rn l lt'nd.'I Lo z1•rn wh1•11 I l'hr ahov1• co111put.at io11s l'illl Li(' 
... u111111.1ril1·cl m 1 lw fo lluwinµ; proposit itn1 

Th orcm 3 S1111110M' l frnl w > O ami tlu-/11tu lum !/(1) ,_, nml11111.011s wi lh f: l.<1(t )I 
dt fm .. mm l o. 'f'h í' 11 th.1· .'lol11l u111 rif lh1· w1twl-1•al111• 11ml1l1 ·111 

!J11 1- W'J.,IJ !/(/), 11(/11) !hl- ~/(lo) !JI 
rnu h. nlltn 

11(f) C1 rnsw{I lo) + ('.!,..' 1 ... 111 .u( I /0 ) 1 , (1) 
wlU"" thr m1.11/li11 f .'I ( '1 • C:'I. r11·1• y11•1·11 liy 

C'1 !In 1 w 1 J,~ ... 111w(ln ')!/( ... ) d.'!, 

C:'I. !11 ._ J;~ n.-. w(/11 .. )~/( ... )d.'! 

11111/ uh1 rr th1 /uur/1(1// r(I) O 11•/H"ll / \ '- '" tlwt r( t ) -S: w 1 /11"\J lr1( .¡)Jr/-¡ 
Prooí lln11lyn•rn:d11.'l 1nid l' l11 if.v1(f) tA.' 1 /1'-.m u..•(f .<l)y(.<1)r/ . .;~w 1J100 J'J 
(,,¡¡,¡, 

Example Fiud 1lw a.-.y111plo1ic fonn o í tlw sol11tio11 of y" ¡ y , , 1 w h1•11 
1 

olution . 111 ihis casi· WI' 1·;111 tak(' lu O tlu~ i111q;:rals 1·:111 lw 1·0111¡rnlrd 
1''\plic"11h· w1th lht• n •sul1 :; 

J;;" r· '1·0-. t t11 J11' , 1 '.'iut t11 
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111 

:--11 t l1at tl w as_n11pt o1ic- font t 111" 1.lw ·"<l! 11ti i1 11 is 

(•¡(U) + 1J cos l. + ('1'(11) + ~ )si ol • 

Exercises 

f ind a snit a Llr a:;yrnp w t. ic funn11h1. nrn 1 . ;~i 1 1i1 1 µ; two a rhit.rnry co 11s l.11 11t s , fa r t.lil' 
so ln tio n o f 1 he following src·o nd-orc\1•r t'c p1 11t i11 11s wheu / -> !"'IQ 

l. !J 11 + -ly = 1~1 - :1. !J11 + 2áy = 100 + i7 
2. y" + -ly = 1 + -d:;r l. y" + l!J = rns I + 1J1_ 

5. Suppusr t.liai wc Cll ll dioosc !:l it' ini t,ia l n111di1 io 11 .s al will. For wha t. d1o iu? of 
the rn11stants y0 . y 1 is il. t: rn c' 1.lta,t. tl w sn l111.ion of LhC' i11it.ia l-val11<' proh l1·111 
y" + -ly = e - 1• y(O) = Yo· y' (O ) = YI It as t.lw ;1sy 111 pfot.ic fo n11 y(t) = 5t:os21.+ 
0( 1/ 1).1 _, :x:i·1 

G. S np¡>OSP thaL wC' ca 11 d1oose t.lw init.ia l t·o11t lit.in 11s a l will. For wbal. d1oi
rc o f LhC' co ns lnnts !/u , y 1 is it t.rn1· 1 lrn 1 t 111 • so tu 1.io11 o f t. lic in itia l-valnc 
p rohh·m y"+ 4y = <: 1. y(O) = yo. y' (ll ) = !Jl h:L" 1 h<' asy rnpt.otic fo rm 
'J (I) = 0(1 / 1). I -> oc) 1 

7. Supposr thnt !f(/) is a t·n11t.i1Htot 1,o.; l"urw t.i1111 for wh id t 9( / )-> O wlwn /, - > oo 
;rnd with n co11ti n1 10 11.s d c•riva t,ivt' f11r wli id 1 ./;';; l.r¡'(f ) jrll < oo for somc 1.n. 

F'iud ;111 a.sy mpl ot i(" f"orn111 la for t.lw s.ilu t in n ní tl1 <' r qw1t.io 11 y'' -1- w2u = 
!J (I ) IMim: 111! (')!,nttP-h_v -parl s in 1. hi• \'; iri;i 1in11 -o í-par;11 m' li'rs formula for 

l iw sol11Liu11J 

8. u ~(' lhr ¡> l"l' \ ' iOllS f'X t ' IT iSC' (,O ÍÍl l( j ;111 il S} 111 l lf11 l ic · r1 1rttt1Jl ;1 fnr ll lt' St1]1 1t.io11 o f 

1111• r q11 n1in11 y" + ·ly = Tti ·' - > rx:i 

3.2 Oscilla tor wit h a lm ost-co nstant fr eque ncy 

\ \fe.· now ro11s idrr t hr li o1 unµ;c ~m'n11 .s c•q11a1 itl11 

y 11 + (w'.! 1 h (/Jl!I :..:: O 

wli('rr Ji (/ ) - > O whf'11 1 - > rx s1 1 1. lrnt. / ;,~ lh{l) lrfl < -x.. This c·;111 be· writ.Lrn in 

thf' fonn o f lill'" prr viu ns s11c·1.io 11 as y 11 + w.! !I q(I). wln•rr !1 (1) = - h(l.)'.1/(1) . To 
;i pply Lh1• n~11lt ~ •I C' V<' hlpt •d t lwrn . WC' ll JIJ S I s hi•\\! 11111 1 !/(/ ) M li:--fü·s 11Le lay po!.1 1<'$iS 

1 ha t J, , !!f(l )i•ll < oc. 
Le mnia 1 .-l 11y .~ofol i011. of /.hf' h 11111r1y1 ·1wous 1•r¡11 11lum .w1h.~Ji1 .. 

1'!1( 1)1 '.S K, . l!l'(ll l < ¡,·, 
f m· .,ui fn bfr r m1.d1111("<; /\"1 • !{"!. · 



\..\lllJlfCl/11' ·""'0/1111011ni/ 1111'.·11 f)iff. ·n·u11.1f Fr¡w11io 11 ,..; l ?J 

Prooí. 11 u(tl is uh-ntwn lly 11•111. 1lw11 tlit• 11•-.11h i-. au1111 11atic O tlwrwi s<·1 Wl' 

4'llll"lllt·1 1111' t 'X )Ht~ .. 1111 1 /~( I) f/1(1).' t ""'!11(1)! wh1th IS l'\l(' I YW ill ' l't ' pos it iVC' . 

( 'um¡ml ms,! t 111' f11 •1 ival iw hy 1·:dnilus. w1· fi111l 1 h:1l 

E'(I) 21/( t )y"(I) ¡ 2w'•¡(l)•/(1) 

21/(1)( -.-'y(I) /i(l)11(I)) + 2.J1y(l)y'( I ) 

2/i( l )y(/)1/(1] . 

11 \W11nw \l'ol' tht• u wq ua lity 20/1 < (u! f I>!) w1th tht• ,,-1h 11•s <i = y'(l.)/w, l1 = wy(t) 
WI' fi m( th ;tl 

l>'(I) < l!!!:li ¡.;(1 ) 
hn 11110~ 1 hr lu~a t it l 1111 ic- d1 •ri v11 1 iw. w1• 1t7;w 

#; loµ, /~' (t) /·''.1!1 
/ _(I) 

' "~~. 
lo~ /0( 1) ~ lo~/,;( lu) + J,'., 

~ lo~ 1>(111 ) + f,, 

~'tl.'i 
.!!_(' ,¡_, .- "'' 

rl 11" pro\'t·" 1h;1I /~' ( / ) '";! /\. Í411' tln• nm.., l <llll /\ rflu)i'). P.J/0 w 21/t.(.'i ) l d.'i. 13111. 

F (t} '"> ..,.:11(1)·'. MI that tlw 1 ·om•spo11cli11~ 1111'<p1i1li1\' i-. i11 lll'rit1•d by tlie fuui-1.io 11 

11(1): 11(1) ..' . '.'~· Usi 11g J::(t} > !/{/).!. Wt' .. , ... 1ha1 w1· haw l hl' <.:urn•s po 11 di 11,.; 

'"'•i111ia1e· ínr r/(t) • 
\ nw Wl' (º;t ll S I all' 1 li l' l'O ITl'S po 11di11~ 1 ht'Ol!' lll Ílll 1 lw h111t11) ),!;t' 11 P0 11 S cqna l.io 11 . 

Theorcm 4 S11p/Hnw lh r1/ w > (1 111u/ llH" /11r1d 1r111 li(ll '·' r·o 11 /·i11110118 wil.h 

/ 1 lt(l)]dt < '- Thl'll lh 1· .>1nl1d 1m1 o/ lh1 11111111/-1·111"1 /llfl hl1 ·111 

" 1/1 + (w'! t h (l))y O. 11(111 } 11o1 1,'(lu ) .111 

nw br 1rnlt1 n 

r¡(I) ('1 rns w{I 111 ) + (' ,.... ..111 ... :(/ 10 ) ! f{I) , 
wh1nlhrfrmdwu1( I ) ~ ll ll'hl'" I ''- '"ll111l 1{l)<w 1/\1f,ro.o h( 1;) </.'i 
111111 •·lun l11t nm., /1111/ s ('1. ('! ,,·11 /1 .•J11 

r. ''º +w 1 ./~~s in w(lu '}11(.,)r¡f ... ),J.. !1'111 1 /\' 1w 1 1;;11i(.-;}l t1.'I, 
Ci !11 1 ./;~ m sw(ln ,)/J(.,)y(.,)1h ~/1 -1 /\' 1 /~~ lh(.'l)l t/.>1. 

In rnntr.L" I lo 1111' pn•viu11s "t'I lin11. !111• n1u-.f:i111 ... ('1. ( .'¿ wli id1 ap¡war iu tln• 

.1 .. \.111ptu1 i1· .. nJ 111 iou rn11 11 111 lw n:plit'll h ult ·11 11l11 .. I 111 1r1111s of t 111' init in l dn l.:1 of 
!h1 11roh1'·111_ llnw1'Vt'I' th1 •1r t•xi .. 1r111·t• is w1tll(t11I c1111~1 11111. 



1; 1 .\IMk .\. /'m"h 

P rooí o í thc t heorc m . lt is i111111t-dia1.c· fm111 h•111111~1 2 1!1111 tlll' fu11 t 1iou !J(I ) = 
li~l)y(f) -..;1 11-.fi1• ... 1111' n1111 litiu11 1]1111 ./;~ l,r¡(l)lt!t < Tlit•rc•fm t' w1• rn11 apply 
dw 11·:-111! tif 1ht'tfff'll1 2 to 1·011dnd1• 1.111• a ss1•r11•d <l!->y111ptnti1· frnumla. 

Tht· ;tbu\"!' n •sult wi ll uow be 1·xtr11d1·d to n·r1;ii11 1•q11atio11s for whid1 thc 
h111<"1io11 /i(f)-" O witJ1 .r;: lh(l.)ltlf. ::::: oc. for 1•x;1111plr h(t) = 1/ 1. In ord1·r to 
d1 .. d wilh 11ro1Jlc111s of t.his Lyp<', wc d1~wlnp t liP 1m·tltod o f vlwsr ,,1a11e ímaly.'lu, 
wllt'rchy wc intro duC'C' a snit.ah\e syst.c•111 nf polar rnordinalt'!' (r. O) in t.111? pln11r 
11f (y. y') and re>-writ<' tlw sC'cond-ordl'r 1it1<'ar dilf1·n•11j ial 1•q11a1io11 a:-; a sys1<•111 of 
1 wo 11on- li11rar C<¡mttions for 1.1. fl. Tlu· a¡1¡in11iriatl' polar n11irtli11at<• íon1111J;L.., are 

wy(I) ; 1·(1.)<inO(I), 

\\fe pNform thc nNTssar,v ckrivat.iv1's ;i11cl 11~1· 111(' r1¡1iat ion y" + (w1 +h(l ))y = 
ll. n·suiling in th<' Sj'SI C'lll of 1•q111llio11s 

O'(t) = w + ~ s i112 0{1). r'(I ) = _ !J..i!.!¡,(l)sinO(t)rnsO(t}. 
Frnm lhc hvpo thr'Sis /J (I) O, wt• i11111wdin11'1,v m11d11tl1• tliat O'(I) w ancl 
h1•m·e O(t )/t--" w wh<·11 /. --> oo; i11 p;\rlinilar thr solntio 11 y(t) is Y.<'ro infiuill'l,v 
oll l'll wlil·n / "O. In ordC'r t.o 1•stinm!.P tlu· :1111plit11tl1• r (I). wr 110 !.l' t.lml ift.lic 
s11l111iu11 is 11ot idc•nt irn lly Y.l'l'O, t.lll'n r(I) > O fnr ; 111 f aud 'Vl' c-:rn writ.r 

111~1(/) - lo¡.:;r·(lo) 

111 1111• ri nal i11u•p;1<il w1• writ,(' (h / 0')' - (O'h' ldJ11)/fJ11 ;ui1 l 11:-1· 11ir d ill'r11•111ial 
qnal ion for lY In w1 it1· 

or' = s- s in1 () 1 ~~~I' s i11 f) t ns o. 
F1t1111 tln• d iffC'1r11tial l'q11atic111 for O' WI' M'l' 111111 w/2 O' <.. 1,w íor lar~1· I 1111d so 
w1• r an «-sti1nat<' t lu• aliow' s1·1·0111 I d c·ri v:1tiv1• hv 

IO"I $ ~ 1 2¡i.1. 
wil h tlir ro11d11~io11 1 lia! 

l(it,t)'I $ 2~ + ·~!,!1'(''~.'ll 1 ~lh(l)I) 
11 holh /11 a111 I 11 1 arl' ;1lisol111.t>ly i11r 1•¡.;ra l1l1•. rlw11 tlw fi11;1I i1111•¡.;r;d i~ n111v1·1¡.;c•111. 

l1·;.uli11~ 11, to 1 lw íollow i11g "'""1dt. 



\ ... 1·111111orw S11/111iu11 of Li11nir /)jffi·n·11ti;d /~(¡11;difl11S 

Th('Ol{'111 5 S11¡1p<nw llwl w -... O rwd 1111' /1111dum h(t) 1 .~ r·o11.lim10'llS wil.h o 

'''"''""'"' ' 1/tn1•11/1t11' MJ //,(J/ J.(/) -+ tJ flw/ /111 '0fllf I n 
I. ,. (h(l)'+l/l'(IJl}dl< "'-· 

U11 11 //u M1lul w n uf lht' iHilwl- 1mlu r• ¡irnblnu 
!/' + (w1 + Ji(t ))y = O. y( lol = !Jo. y' (to) = !/1 

,,,11 J,, u·rillt11 y(I) = w 1r(l) siu0(1). y'(I) = r{l)<·os O{I) whr1'c /he f1mctiou 
IJ{I) u•hrri 1 -> OJ, ru1rl th r /1111clltm r(t) -- '"xi· o fim'.fr c011.!l l.anl, when 

• '- Ju por/u·ufor lllf' .~olution t1'11rnw ... l11nmdtrl rrnd rmsscs l.hrnu,qh zero 

111/irotd_y o/Ir" for lo1r1<' 1. 

Excrd 

F 1111l ,, !'>11i1ahlt• 11$y 11111t.(1t,ir fon1111la for t IH· :-ulut inn oí t Ju• fo llnwi 11¡.; sccond-ordcr 
1•qu.H11111s 

1/' + f{-i,u = O. 2. u"+ r1hu= O. 

3.3 Ec¡ 11Ations with a firs t-ordc 1· t c rm 

\\·,. uuw t•x 1<·11d Uw di.-;1·11ssin11 lo :-rrrnul unh·r t•qu<tl io us uf t.lu· for111 
,1111 1- p(l )y' + (w1 + h(t))y = O 

wlll'rt' ~>O. lh<" fn11 rt.iu11 h(I) snLisfi l's f,~ lli(t)J1/f < for snmC' /.o a nd p(t) 
!'>ilt1:-.lit"!'> :-c:n111• ro rrt'S\Jl) ttclinµ; nu1ditio11s. 

In onl~ ·r to 1wrfo111 t l11• asy111ptot i1· :111;1 ]vsis. w t' rNl11C'l' l.l1 t lu• 11rcv io11s ly sLu
.Jit·•I tol"' h~· 1J1l'1111s uf tJi¡• s11hs l.it11i 11•11 fl) ¡1(l }u(t ) wlil'n' ¡1{1 ) sal,isfics thC' 
1·1¡11a1iun '2111(1) v(t.)¡1{1)1 lte111·r 1dll 1·xp( \ f 11(l)dl). J\pply i11µ. thc scrnnd 
1h•1t\.t1h·,•. wc· fiud ;/' ¡q/' +211'1/ 1 ,, .. ,, ;1ml i lw ncw di11'1•n·1itia l 1·q11;itio 11 

: "(I ) + i..:' 1 hlll 1 'f,'.J:(I) O 

\\huh '' ní 1111~ fonn s t1iclil'd in t lw p11·\i••1tS s11h~tin11 . 11n1\ i1l1 ·d t hat. 'f has :t 

l11u11· impro¡wr inlq!;rnl. Tliis f'an 11" ' ' 'Pll'!'>"'''fl din>c 11_\' i11 l1 ·r111s of U1c f111wt io11 
l'lll In· wri1111g 

'" 1,1.p . ,,,, 1.<1,·,, 1.. 1,"'1 ,,(l'f ¡ s). 
lf 1lu"' tt·1 111s i11volvi11µ; 11(1 ) hav1• a fi111t1• 1111pro¡wr iu1t'J.!,Ta1. t lw11 WP C'a tl a pply 

l\n- p1t·\'10ll!<o tt'M11ts t.o n i11rl11d1· 

z (/ ) C'1 r11sw(I In) f- ( '1<.A.' 1 siuw(I 10) l r (/) 
l'or -.m1ahl<4 c-011:-.tnu! s C1, G!. l111d w lwu• t h1• ÍlllWIHlll r(t) 1 O w lw11 f ~ 

ll1•1un1111~ to lh<' original sol111 i1111 y(/). Wt' ¡·au !'>l111111wri1.1· t lw :ilu >w d iscussio u 

'"-' fol'°"' 
Thcor m 6 11p1ms1· llwt w > O. l/wf 11{1} '-' u ~nlufw11 nf 

r/' + 11(1).11' 1 (w1 t- h{t))u = O 

'"' 11 ''' 1111 rm1t1111Hms /u tu i1m1' li{f), 11(1} "'"-'/!/ 
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1 j ¡¡ Alnrk . \. 1'111:.k,• 

/ ,,' 11.1111 d1 " "'-· ¡;~ l1i(1)¡ d1 < "'-· /,~ 1,,c1l1' d1 < 
fm ." 11111 111 f/1111 11·1· l1111w 1111' r1sy11111fo /11· /0111111fo 

u{I) = ,,-f,-1 {C1 cu:.w{/ - f o)+ C"!.w 1 s in w(f fu) f{I}). ¡1(1) == 1·xp j J,:, fJ( ... ) d ... 

for ,, ,,,1al1l1 nm.,/1ml.'> ('1. Ci t111d mlw n ' 1/,,. /¡rndum 1 (1) -t U tmlli 

t(t ) ~ w 1 .¡;~ (lli!sll + j l1i!., ll + \11(.,l')d.,. 
Exam p le 9 Fmtl 1w 11.~.1¡ 11111/ol H" fmw ulo for 1111" . .:;nfol um tJ/ /Jrs.'>t'L '> 1•q1rnh011 

.11'' + ~y' + !/ = o. 
Solu t ion. 111 ll11:. ra .... <' \\' t' Ji;1v1• ¡1(1) = l / 1.w = l . h (I) = U. Taki 11~ fo= l. 
wt• l1m·1· ¡1 (1) = f Tl1t• ;tlHJVl' ([is(·11:-;:-;i1ll1 p1<1\' i1h'!o; Llu· ;L, y 111pt o t ir so l11tio11 

y( t ) == t 1 1IC1 ro:. I + C!. si111 + O( 1 / f) ) for s ui1 a lil1· rn11s t •111ls '1, C2 • 

\1 !'houlcl lu~ 1101NI t Ji;d t lw a:-;ym pl.ol i(' n1l'l lio d s di:.rnssrtl hc•n• do uut p rovid1• 

t he <'xpliciL va lur-.... o í 1 !11• ro11s t;u1ts wliid1 1HT1 tr in 1 l1r a . ..;y111pto t il' íon 1111 l;l...;. Thcs<: 
11111st l lt' obtainrcl hy o l IH' t" llll'f,]11¡ds: fnr 1•x;1111¡)J1• t lwy ( ' ;ti\ o flt' ll br 1•:.;I i11mtcd 

llllllll ' I i1·;1\ly fro 111 cn111p1it1\r-a:.;si:.;t1•c\ p;r:q1l1i1·s. 

Exe rc ises 

Fi11d a :. 11 1 t ;1hlt~ ;isy111p101 ic forn111la for t 111' :.;01111 io 11 uf t lll' fnllowi11~ SC'1"011d-ordcr 
{'t¡ llal l(.tll-.. 

y"+ i ,,, + l y = o 

2. ~¡" + ~ rl-+ ( 1 - !!.f- )!I O. wlic•n· 111 i:.; a 1·011:.;111111 . 

:' y" + ( 1 + ~)y'+ l y () fl li111: Appl_\" 1 lw :.; t:1111latd :-: 11 li~ 1 i t.111 io n lo rr111ovc• 
1lwy' 1t>r111J 

:.L -1 O scilla tor with varia ble freq11e 11cy 

\\'t• now nmsidrr 1)1(• lnJ11 1ogc•111·0 11:-; 1·1 p1ati1111 

f/1 t-w(l )°! y 11 
wlt1•1t• ~{I) > O íor / ~ 111 . l·'o r t li i:.; t<< p1;i1 it111 . i1 ¡, 11111 i1111111'( lia11•ly d <•ar whnt 

"simplN l't (llill 11111- n 111 lw 11 . ..;1·d In 111ak1• 11 11' H:.) 111p1t1tir a u•dyl'-iS. \Vr will il11 

lhi!-i hy <l twu·:.trp 1ed 11c-lio11 In rlw pn·vion~ l":tM'l'-. wln•n• wr i111rod11n· a 1ww 

11 ulr 1wml1•11t \·a r ia hlc• a111I r 111·11 a :.; 11it ahl1• it1t1•g1 :11 i11g fat·tm 

Fnr thr fu s 1 l'-ll ' p u í 1 lw n·d ue'! inn w1· 1·u11:-:ic\1 ·r :1 11rw 1111 h·p1·111l1·111 v;1rialilt• ·" 
whid1 d r fim-... a 11<"\\' f11111"ti11u f :-<o 1ha1 11( f} /( .o;) , ('0111p11ti 11~ 1111' :-;111Tc':....;ivr 
t lt ·11v<1 I J\'f":-... Wt' h av1• hy 1l11• d1ai11 n 1lc · 

1/(1); /'(s) :;;. u"(I) f"(.'IÍ:;;)' + f'H~ir· 
Thil'- h•;ub lO t ht' d1o icr 

:~-¡ w(I). .o;(I) ( w( rl d r 



\ ... \111¡1toli<' .'·inl1tiio11 nf J,iw•111 1)1ffr n ·111i.1J l~¡1111/io11 . ..; 

111ul 1o tht• d11fC'H011ti11l 1•c pm1in11 in rlw fo1111 

/" (.<) + ~ /'(.-) +/(')= o 
T hi· 111itldlt• 1t·n11 rau bC' 1•xprr:-1st•d d irrct ly 111 t ~·n11 .. o í tite ucw varia ble .o; wlicrc 
\ \I' \\ ílll' w(I) - l\' (.o;) , so lha1 w'(t ) = W ' (.o;)t/ .... /tll = \V '(s)w(I.) whic;h ca.uc;cls 
11111• fnrtor o f w ami 1 ht· yi(.'lds Lhc dill'f'rf' nl ia l t:'fpmtio n iu l.bc fo n11 

J"(.s) 
IV'(-<) , ww1 (.<) + / (.-) = º· 

Tlu" complC'tC's 1 he li rsL stcp of Lhf' 1wliw1 ion. 
Exnmpl l O Fmd tlt r· ji,.sl .~tev o/ th c red11rlm n of A rry 's equal.iott y11 + ty = O 
m1th lo= O. 

o lution. In t his rfL" C Wt' hnve w(I ) = ,/i. ancl .... (t ) = (2/ 3)(112 , i;o Lha l t = 
P•/2)' 1 uud w{I) = W(-<) = (3-</ 2) 11". r/ll "fd.' = 1/ 2("JH/2) - 'i" , ¡\,dW/ds = 
1/ 'J:; am i thC' nr w r quntinn 

/"(-< ) + :/-;J'(.•) ¡. / (.>) - o • 
llrt11rn111g 10 1 ltr t.liC'Ory, th1• sr<·ond sLf'p o f t h<' rcd ucf.io n cousists in rcmo

ving thr fin. t th.'ri w1tivc t.cr111 1 11s WC' havr don<' in lh<' prc vio us scction . Thi~ is 
1u·t·o111ph:-.l11'C.I hy mt•1111s of thc fuurt io 11 

I'·(-') = <'XJ> f ~d.• =~ 
n11cl wntiug thC' solul.io 11 in tc•n11s o f F ( ... ) · ¡1 {.~)/ ( .... ) = JW"f0/(.'1). Thc sccond 
1h•t1\·at1n• i!. n n11p11l.t'll ns 

F"(.•l = ./IT'J" ' :TI-r + ¡ w". 
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Tht~ chfft•rt•n1 i;1l <'<¡11111 iu11 for f a lh)ws 11s 111 11·1)!1\rt' thC' fir~ t. t.wci t.t•n ns l iy - JW( ... )/ 
( ... ) nnd lo rrwril C' t.ln• difforv11t.i1d c·q11a1i011 ª·" 

F" 1- (1 - 'v':1'.' )F = O 
T his co111plrtc-s 1 hl' secoud sl.a~1' of 1 lw 11·d1wl inn 

Exnmple 11 Co111¡1f!'lr · lht· .~1·,·oml ·''"·''' of th1 N'tfo r tr<m fm· .4 i1·y '.'1 i>r¡ualion 

11" + ly = o. 
o lut ion. \\'{' fo1111d i11 tl 11• pn•v io 11:-1 l'xa111pk that for tltis c•<pmt ion 

U'( ... ) (J <1/'2) 1/.1 , so 1hat .JTii - (:J ... / 2) 1· ' ', \1~ (J/:IG.~"l ) and t.lw Npmtio 11 

v"~c • +,;:-,w o • 
fhwmg toi11plt•l<'d t.lw St'l'n111I s lHh'' uf lhr rN"hu 1io 11 . wt• can a pply thc: t liC'nry 

ínr lh<" 0'<""1llnto1 wilh a \111os t <'011sl;1111 fn,. p11·1wy. lf 1111' f1 11wtion "* tcnds to 

14'ro wuh a convc:r~1 ·11t i111prup1•r i11tq.;1-;1I. w1' r au ;1pply tlH· pn•vio11s resull s tu 
nht.\in 1 ht• fullow111¡.r,. 



¡\ /nrk A . Pin-:k , 

Tli eore m 7 S11¡1/K1" flrnl w( I) > O i.,." ro11/u111nu., f111ul11m tlf'ji111d fm· t ~ t o 

w1/h 11 ctml11111rw., -'trm1d d1' /'lllf ll11w. 01 ·Ji11r· a 111 fil mln¡nit1cm 11t1rrnble mu/ t1 11cw 

f1111rlwu by 
.<(1) = J;'., w(r )dr . \\ '(.-) = <J(I) 

~ S11¡1¡10.'ll' tlwt .~( ""'-.:) = '"\,) ond l.lml l.h l' ·h11¡1m1H.,. wlt-f!rnl J0'" l~ld.~ < 
/_,i I y(t) bt· rmy .~ol11 twu o/ llt11 8r'f'Oml onfrr cq1111/1n11 u"+ w(t)1y = O <if'/i1wd for 
1 2: 10. Tlit11 11T lim·1 lhi• r1.~Jp 1111/ o /. ú· t01·111 11la 111Jn11 I "'\..: 

y(f) = ?t:U\}¡¡T.r< ( • } 

fm· Mufolifr nm\I"" '·' H. rr mu/ 111h1' 1"f' !h.1 · Ju 11rlttm • (.~) -i. ll 11 1/i1 u.~ -+ 

lhot. <(.~) ~J • ..,__ 7ft1r. 

Exnmple 12 Fuul <m llS!Jlll.Jl l Ol 'Ír' fom11tla for tlu MJl11tum o/ il iry 1.<i t!q1rntior1 

1/'+ly = O. 
o lutio n . íl.C'ft•rri11J?; 10 thr pr(•vio 11 s !w11 1·:rn111pli•s. wt· ha\'r w( t ) = .Ji ,.~ ( /, ) = 

(2/ J)l 1''.! . 11 "(.~) = (:J, /2) 111 aw l t,IH• nsy 111p totic fo111111la 

1/(1) = U10~(-• ~';),¡!O{.• 1¡ = U11 ~~(~11 ~I r;H-<>(17:) • 

Exerc i es 

F i1ul a :-.u1t11bll' a ... ympto1 i(' fo n11 11l1t ft1r tl u· s11 l1 11 i1111 11f t lw followiug SC'1·n 111l ·orcl<'r 

1•q1111t ion:-. w ht•n t 
l. y"+ ,1,, o 2. 1/1 ¡.. 1 111 

:.J.5 Damp d H ar1110 11i c O sC'i llato r wit h C'X I c r11 a l force 

111 Llu:-. '('rl1n11w1•1·x1t•11t l 1 lw di sn1ss io11 ni ;"\ 111p1111 i1 · ~ol111iu 11s 10 t hr 1·1pmtio11 
111J/1 ·I q/ ! ky •1( 1). 

wllt'rl' ru "> O.r > O.J.. > O 111H I y(/) is a n1tili11111111 :-. l1n1nio11 whid1 lt ·ntl s l.o "l.t'l'O 

\\' lu •n t -· "'\... Siuu· a ll M1l1 11i1J11s 11f 1111 · 1·1•111 · .. 1111111l111h ho111op,r•1 wo11s cq w1t io11 
11•1111 lo t.t•n1. Wl' ('Xpt~ I tlml tlH ' S<l ttll' will t ... 11lll '1 1f ''"' ~i\•r11 (11011 li n 11 111hf' llOl1S) 

1•1¡11a1io11 Thi:-. w1ll lw s11pp]¡·11 11 ·11tc ·d 1).\' .111ª"'111pl111i1· l'Xp:111 :-.m11 , ª·"' dl'Sf'ri lwd 
in 1h1• followrn~ 1lu"On ' 111 . 

T h eor m 6 S11¡t/"'·" /hu i 111 ..., O,,. > O. k _, O ,,,,,¡ 1¡(1) 4 O ,,./1111 1 • ""'· T/11 n 
rrny ,,ofolwfl nf 11,,- cc¡110 /1011 111¡/' 1- f'// 1 /;y q{f) ,11/t,fú-_"f 111111 "'- y( I) = O. 1/ 
111 tuld1lw11 q(I) hu., 1111 a.~.11111 ¡1/ o llf' r·:r¡u111,u111 

'1(1) ¿;t.' 1 ¡¡. ¡ 1!(1 I·' 111¡ 

lh111 y(t) lw~ 11 rmrn¡Hmrlm_r¡ risy111¡1toflf' 1 f/H"""'" 
11(1) ¿;;'' 1 '!1- Hi(I 1' ' 11 1 

wlu rr llu nN fiicrr ni~ T/A· r·n11 lw o /1/ r111111/ ln1 ,¡,,, • I "''''l1l11lmn 



\ ,1111¡H•1t ir· So/11r io11 ,,( I.11wm /)illí•rr·nti;i/ Er¡w11it1118 

Proof. 1111' j.:,l' llt' llll S(1]111 io11 o f lit is 1·1 p 1a111111 t"illl lw wnt li.'11 it1 l.(•n11s o r 1,11(' so l11· 
111111 ur ll1t• l11Hllflf!,t'tll'1.lll:-i C'q lllllillll a11t\ il ll llllt'),!rnl frolll tlu• t lH 'Llto d OÍ Vlll'ialiOll 

t•I ¡>.i1.11m•lt'1,, 1111l1•111i l 
y(I) = (:1111(1) + C'111,(I) e J,'., K (I - .-)y(.<) rls 

\dll'n- /,"(t) 1 .. L111· !"iUl111io11 ol' t ln' ho 111o!!:t'11t't1ll' r•qua1inn wit.li 1<(0) = O, f('(O) = l. 
l'ht• pn-c·1 .. 1• fn111111la lh'¡w 11ds 011 wlw1 hf·r \\'t' ;u1• 111 th<- O\"f'rcl11111¡)NI, crit.ic:ally d;.un· 
1w•I 11r 1111<ll'nla111p<·d rn ... 1•. l n clrt:1il : l f , .~ > lmJ.:.1 bf'n y,(I) = r''•1 1111<1 K(l) = 
(' ;• : ' ) . wlH'n' 1111·~ + r-r, + k O. 

llr ·; lru~· lhi•11 111(1) ,,r1, y¡(I) /r ·r1;1111l/\.(l)= fr,.'.w ltrrrr =-c:/211i. 
llr·!<.. lmk.thru !/1(!) 1 ' \ 11·os11l . .'J!(t) ''' :-.in¡1f.a 11df((t) = e-·"~, 

\\ lwrr .\ r/2111. ¡1 J link - r".! /2111 . 
rht" fir:o-t IWO tt'l lllS .'11'(' soln liUllS of 1 hr holllOA:l'llf'O\IS <'q1mt.io11 :-tlld cJcariy 

IP11il lu 1.t•rn wh1·11 I > o.:>. To 1•sli1J1all' 1h1• inlt·~ral 1r-rms. wf' fi x T :::: T(t:) so 

l .11~f' llml 1!1(1)1 -S f wht•u 1 > 7'. W1• wri1 1• 

J,'., K (I .<)11(.<) d.< = .{,:, 1\ (1 ·'l'I( ,¡,¡, + J; /\" (1 - s)y(s)rl.> . 
1111' rir-l mlt·~rnl is OV{'I' llll i1111'rv;tl nf fi:•Cl'd IC'llKlh. indt•p<•ndt•nt of t. Prnrn thc 
f1•1111uf1h1• íu11rt io11 /\' ( / ) i11 1•11d1 o í thr thn'(' ra.~':-. \\C' s1•c- 1l1a.t. /((/.) - >O, bc111·c 
1 h1• inlt'~r;i l 1t•11ds 10 /.t..'t'tl. For ! hf' Sl'nHld inlt'J!;ral. w1• h :wP l!!(s)I < e 1.hroughout. 
!lw tq~inu of i111r~rntio11 , whil1• tlw i11tq~1al uf lh<· fu11ctio11 /{ is bouudcd by a 
11111'•1•1111. 111d<·1w1l<lt•11t o f / . T l1is provt'S thal llir :.c..'t·m11I i11 t.t•¡.\T1tl t.r.nds LO ~ero 
\\hr11 I 1 ht·111·1· 1111' t•11ti n • so\11tio11 tr11tl" lo /t'ro. 

To prun· 1hC' t•x is t.1·11¡·1· o f ;111 asy11qHol1r 1~xpa11~io11. w1· !irst. 1101.t' Lliat, by a 

'111,.:;h· 1111t-~rn 1 in11-hy- p;1r1,s, Wi' haw íor ,\ 'O 

J; '""'"' J;.f.r,t11'\, (-di-1'1) (-dc¡·1") .-; J;.;ftr r·>. ·• r1.~ 
-S ~,.\' + fr 1; ~··'•r1 ... 

~lm·m,:t 1hr la .... 1 inlr¡.:,ra.I !.o t lu• ldt sitio:>. w1· h;w1~ 

( 1 trLr: ~"-~~~. (!J) 

whu h 1 .. ;i 11..,1.f11l 1111'<p111lity. 1f wt•1·11111 i111w 1 lu• 111l1·~i;1tirn 1· h.v- p:1r t s, wc 1·a11 oh1.ai 11 

1lwa. ... ymp101w rt.•:-11lt. !hat f11r:111y.V l.'..L .J. 1.2 .. :11 u l ..\ > O 

J;·:.d .. 1"(,:T-t~l~~1 t +J ,l~ 11 1 0(~)) . (G) 
To pro\1• llU' fl-".Y 1t1plu1ii· 1·xpa11:-io11. fi1 :-l n111,1ckr 1\w n\'<'rd11111p1•d 1·a.si' ,.'l > 

lmJ. In tlu.., t"<lM' w1• 111us t :11111 ly11· 1 lit• 11111·~ral 
1;~. '1º \ 1 \ \ 1 ,,, .. ),/ ... 

\\hn1· 1¡( .. ) ,.., il :-;11111 uf tt•1111~ prnportiu1i:il In.. a mi :111n1lwr !n111 wli id1 is 
() ji ' •ll). l > l"nnn {li) il fo\lm\·!"i 1h a 1 

I r••• 1 /,; k(.l..il) 

1 -,-, -•I~ (\11 1 ,\ J(l t""i t \•¡:.·, 1 f 
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¡\f;¡rk . \ . f 'iu.-;k\• 

1111111 wl1id1 Wl' uh1ai11 1 lw t' Xisl.f'lll't' ttf tl1t· ;1sy111ptu1 i1· rx 1m11.sio11 . Tlw rt•11111i11ch•r 
I C'l'lll is l'Sti111;UL't l !Jy ;1 pplirn1.iun ni' (G ). 

111 th1 • nirin11l.'· ch1111pt't! c·n.st• ( '"!. = -l'Jnl,·, w1• 11111~ 1 a11;1ly1r 1lu• i111cgrnl 
J ,'.,(1 - .,)f'r{ I · l!/ ( ... )t/.,. wilL'n' !J(I) is a .s11111 of pow1·1~ uf f 1 a1HI a n•111ni11dcr t,1• rt11. 

\\ 'ritiu¡..; r = -;\. 11 1yp inil tc•rni can !w illt. l·~ra1<•d- hy-parl.s in thc follnw i11~ for111 : 

1 k f' 1 = --¡ +- -y.¡-¡ ( l +,\{l.- .<1}Jt' ,\(/ •l t1..: + 0(t1·- \1).14 
;\/ ..\.10·' 

Bt'lll'atrd i11Lrgra1 i011-by-¡larts g-ivt•s t.Jw 11r1·r.ssRr.v a.sympl nt it: rxpa 11 s in 11 . Thc 
rr111ai11rlt•r tC'r111 is agai n t•.s t.i1nal,f'd liy {fi}. 

Fi11111ly. wc c·ousidn 1 h<' 1111dt•rd1unpt'd rn.s1· "'! < -l111k. Wt· 11o lr t.liat thc ri~hL 
.s idr con.sbt!- of lt'nus proport.ional t.o f k a nd ann l hrr L1•n11 wh id1 is ll'SS tlmn a 
nm.sla111 11111ltipliNI hy f (N ¡. i)_ T 1111 s Wt' 11111s l amtly;:r 1111 i11 Lcv,-ral o f IJH' fonn 

.( , ,- ,\(l - .~)-<li 11 u.1~/ ·'l ~ d .'1. 

1:rn111 (5). any :-ndi i11l <'¡.!.1"1\I i.s lc·ss t.lian H m11.s1a 111 1 i111<~ 1- '-'. f -+ . To obt.a iu 
1 hr nsy111pto ti t: rxpa11~i o 11 , wP wri1.t! 

!1
, , 11 • :- in ~·( t - .~ ) ~' t/s = !' _I_,. -~~+ · ,\ ( t , 1 ,\ ~ ir1 ....i{r - -~) + w rosw( I - .~ )) . 

1 .J ·' • In 8 d . .; lo)(A-' + wl) ti.~ 

1 /' .\¡ r ~ f .\ si11 w{I - . .;) \· ••. : n 1.-. •• 1( t 
- (,\ ! '"!'_.!) t ' + J.: ,,, ' ,\ :! + ...; ! 

·'!~i1 ... +0(,,-,\l). 1 

l' ht• nrw i1111·~ral i~ o í 1 lir s11111r: l'onn n.s t lu· nrii:;i1111l inl l'J.!,ntl a ud •·1111 lw int,rgrnt.rd
h.\·· part ~ ;1ga111 10 obta in t.b<• t.t·nns ni" urd1 'r ¡rh. 1 11 ami to d1 •tr•r111 i1w tlll' 
n•111nimlrr lrrm . 

l lm•ii1i,; provrd rlw 1 .rrs l1 ' 11.1·1· llf 1.lt1• as.v tt1p1 01 it· 4•x 111111sio 11 in rad1 of 1.lir t.li n·c 
1·11srs . Wl' 11ow !-how how l lw 1·cH ·flic·i1•11t.s 111;.iy l 1r o l 1l ain1•1 I iu a uu ir<' clinTt ro111-

¡rn1 :iiio11al fo.sliin11 withn111. d1'a li11 ~ wi!li ir111 •v;rn !io 11 . Tn clo this. w1• lnok for 11 
fo1111a l rxpn11:-iu11 uf tlw dl's irc•cl fnr111 ;111d 1·q11afl' t 111 · cont'"!"pn11cli 11~ corflki1· 11l s ní 
I 1. 1 .!. rtr. This lr; icls 1o tlir fonn;d c•q11alir y 

rny" +e'+ k1¡ 
/;y¡ k.11·1 - r 111 ky, - 'l.1 '.•t! .f 2111u1 +. 

1 + - --,.-, -·- + ,, 
/,:y,,¡ 1 - l lf '!lu + 11(11 - l )111y,. 1 --- - ,.-.. -,- ---

y ,. 11 
I" T 
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. 1111 1 111 rlw 1 li.1 i11uf1·q 1111 l 1tlll' 

1.:.,1 111. 1.y_, 1 .11 1 y_ •. ky, '!.n1 +'.?mm !11· · 

J..-,,., 1 ,,,.,,,. 1 11 {tl 1 )111.1111 1 t/,. "= 1. 2 . . 
Sm11· /.. 11 tht•M· c·:1n IH· solwd 1111iq111•h- to d1·1n111i 111• 1hl' llPt"t':o;Sa ry t"Odli-

1·w111 .. r11 !lutl· 1111111 lt•1 10 ]H tl\'t' th.1t t l1 1s t'lCll<U1:-.in11 ;1µ, rt'~·s wil.l t t.ill' sol11 Lio 11 

In w11h111 ()(1 (rlt 1l) W1' n •1·1dl tl1t• fi1:.I p;1rl uf l11r prnof. lf V(t) = L~~::. l lft 
1!1 •11ulc ... 1llC' .1pprmc 1111111 1· s o l111i1111 j11 ... 1 11h t;\111t"Cl . 1lu•11 hy n 11 1s tn1l°l.io 11 Wí' havc 
I l'J l:i.' 1 ¡+ + 0(1 (.\ • 11). I llnl tlw J.:.ln' ll so l 111 io n y (I) also sa-

11 .. h1" ()11, sauw 1t•l.1tin11 . h.v hvp11tli1•'1'; l11•m1• llll' d1 ff\•n •111·1· y - V sa tisfies 
/ , ,1 \ U( I '' 1)). 1 > • Now 1¡(1) \ (tl '"' 1lt1• ~t11 11 of a lio 1110 µ;1•111·011s sol11-

111111.11111 1lll' llllt'f.l'nl o l1111i t11•d f11111t t lu· ll ll't lintl ur ,-,1r1a1iu11 o f panu nrtors , whid1 
,, ,. lm·.1k 11110 t\\'O 111t q.; rnls as l11'!i111•. Tlu· lu11111~1·iu•rn 1.., M1l11t.i1111 tl·nds to zt•ro cx
¡ 11nw11ti.tll~· f<t • .., l . 11 .... clol'S t 111• li1·:-. t ¡ml't of t ln• 111tl'~ral uf t lu• varia l.irn1-of-1111.1·1ltm•tcrs 
..,uh111011 111 1lw :-.i't'cmd int q .;rnl t lit· i 11u·~1 a11d 11(1) 0 (1 (111 1l ) , /.--+ , whilr 
thr m1q:rnl pf K (t ) i:- finil• ·· Thi:-. nlluw:- 11-. to 1und11d1• t liat llit· sr rnnd i11t.q; ral 

0\1 1 ), I ~ "'-> • 

1•q11.111n11-. wl11•11 t ) 
1)1/'+ 11,' t5u 

l .... n·111»111•d i111 q.!,rn1i1111 hv p a 11 -. lo pr11\t' tlw ""'-' " 11p1ut ir· 1•s l i111111P (ti) in 
llwl4'. I 

S11p¡u1-.r lhnt t lH• f11r11 ·1i1111 y( / ) llil!- .u1 .L .. ~ 1 11p l 11l11 1•x 11:111s i1111 o f t l11• fon11 
!f(I} L,,' 1 'J• ;1 _, 

.'lin\\. huw to ohl ni n a t'11111 •..,111 11 1tl111h •L"'' 111plul u- 1"< p :111s io11 o f 1.lw solnt ion. 

f\ -,) mpt o tir b r havio r u f 110 11os c i lla 1or.' C" paat io 11s 

In th~ pn·\ t1111s MTli1111s w1· 1!.·11·111111w1I lhl' .lM1t1pl11t i1· l n ·l 1a 11 i1JI' o f th1• s11l 11-

tl••n .. oí "("CUIHl·ou lt•r lirn•a1 1•c p 1;1f io11s li;t .. t'<I 011 tlw ..,1111pl1• lt:11 111n11i1· nSl'Ílla 111r 

In lllN.t 1.L"'«..., Wl' found 1lia 1 all sul111il111.., h;n1 · 1111· ""111' 11s f·illa l o ry lw lim•irn . 111 
tln., .... , lloll Wt' t'(ll!Sitk r t Ju• t a:-1• UÍ •'i jll, l lloll-. wJmh ;u l1111t c•X p 0 11l'lll ial ¡.!,l'nWtli 111 
,¡.,·"· n1n1...,1mnrli11µ, to 1111· -.1·n 1111 l-011IP1 1•c¡11i1l1011 1," (11.l ¡ /i (l ))y O. wl1t•n• 

J, ll .1111111(1) ~ O w l11•11 I • '- \\'1· 1•x¡u·4 1 !11;.i tlw .. 11]11 j \! 111 can h(· asyuiphili-
1.tlh· .1pprox1matNI l1y ;1 n 1111l111i.11 m1111f1"" :i111l 1 "" whi1 ·l1 ;in · t l11• so \11t icnis ¡11 

......... ,,,,, n \\'(' wdl p1ow t lw fnll11\\i11c; 1111'1'1"1' ., ...... ,, 



T hcore rn 9 Sn/'I'º" tl111l l1 ,;..- O 11111' .J:,' lh(IJrr/t, "- Jm ,mur u U. Tll1u 
1111 ,,- '' ti /1111dt11111 ufo/ M'I o/ ,,·ol11/11111s 1 !JI . !l.! 1 uf l/11 d1ff1 n 11 /uil f'1¡11t1lt011 

1¡"- (/J.! -'-h( l ))y = 0 :.ti lliat 

111(1)c'' = 1 " r 1(1). 1u(I )• " - 1 + •,( / ) 
whnr 111111 • ..,., < ,(t) = O. wi lh r, (/) = 0(1 · 1'1 + J," h( .... )t/,). 1 = l. 2. 

Proof. For thc• fir:-.1 par!. wt· d1•fi1ll' .r(I ) :;:;:: y(l )1·b1. whid1 ~h1.'$ thf' N¡uotion 
.r" - 2b.r' = h(l)I. T li t> ¡:,c· 111·rnl !-inl111 inn is uh1 ;111wd íro 111 th(• vnrinLion·OÍ· 
p;1ra111r trri- fo rmula a:-

r(I) = ('1, "'' + C, + ft ./;'., (• .''"11 " l )r(<)lt(•) tl.<. 

llt<tt ' 10 is d1~C'n :.c.1 1h;i.1 J~~ lh(l)I r// $: /1 . \\'1 · lll't 't l in d 1uOM' tli1• nu1s ta11t.l{ C1, C'i 
:-.o t hat 1111' ..,olution :-a l islit·s li111 1 • t"o;J .r(I ) = 1. Tlt i:-. is don(' liy :-ol\' ing l.ht• inLcg·rnl 
l'< p m t io 11 

r(I) = 1- fr..C (• ,'!/,{< •l- 1).r( .•) lt( .<) tf, (7) 

hy t h1· 111rthutl oí ... mTr:-s iv1· apprnxi111al.inns. liy 1lt • fi11i11 ~ rn(/} = 1 nn tl 
In+i( I) = 1 - ,j¡; .J;~ (• ·"•lt •l 1),·., (,<) lt (•l ri<. 

\\ '(' will :-how dial lr 0 { /) - .r 11 ¡(1) 1 $ '2 " Íur u> 1 ami I ~ lo. IC'nrly 
lrt!I) - ro(l)I S d, ¡;ro 1 ("' "11 •) l)h (•Jltf, 5 to f, lit(.•)l'I.< S ~· 

,\ ,..,u111111~ thC' ill{'qUality íor Uw vn l111 · 11 . Wt ' lia vt• 

Ir,.. ¡(I) - r,.(1)1 _'._¡ ¡·~ ( .. '"(' •) 
2/J . 1 

1 ¡·~ 
:S 2 /¡ , t ¡.1·11(-") .... ,(.•)lllt(.•lltl· 

w li id1 wn .... tn lw prm·1•1 I. T lwn.fon · 1111' s1·1 p11·111p .1,,(f) ¡.., 11111f(ll l11ly c·o11v1•rgc•11I 

111 n li11111 f1111t""tion r(/) wltid1 s11 1is li(•s !lll' d Psm•1 I in H ·~ ral 1•q11a1i111111111 1 :mtisli1 ·1{ 
[.r(l)I' 2 for ali 1 2 l o. To provr llw n·q u i11 ·d rnm•1·1J.:,1·1wr. w1• haw 

lr(I) 1 S ;'r, f, I• "'1' ' 1 1 ¡.t{ .< )lt( .•) ./.• ' l f, 11.( •JI d.< > ll. 

To prow thl' 1·x1-.11•1fft' uf 1 lw sn l11 1it111 !l.!(I}. \\1 ' d1 ·l11 ll' .::( IJ y( t )t• 1'1, wliid 1 
~n l 1:- fi r:- tlw t't¡uatinn ::." + '2/i ::. ' /i(l) z. Fmm llw \';i1ia1 1011 of par1t111(•1rrs. thr 
~r 1 wral -.ol11t1t111 ,.., w1it11•11 

(1) e, t· ('.,¡ 1' .!li t + j,, t,'., (1 1 .!11(1 •l )J. ( ... Jz(.") d.'1 

wli1•n• 111 ¡.., "~·"11 dmN' ll M• tlrnt J;~ j/t(l) l d/ '- 11 B1'till1"'4" oí llH' 1·xpo11(•11Li11 I 
1111 ·11'.L't' of l lu• 11111~ra1 11l . w1• 1·:11111111 s it 11¡1l,v n •11 l.11r;i ll1 1f rlw mh"J!,ntl~ l1y i111pro¡wr 
1 1111·~ 1 .1! ... 111 1hoo,111~ llU' n11 11 ·1·1 ~1.t11ti1111 1'111 .. \\ 1ll l1t · ,,1,1.11111, I ª·' 1111" 1111iq111 · 
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(8) 

¡(1) 1 f' 
211 . 'º 

l ' 

,\ s ;.thon·. \\1 · lmvt• 

l 1C1J :o(lll lr, J,'., ·· " 1' '11/i (.,)ld.• r Jd, 1"C--ll "·' :S ir, J,';' lh(•)lil.• :S 4 
1111tl suuilnrlv 11111• uh1 ai 11s 1~11 (/) ;,1 1(1)1'S2 " fm ali 11 ~ L I ~ to. Tliereforc 
1)11' 't"<lll<'llrt• -:11 (1) 1:-; 11 11 ifor111ly rn11v1•rv;1•111 In a limil fo11rtio 11 .: (/,) whid1 :mt isfics 
lhl' dt~m-cl 1111t'g1t1I 1•q1mtiCJ11 n11d sr11i:dit''- l::(t)I < 2 for ;di 1 ~ /,o. To prow thc 

11•qt11n'<l n 111n'rJ:!.l'11f 1·. w1· l1HV•' 

1:(1) l l <; ,t .J;'., •· '°l ' •l¡ /,(.<):(,)11/- + tof.~lh (.• ) z(.<)l d.• 
Tht• ..,..t:ond 111tt·grnl dr11 rl,v t1·1Hls io i c•w al tlw n>c¡11in't.I rat(· wht•n l.-+ oo. For 

1 ht• fi~I 11111·1~T;1I. Wt" l111v1• fo r 1 "'lo 2 10 , 

f,,; · "''' ''ll1H H!"-' + / ,. "'u ·•i¡h(.•)z(.•l l"·' 

:s "'' f '111t-1I•''+ /. lh(.•JI "·'"""º 
'" 

111 tlw n"'1uit1<cl tillt' , wli id1 ccn11pl1'11·-. 1 lw p1m1f 
Tlir ,,bm·1• tt's11l1 i·an 111' u:-11·d 111 d1·11·1111111l' 1111' ;1:-.y11q11 111 i1 · lwhavior uf liu" 

.. 11lut11111 of lllt' 1\i1 y 1·q1111 tirn1 11" 111 11. \\111'11 I • "-. Fi>lh1wi r1~ t. lw 1lisc11ssio11 
111 ... , llnu 1 J l. W• ' d t>fi1w ¡¡ rn•w indr ¡w11d1•1tl \ ';U 1ahli• .. :1 111 1 :1 111·w fn11ct.in 11 J (.-;) 
h\- . ..-(1) ('!/:l)t 1n. 111111 y(I) j(."). w ... 11lti11~ 111 tlw l'C!Ua!in11 

/"(.<) 1 :.!'!'! f('l 11 
rtw h1'l·fkr1'"''1iw t1•r11i is 1·1·111ovt·tl 1,, 1lw fu11lwr:-.11h ... 1i1111i1111 1•'(1'1) = (:11'1/2)1/G J 
( .. ). r1 11hm~ 1111 lw1•qu:lliu11 

/.'" ( 1 .,:· ) / O. 

\11 nr•lm;.: lu lht• 11hO\'t' t lw1u1•111 , 1111 .. 1•q11o1l 11111 h.L .. a fum lat111•11t ;¡ I set o f so\11t.i1111s 
/'o(•1.f: l """ !',(.•) 1·'( ! 1 u¡, 11 liH , '( ! 1 rJ (,, ') ),.• - 1 
ltl-.\\lll1U,.. lhi ... 111 lt' l'llLS uf lJH' Pli~i11,.J 1t11l.1flllll'. Wf' Ji:l\l' 

•11(1) 
' '( ! + (/(.• 'll .,,11(1+ 0(1 l.' )) 

_,I:•· ,, ' 
'.'.....'._( ! 1 o¡., 111 " ( 1 + U(I ' i' )) 

•1:(1) 
·''" ¡1 ' 



l ~ 1 

h111 1 . , 1"7:1/..(1) = ~ ' lim1 ., ~ = 1 
T IH• 1' lill 1t lmd 11o l a l io11 :-o i11 1111 · li11~rn 1. un • a n· y i( I ) OJ(I) . Y!( I ) - Ar (t ) far Lit 
1iar li r 11l111 :-olu111m:-o wi1l11l1t· i1Hlit·a 1.1·t l asy1 11 p1 01k ht•lt;1vior 

H l•lm11i 11~ lo 1lif' t ll('ory. w1· 11ow di sl' us..; t hf' :--4:1lnlio 11 .... whC' n 1hc í1111ct io 11 
h{I ) O 111ci1t• '.'>lowly. \\°1• rn 11 s t ill 11ss1•r t 1 lt1· l'Xi:- h •nct• o í :-o lutions wit h ~ uitn

lik 1•x po 11 r11tiot l ~mwt h a nd tk ray. i11 a s li¡.; ht ly wt•aki.•r :;.<' ll '>t' . arcord ing to Lh 
j, J ll11wi11~ n..., 11Jt T ht• 111a i11 s tq1s o f 1. lt1• pn mí a11• nu tli m-. 1. 

T h co re m 10 "l'I"'·" ' 1/1(1 / b ~ O rwrl h(I) -\ O ll'lff fl I --. . Th cu lh1•rl' M a 
f1w drm 1nll al 1t 1 I nf _,nfo ti o11s {y¡ ,.'/'.!. f of llH' rl1Jln·n1 l rnf rq11<1ltrm 11" - (li+ lt (t))y = 
ti .~o llw l 

lim 1 '"-~ = /,, li111, • ...., ~ = - b. 
Th is is prow'<l hy fart01·t11q l.lw dill'r n •11 t ia l eq11a iio 11 . hy writ i11g D = d / dl and 
t lu· 1lifít•rt•11t ia l npn ;1to r 11 • ..; 

1)1 - (f,1 + h(I )) = ( /) r k(l ))( /J - k(t )). 
T l11:-. ,., 1m,.,1hlr ií 011111 only if 1111' 1'11111"1 i1111 k(I } 1:- a :-o h111 11 11 oí1 111• Ui('(l l./ i ,.,¡unl io11 

k'( I ) + /•( 1)"1 h' + h( I) 
\\'p fj,..,¡ <h•\ r lop '.'>OllH' i11fo rn 1a1,io n rdurn t tl u• ll icat t i 1·c¡ u.11irn1 

L m m n 2 • "PI"-' ·~'" 11111 1 lt{I) - > 11 111h n1 I rlu r• t h1 n • 11 N' .~o tu t io 11.<t 
lq(l} . .l _,( t} n/ tlu R rrn l/1 r·r¡1wl irm Jm· wh w h 

li111, ...... l.·1 (1) h. li111, . , k i(I) ''· 
P r oof lh ln- potlu~1 ..... fu r a11y 1 ....., (J 1l w11 • i'.'> a ·1: :-o tha t /h( t )I < <1 l'or I > 't: . 
l. t• t .l 1(1) lw llw ~ 1lu 11111 1 fnr w lii i-1 1 1.- 1{'/ i, ,. l J. lt ínllow-..1lia1 h/:J/ 2 < k1(t) $ 
/1\ ' ;, 12 Íu1 .111 t '> 1',, .!• otl wrwis1• \\'!' 11l11:1i11an111!1.td 1t1 i1111 hy 1lw 1111 •11 11 -va hw 

1h1.,111•m. "ilfft' /r.' (I ) < ti i f k{ I ) • 1i ,,/F1/2 ( 11 · .. p J.'(I ) . 11 IÍ /r.-(1) < f¡ :1 / '2) Ld . 
• 1•i lw tlw -.t•I o f ;un111111latinr1 p o i111 s o l /,i(I). / \ "\.... . lf S 111 11!;1i11:-o t.wn , ,jfíc ·n •nt 
p 1H t1h n -.... I ""'.> h. llwn liy IHk itl J!. 1 s 11 flici1 ·11 t ly l:n j!,t' Wt ' can a rr ;111µ.•• Llt:t l k' (I) < O 
wl wm•v1·r Ir. ( t ) E: lo.,1J. :IJ!,aiu 11 c·1 111t ratl icli11n. T lwrt •Ínrr•_ lit111 , J.·1(1) = k 
l 'X Í ~ I :-. . lf Ji ~ JJ. l IH'll Í llH ll ! Jw !1 iff:11 i !'![ 11 :1 1 ÍCllL Wi' '.'> l 'I' t l1;1t J. '{/ ) • /1.! Ji ! # {) , 
a nmtr.ullni1.11 ,\ < · 1 11 1 ( •:- po 11di 11 ~ 11 11 :11\·., ¡., 1:111 liP 11 -.1·d t11 .,huw 11i ~ 11 11 11 • 11 • 1 •x i l'I L..; 

H snl111u111 k ~{ t ) Ítll w li id 1 li1111 , , /,.!( / ) lt. .1'.'> wq11i n .. I 

P roo í o í lhc t h cor ni. l,1 ·1 !1 1(1) 111 · ddi 1wd 11, 111(1J 1•xp( Ji:l. 1( .... ) t! ." )· 
( ' lt·•u h· u~ lr. 1u1 11 ;1111 1 :-oo J) ! (11 ' 1 /1( t }J11 ( P r J. 1)( /1 /.i) y1 O. 11 il'l 

1 .. 1t t11(tJ , . 

S11111l.1rh- !f. I} ,., flrfi11 r d a.s ,, ,. (1) 

: 11:1. 11 ... ),/ .. • ¡, 
1•x p ( /1;/r. .( .¡ ) ,/ .. ); 11 11 1 ... 11 1 .. fü..,. 

1 [ ' !.( .- J d -

' · º 

1 ,, • 



S11111n..-r;-. o f Trclt11 iq 11cs l11trod11 cC'd 

lli• _, .. vuipllllll" lw l111\' 1t11 1111111' .. ul111i1111 ni 1110111~· M'n 111d-orc\1•r lint•ar ('qua

! 11 ,11 .. '·"' ní11·n 111· 0 111111111•11 ¡,,. :-.11it11l1IP applu .t1111t1 uf tlu· 11H'tl1\1d o f vari11Lio11 of 

1,.11 .u111·t1·1.. lu 1111' e-a .. " o f 1•1 111ar inns 111111\t•lktl 1111 tht• .. i111pll' l111n 11011il' oscillator1 
11i1 .. 1t11"lluxl yll'hl .. 1111• ;1sy111pt (1lir sol11t11111 111 tlw fonn oí a s 11it,ahlc t. rigrn10 111C'-
1111 fmu 11nn 1o¡.;rl l1t'r wi l li 11 l"i ttirah\P n•111.1imlrr (rrrnr) IN111. Otin'r S('<;011d-orch-r 

1•1i1i.tlln11 .. 1 li.tt r;111 h1• n•tlun•d ro 1 liil"i i11d111lt• t'CflMliuus wit Ji 11 firsl.-on\cr t rrm 

;11nl t'Cl•Mlmn.-. w11 h 11 11osi1 ivt' 1,1'm-orc!C'r 11•11 11 Fí>r t'tlll~L io11s t.hal. an• modcllccl 
1111 1lw cl.11111wcl 11.-.1 1lla111r, 11 11 sol ni io11s 11•11fl tu 1rro aud n snit;1hll' a.sy 111pt.otic cx-
1'•~••'1º111·.rn l1t• oh1a111(•1I . Frn· l1111110J:.l' l1t'tlll' rt¡1Mlio11~ witl1 a 1u·g~~Livc zcro-ordcr 
11•1m, 0111• ohrnrn:- two lit1l'llrly i111h·pt>11tlt•nt sulntion .. 0111• o f w liid 1 ex hib its cx
p11m·1u1.1l 11un••LM'. 1lw ot liN Pxpo1lt'11tial d (•1rr.1."4'. 

l~xcr i s 

Fuul t lw po:-s1hlt· 11."ly1111>111I ic h1·lia\·i11r pf t lu• .. oh1tio11s 1¡f thl' 1'<1l11it.io11 y" = 
1 • 

F11ul 1lu• po:-:si hlc• asy111pl o li(' lwhavior nf lllf' ..ol111io11s nf ( 111• t•q1111tio11 y 11 = 
t'u 

Show 1h.11 1f 1 (1) is a sol11ti1111 of tlli' 111lrJ:,rnl rc¡u;itio11 (·I). t.hl'n :1:(1) is n lso n 
-..;1l1111u11nf 1111 • difl'1·n•11t inl 1•1p1111in11 J 11 '!.IJJ /,(t)J a11d t,h;ü y (I. ) = :1;(/ )Pbl 

'"'"' ... thr 1-. p1111ir111 y" (li! + h(t)}u 

Shn" 1h.1t 11 (1) is 11 solur ion ofthr 11111·~1;1l 1't111a11n11 (!"1). t. lu•n z (I.) is also 1\ 
"tl111io11 o f t IH' di ll'1·1·c·111 inl t'lpml 11111 ·" l ',!.11· 11(1): 1111d 1.linl f!(/) = .: (1)1· bl 

-.oh·1-.. 1 hc• 1•1 p1111 iou y 11 (11! t- /i(t))11 

·I .·~ mptotic 'o l11 t io 11s or L inC'a r tcrns 

In ti• ¡lr1•\•io11s s1•1·tic111s w1• :-t udwtl tlw il'\"lllplotii hrhavi11r for si 11~l1• li11rar 
1•c¡n.,1tn11 nf 1111• fi1 s t :nul St'niud md1·r \\'¡o llPW hrwlh• nn1sid c•r 1111• <"Orr1•spond i11,; 
quf"ltim .. f11r .. ,·:-;1t·111s of tirn ·11r ' '1 pmt 11111 .. 

l. l ' onho mog 110 11s .systc ms 

In ck1 ni w1• wi ll l•q!,i11 w1lh a ~.\'h·111 nÍ !llt' form 

x'(I) lx(I) + g(ll 
"hu .. \ , .. ,1 fiXl"d " X 11 111nl 11~ •t11tl 1111' \-..t 1111 fmu 111111 g {f) t1 ·111 ls to 1,1•1·0 wlu•n 
I • In ck1.ul. Wt' 111akP 1 ht• fullowmi:. ll\ p111 l11~"'.'-



!vfork A. Piusky 

i) Thr matrix A ha_.. purdy i 1m1~i 1mry cigc•11valt1t.~ r = 1¡t with n lincarly 
i11dcpc11dcnl e igl"11vc-c:tors 

ii) g (t) satisfics 1he p ro p crt,y Lhut for sú111c lo > O.J,0 lg (t)ldt < 

Wc rnn writc the solu1io11 by t.he 1nc t.hod o f vnr iation-of-paramet ers a.-. 
x (t.) = rA1- to)Ax0 + J;~ e(t- ;s)..tg (s) d.s. 

Oy hypOlhcsis A is dingonafom blc with purcly inrnginary igcnvalu s. WriLing 
A = UAU- 1, wc scc thnt. fo r any p owcr m ~ 1, A"' = UA"'u - 1 and so t.h mnt.rix 
cxponcnt ial cnn be comp11t.cd as 

e'~' = Í:m=-O ~ = Lm=O Ui\::1u- i = Ur'·\u- 1• 

OuL thc diagonal matrix e1 1~ conta iw; t hc Lerms e'''' a long Lhe dia •onal 1 which 

a re bouudcd functions of / .. T horc forc LhC' terms oí t he malrix cxponcntiol ar 
boundccl by n constan!. In dcta.il , if thc tí'rms OÍ Lhl' ma trices LJ, u- I SHLisfy 

¡u,,1 :<:; M. Ju,; 11 :<:; M .1.hr11 

J( ' 1),,l $ nM2 1 $ i,j $ n, - < l< 
Using Lhis obse n 'iuion, wc ni 11 rc-writ.r the solu tion for t ;?: lo as 

T ite firsL Lerm i:; sohuion of Lile horno •cnC'ous syslcm corrcs¡>0nding lo Lhc initial 
rnnclilion e-'0 ·'xo + J,0 e · ~11 g(.'1) ds. Thc s('(·ond IPrm Lcnds to zcro , s ine by LhC 
nbove c:;.t1mn1ion~. wt• havl.' 

IJ, ,.I• •l-•g(_,),1.,1 :S "M' f. lg (.,)ld.<. 
Thc abovc rompulations nn· s u11111i:trizcd a:'! follows. 
Thcor m 11 upposP tfwl lh l' H x 11 m at1·u A llfl.'i purely m1ngmC1 ry 19eu 11al

uc.s u•1th n lmcarly m<it' IU 1ull'11.l eiyr' m 1eclo r.,. Sup/KJ!W furllu r f.hal l ht• 11ector 

Junct1on g(t) sa/1.-rfic.s ll1r r·o11d11.io11 llw t for som1 lo > O J,0 lg(.or;)l cltt < . 1'hcn 
tmy solul1on o/ lht' syslcm of dijf('1nitir1l equatforu x' = . l x + g{t) , /Jcu lhc f onn 
x(t) = i:1 1y + c(t). for somc wrl.or y wlwn· c(f) O whru I -¡. 

4 .2 Ho m og nous syst e ms wit h a lm ost-constant co ffi c ie n t.s 

111 thi~ s ub-!-('('tio n Wl' us1• t..hi· rcs11l ts uf thl" prt'\•iou~ ~ub-~t ion to trcat. a 
:-y~trm oí thc form 



t..y111pt11ti1· Su/111iu1111( Li11rm l)i(frrr-111i11l E., r111l.in11.'> 

x' (I) = ( A + /;(l)) x (I) 
\\ lwir l 1, ,l íi Xl'tl u x ,, 111nl ri x 111111 1 he 11 1111 rix f..;'(t) i t•uds to z.t·ro whrn /. - > oo. 
111 rlr1.ul. \\ ~· 11mk1· t IH• ínllowi11g l1yp111 hf'sí':.;; 

1) T lw 1m11 rix A hus pim•ly i11111v,iw11·\· l'i~t~n\'nhu."!o. 1· = i.¡1. wi!.h n linearly 
1mh·pl~11 ch·1 1 1 C'Ít!,C'll\!('C ' l.Ot'S; 

11) Tht• 111a 1rix (']L'111<•111 s B,J(I) snf,i:.;fy 1lll' ¡nup1•r1y tha t íor so111P /.o > O, 

1.. 1;,,(1)¡<11 · . 1 ::; •. 1 ::; .. . 

\\'1· 1·.111 w11 11• 1 ht• soh1 t ion h.v t he 111r 1 hud oí \11ri:i t io11·of-panlr111t~ t.crs a.'! 
x(I.) = <·(' lu )Axo + J~~ 1•<1 .. , 1g(.-,) d.~ 

\\ lll'1r l11r 11onhomoge 111•c111s l.nnn is g (I) = /~(t )x(t ) Om:t· WC' know tha.t the 
..... Jn11u11 (L} n •mnius ho1111drd, t.hcu w e 1·n11 a ¡>ply thc rcsnlt. of \,he previous 
..;11h .... 1,·u n11 .111cl obt11i11 1.lw fo1lowi 11¡.; n •s1dl. 
l ' h o rcm l2 1111110.H' flwl. lhr• tL x " mr1tr1J A h11 .... pu,.,.ly ;111.fl._r¡i wi1·11 eigemm/ue~ 

111111" lwwrlu 111<11 ¡1n1dn1.t r•ifJ1' 11 Ut'<·tor.,. S up/"'"'" furU1t-r 1/1(/f. l.h<' 11rnti·ix ftmctio11 
r:tt) ,,,11.,/ic ... " "' nmrU11:0'/I lhnl jol' S()lfl f' 'º> o¡,~ IE,J(.-;)! r/s < ' L::; ·i,j :5 n. 
/'lu 11 '"'!' .~nltlf1or1 o/ llH· .-;ysl.em oj tl1ffc rrn l ml 1q11al1mt .. ~ x1 = (A+ E(l.))x , Ita.<; 

lh1 Jon11 x (t ) = r1 1y \· c, (t) for .'IOrtH' rwdor y url1nr d i ) !l mhr•n I -too. 
h n·nmm:-. 1.0 l~St.n hlisl1 Llic bo1111tlr-d11r:.;.-. ur thr :-.olntiou x(f.) . Tliis is ca .. -;i ly 

d 111w hy n·ít•rrng loo 11 sys t.mn oí c·c1ordi1111l r:.; iu whid1 llw 11mt,ri x A is d iagonal, 
\\ Ll h d1<1~u11nl elrmt•u!.s Jl¡tj, 1 '$ j S 11 . C'allinv; 1hr nrw sol\lt.ion ngni11 :&j (l), 
\\ 1· luwr 

.r;(t) = P 1•,:11,( I) + L:~ 1 ii,dl)r¡(I) 1 :5 :i :5 n . 

l.1•lli11gyJ(t ) - , .. J. 111'i .1;; (f.) wP d<'li1ll' F (I) = ~ r:_:• 1 lu,(t)]:.l. F1rum thcdefi ning 
d1fh•n•n1íal N¡1mt io11 Wt' liHvc 

1"1(1) = L.~'.>.- 1 YJ(t ) /.!:J.1.(1), \ 11111 '' ·· ' 'm,.(f.) 

ll iH clw lm'C1uohl) ,,/1 S (ri'! + 1/) / 2 tog1·1lwr wi1h 1hc- :L,-.11111pl.io11s 011 E(t.) sliow:; 
rl int wt· haw JUI i111·111111li Ly ni' th1• íorm IF '(t)j < 1(l)f'(I) wlH'!'!! J10 r(l.)rlt. < 

llrnn• lngf"(I) is b11t11Hli·d , lo< I .._ "-. 11111, a l .. o F( I ). T l1is rnmplol.cs Llu• 
pwof llMI thr sol111,io 11 x(I) n·111ai11s ho11111 l• ·cl. 111 I 

ncr r ncias 

A. Crny, 1'·1. M zzino a nd i'vl. P ins ky . lulrotlrw l i rm /,11 Onlinm·!I Difft:· 
Tn1ltol Fqm1tum.~· tuilh 1\ foll1nuu/11·r1. S¡11 111~1·r \'rrh-1~, Nt>w York, ISBN no. 
O .l ;.91 1 -X. l!HJ7. 
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